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Scaled Navier-Stokes system

Continuity equation
0ro + divy(ou) =0

Momentum equation

1 1
O¢(ou) + divy(ou ® u) + Qf xu+t| oo Vp(0)

— divxS(VXu) + g—in oV G

Newtonian viscous stress

2
S(Viu) = (qu + Viu— 3divXuH> + ndiv,ul, >0

f-plane approximation

f=1[0,0,1], V.G =[0,0,—1]
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Q=R?x(0,1)

u-n=uloqg =0, [S:nltanlon =0

0— 0=, u—0as |x| > o0

V,p(d:) =X M.V, G, G- —1lase —0
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Rossby number ~ ¢:

Mach number ~ £™:

3D flow — 2D flow

compressible — incompressible
Reynolds number ~ =%

viscous (Navier-Stokes) — inviscid (Euler)
m
—>n>1
5 >
«0)>r «F» «=Z)» « =) = Q>
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Uniform bounds

Energy inequality

/Q |:;Qu|2 + €2im (H(o) — H/(QNs)(Q —0:) — H(QNE))] (7,-) dx

+6O‘/ / S(Vxu) : Veu dx dt
0 Jo

S = 00,e |Uo,
Q 2 € €

¢ p(z 3
H(Q)ZQ/ %dz’ plo)~ac”, 7> 3
1

2+ g (He0) — H(E:)en — 62) = (G| ax

lll-prepared initial data

~ 1 1 1) . 1
00 = 0= +emol), o) = ofY in L3(Q), o§2li~ < c,

Ug. — Ug in L2(Q; R®)
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ess sup |loc(t,-) — 11
te(0,T)

loc(Q) S €"C
weakly-(*) in L>(0, T; L2(Q; R%)),
Vosu: = v
strongly in L}, ((0, T) x Q; R%) |,
Ov—+v-Viv+V,M=0in (0, T) x R?
1
vozH[/ uodX3]
0
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Relative entropy inequality

Relative entropy

Es {,Q, u

= [ [3el- 07+ 5 (H@) - He - ) - H() | ax

r, U}

Relative entropy inequality
& (g, (ru )+e® // vu)) ( XusXU> dx dt
r(O,')7U(O,-)) +/ /R(g,u,r,U) dx dt

0o Ja

<& (QO,E7 Ug ¢

Test functions
r>0, U-nlpo=0, (r—g:), U—0as |x] = oo
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Remainder

//R(Q,u,r,U)dxdt
o Ja

:/ /Q(atu-l-u-VXU)-(U—u) dx dt
0 Q

+€a/T/S(VXU):VX(U—u)dxdt—i—l/OT/QQ(qu)-(U—u)dxdt

s [ = 00() + V() - (@) - (0 - )] ax e

}Tm/o /Qdivxu(p(g) ())dxdt+ // —1)V,G-U dxdt
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r= é'a + 8'"(% + 55)
U=v.+V.
9(()2 = (g +5:)(0,), uo,e = (ve +Vc)(0,)
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wf X v +Vyq. =0, w=¢"

1
O (AQe - wzqs) - thqe Y (Aqe - wsz) =0
1 1
(Ag: — w?qz) (0,) = weurl [ / uo, dX3] —u? / o, dxs
0 0
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eMOs. +div,V. =0

eMOVe +wf x V. +V,s. =0, w=c¢

Antisymmetric acoustic propagator
B(w):[\sl]'_)[ div,V

wfo-l-VXs]'
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& &L ok

0 0

wexa-|8 5,5
k 0 0 O

2 2,42 1/2
Ma(€ kw) =+ [“’ HEr+k +\/(w22+|5|2+k2)2—4w2k2]

2 2,42 1/2
Aza(é, kw) =+ [w — _\/(w:+|§|2+k2)2_4wzk2]
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(Frequency cutoff
Z(t, 5, ko) = Fi 2, [exp (1€ k) ) 6(I€DHE)]

||Z(ta K k’ W)HL‘X’(RZ)

< |7t [eo (M0l k)€ Wolsceey

Loo(R?)

Fourier transform of radially symmetric function
Fd |20 (N (el kw)t)w(leD] ()

= /ooo exp ( +i\(r, k, w)t)l/)(r)rJo(r|Xh|) dr,
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van Corput’s lemma

Lemma

Let A = N(z) be a smooth function away from the origin,
9,\(z) monotone, |0,A\(z)] > N >0

for all z € [a,b], 0 < a < b < co. Let ® be a smooth function on [a, b].
Then

/ exp (IN(2)t) ®(z) dz

1 b
<e [|¢(b)| + / 0,0(2)| dz] ,

where c is an absolute constant indpendent of A and ®.
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1Z(t,- k)| orey < (i, p, k) max {

1 1\
wtl—ﬁ/2; tﬁ/2}

b
1Al Lo 2y
1 1
for p > 2, —+—/:1, B8 >0, \j #0.
p P
W 8m—1’ t

~e M
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