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In mathematics you
don't understand things.
You just get used to
them.

Johann von
Neumann
[1903-1957]
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Fluid equations

Mass conservation - equation of continuity

Oro + divy(ou) =0
Momentum balance

Ot(ou) + divy(ou @ u) = div,T + og

0= 0(t,X) o mass density
U=U(E,X) i velocity field
e Cauchy stress
B external (volume) force
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Phase field models

Phase field function - concentration difference

—1<¢(t,x)<1

Ot(oc) + divy(pcu) = div,Vypu

=t X) chemical potential

Cahn-Hillard type equation
0f (o, ¢)
= A
O = 0 dc c

: _ A (9f(oc) 1
Ot(oc) + divy(ocu) = A < e QAC)

v

= (0,C) oo free energy
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Stress relation

Young-Laplace law

[T - n] = oHn on interface

Viscous stress

2
S =v(c) <qu + Viu-— 3divXu]I> + n(c)divyul

Pressure

p(o,c) = 221129

do

Extra stress

1
T=S—pl— (vxc ® Ve — 2|vxc|211>

o’
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Anderson, McFadden, and Wheeler [1998]

Equation of continuity

Oro + divy(ou) =0

Momentum balance

Ot(ou) + divy(ou @ u) + Vip(o, c)

2
= divy (u(c) <qu +Viu-— 3divxu]I> ot n(c)divxu]l>

1
—div, (vxc ® Ve — 2|vxc|211> + 0g

Phase field equation

Bi{0c) + divy(ocu) = A (‘W(Q’C) - lAc)

oc 0

V.
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Boundary conditions

x€QCR?
L9 regular (bounded) domain
No-slip
ulgo = )
No-flux
Vxc-nlga =0, Vyiu-nlgg =0
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A bit of history of global existence for large data

Olga Aleksandrovna

Jean Leray [1906-1998]

. 8 Ladyzhenskaya
Globe.al existence of weak o P [1022-2004] Global
solutions for the » ) .
. . \ existence of classical
incompressible \

solutions for the
incompressible 2D
Navier-Stokes system

Navier-Stokes system
(3D)

Pierre-Louis Lions[*1956] Global existence of
weak solutions for the compressible barotropic
Navier-Stokes system (2,3D)

Eduard Feireisl Phase field models



Constitutive relations

Free energy

f(o,c) = fe(0) + fmix(0, €), fmix(0, ¢) = H(c)log(e) + G(c)

v

Pressure

p(e; c) = 928fg,£; o) _ pe(0) + oH(c), fo(0) = /lg pe(z)

z2

dz

_ - 3
pe(0) =0, p1o" ' —po < pl(0) < ps(1+071), v > >

Mixing

—Hy < H'(c),H(c) < Ha, Gic— Gy < G'(c) < G3(1+¢)

V.
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Energy estimates

Total energy

1 1
E(t) = [ | elul |+ |517cP + e, | dx
Q

Total mass

/\/I:/dix, /\/l(t):/Qg(t,-) dx:/ﬂgo dx, 0(0,-) = 0o

v

Energy (in)equality

d _ >
th(t)+/Q(S.vxu+qu! ) dX/QQg'UdX
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Kinetic energy

1
8t/ ~olul? dx—i—/S:VXu dx
Q2 Q

:/p(g)divxu dX—l—/AcVXc-udx
Q Q

0f (o, ¢)

1 Of (o, c
p=—pe oA p(o. c) = @2¥

dc do

“Phase field" stored energy

1
8t/ Z|Vxc|? dx+/ |V,pu|? dx
Q2 Q

Q dc oc

—/ AcVyc - udx
Q




Dissipative bounds and Korn's inequality

v(c) ?
/S:qudXZ/
Q Q 2

Korn's inequality

Viu+ Viu— %divxu]l dx

2
5 3 dx > || Vxullf2q)

2
/ M ‘qu + Viu — —div,ul
Q

Transport coefficients

v <v(c)

IA
N

IA
=

0 <n(c)
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Available a priori bounds

°
ess sup_|[lo(t, )]l (@) < C(data)
te(0,T)
°
ess sup [[Vxe(t, )|l 2qrs) < C(data)
te(0,T)
°
ess sup |[[\/ou(t,")|[r2(q;r3) < C(data)
te(0,T)
°

