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DiE ENERGIE DER WELT IST CONSTANT;
Die ENTROPIE DER WELT
STREBT EINEM MAXIMUM ZU

Rudolph Clausius, 1822-1888
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STATE VARIABLES

o= o(t,x) ¥ = 9(t,x) u =u(t,x)

THERMODYNAMIC FUNCTIONS

p = p(o,9) e =e(0,9) s = s(o,9)

TRANSPORT

S = S(¥, Vxu) q=q(v, Vx9)
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d:0 + div,(ou) =0

Claude Louis
Marie Henri
Navier

i X x . = di x f
[1785-1836] 9 (ou) + divy(ou @ u) + Vip(o,9) = diviS + ¢

dr(0s(0,9)) + divx(os(o, ¥)u) + divy (%) —_

v ]

George
Gabriel o=(>)
Stokes

[1819-1903]

<S :Viu —



q=—k(9)Vy0

2
S = u() (qu + Viu— Edivxu> + n(¥)divul
Isaac Newton
[1643-1727]
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1
9Ds(o, 9) = De(o, 3) + p(e,9)D (—)
Willard Gibbs e
[1839-1903]
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U'l‘l|3g‘z=0

Utanloo =0 [Sn] x njsq =0

q-nfsg =0

Eduard Feireisl Dynamical systems in fluid mechanics



Equation of continuity holds in the sense of distributions
(renormalized equation also satisfied)

Momentum balance holds in the sense of distributions

Entropy production equation holds in the sense of distributions,
entropy production rate satisfies the inequality

The system is augmented by

d

1 2
— = — oF _
- Q<2QIUI + o0e(0,9) — 0 > dx=0
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a 44
193/2> +3Y

P(0) =0, P'(Z) >0, P(Z)/Z%% = ps >0as Z = 0

p(o,9) = 9°/P (

3 93/2 ( 0

d g4
e(o0) = 530 —P 193/2)+Z)19

p9) = (1+9%), a € [1/2,1], w(9) = (1+9°)
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total mass / o(t,-) dx = Mo,
Q

1
total energy / <§g|u|2 + oe(o,¥) — QF) (t,-) dx = Eo
Q

total entropy / 0s(0,9) dx = S(t) ' Seo
Q
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CONSERVATIVE DRIVING FORCE
f=V.F, F=F(x)
TOTAL ENERGY CONSERVATION

d 1 .,
— - = dx =0
dt/ﬂ<29|"| + oe(o, V) 9F> x

V.p(8,9) = §V«F, 9 > 0 constant
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Ho(0,9) = o((e(e,9) — Os(o,))

E(0,0,u|3,7)

= [ (3ol + Hsle.9) ~ .o~ ) - Ho(aT)) ax

ez + [ o ax=0
dt 5

9, 9 — equilibrium state
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0 — Ho(o, ©) strictly convex

¥ — Ho(p,¥) decreasing for ¥ < © and increasing for ¥ > ©
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f=V.F, F=F(x)

o(t,) = 3in 153(Q) as t — 0
I(t,") = Jin L*(Q) as t — o0

(ou)(t,-) — 0in LY R?) as t — oo
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/g(t,-) dx > My, t >0
Q

1.0

§g|u| + oe(o,9) — oF ) (t,:) dx < Eg, t >0
Q

/ o0s(o,9)(t,-) dx > Sp, t >0
Q

le(t,) = éllsrsay < & 10(t,7) = Flls) < e for t > T(e)

llou(t, )|l o:r3) < e for t > T(e)
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ath +u. - V0. = —diviu. o
0- = 0, 0 log(o-) — elog(e) weakly in L*

d(6) = [ (2To8(@) - elog(o)) ¢, dx

ded(t) + W(d(t)) <0

V(0) =0, W(d) >0 for d > 0.
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f = f(t,x), [f(t,x)| <F

EITHER

E(t) = / (%Q|U|2 + oe(o, 19)) (t,) dx > o0 as t = o0
Q
OR

|E(t)] < E fora.a. t >0
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In the case E(t) < E, each sequence of times 7, — co contains a
subsequence such that

f(7n + -, ) = V< F weakly-(*) in L>°((0,1) x Q),

where F = F(x) may depend on {7,}
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Assume that E(7,) < E for certain 7, — co = total entropy
remains bounded = integral of entropy production bounded

For 7, — oo we have V,p(p, ) =~ of, ¥ =~ 9, meaning, f ~ V, F

The energy cannot “oscillate” since bounded entropy static solutions
have bounded total energy
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f=f(x) £ ViF
=

E(t) = oo

f = f(t,x) (almost) periodic in time, f # V,F, F = F(x)

=

E(t) — o0
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f = w(t?)w(x),w € WH(Q; R®), B >2

w € L*(R), sup / w(t) dt‘ < oo
0

>0

(ou)(t,-) = 0in LY(Q; R?) as t — oo
o(t,) = oin 153(Q) as t — 0
I(t,") = Jin L*(Q) as t — oo
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f = tPw(t?)w(x),w € W (Q; R?)

|5>Qﬁ—%>2m5gmﬁ—5>2

/OTw(t) dt

(ou)(t,-) — 0in LY R?) as t — oo
o(t,:) = 2in L53(Q) as t — oo
I(t,") = Jin L*(Q) as t — o0

w € L*®(R), sup
>0

< 00
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ulon =0, q-n=d(x)(¥ - J)

f(t+w, ) ="1(t,")

o(t+w,-) = o(t,-), Ht+w,-)=13(,-), u(t+w,-)=u(t,-)
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