.
/0 (19008, ) 22 psesy + 9t ) o] dt < C(data)
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Div-Curl lemma

Hypotheses

U, — U weakly in LP(RV; RN), V, — V weakly in LI(R"; R")

1 1 1
—+t=-==-<1
p q r

{DIV[U,]}5%,, {CURL[V,]}>; precompact in W~1<

n=1>

for a certain s > 1

Conclusion

U, -V, — U-V weakly in L"(RV)
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Weak compactness of the convective terms

General principle
9¢Sp + divyF, = r, € precompat set in W~1*
V«H, € bounded in LP

Application of DIV-CURL lemma
Un = [Sn, Fn], Vn = [Hna 07 07 0]

Conclusion

SH=SH
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Convective terms

Direct application of DIV-CURL lemma

ouU=ou, pUPU=ouRu

o¢ = oc, oc? = pc?

Strong convergence outside vacuum

cn — c in L2 on the set {p > 0}
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Strong convergence of V¢

Of (on, cn
— NGy = Qn(ac) — Onftn
df(o, c
“Ac— Q(QC) o

Application of previous observations

of(o,¢) of (o, c)
e oc ¢ e oc

ofic = fic

Conclusion

Vicn — Vxc (strongly) in L2((0, T) x Q; R?)

4
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Renormalized equation of continuity

be CHo,00), b'(z) =0 forall z> z

Renormalized equation

8:b(0) + divx(b(o)u) + (b'(g)g _ b(,g))divxu ~0

B (0log(0)) + divx (g |og(g)u) n ~0
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Density oscillations - first approximation

Limit of renormalized equations

Orolog(o) + divy (glog(g)u> + odivyu =0

Renormalized limit equation

8t<g Iog(g)) + divy (glog(g)u) + odiv,u =0

Density oscillations

% 3 (@Iog(g) - @Iog(@)) dx

+/Q (m - gdivxu> dx =0
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DiPerna-Lions’ regularization method

Vs = Kg * V

Regularized equation

0ros5 + divg(osu) = |divy (ggu) — [divk(ou)]s = 15

1 1
ViuelP, pel? —4 — =1
p P
=

rs—>0asd—0
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Effective viscous flux identity

“Weak continuity” of the effective viscous flux

P02~ (31(6) 4 1(0)) aivye

—p(ae— (51(0) +1(0)) adivyo

odivyu — odiveu >0
=
olog(o) = olog(0)
N

0 —o0aa. in(0,T)xQ
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Effective viscous flux - Step |

“Approximate equation”

p(en)
= div, A7 1div,S, — ;A7 divy[oau,] — divi A~ divy[opu, @ u,)

+ “compact terms”

Limit equation

p(o) = divy A" div,S — atA_ldiVX[gu] = diVXA_ldiVX[Qu ® u]

+ “compact terms”
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Effective viscous flux - Step Il

v >0, n =0 constant
“Approximate equation”

4y .
p(Qn)Qn - ?Qndlvxun

= —Afldivx[g,,u,,]divx(gnu,,) = diVfoldivx[Q,,u,, ® up]on

+ “compact terms”

Limit equation

— 4v .
p(o)o — ?levxu

= — A~ Ldiv,[ou]divy(ou) — divy A~ Ldivy[ou @ u]o

+ “compact terms”

v
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Effective viscous flux - Step Il

Effective viscous flux identity revisited

4y 4y

p(e)o — ?QdiVxU ~ p(0)o — ?Qdivxu

[y
[S—

+weak — lim,_,ooUp- [g,,divXAfldivX[g,,u,,] — Q,,u,,divXAfldivX[g,,

—u- [QdiVXAildiVX[QU] — oudiv, A~ Ldiv,[g]
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Div-Curl lemma revisited

Hypotheses

U, — U weakly in LP(RV; RV), V, — V weakly in LI(R"; R")

Conclusion

S (URijIVI = ViRij[U]) = > (U'Rj[V] = VIR j[U])

i ij

weakly in L"(RN)

v
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Conclusion

u, — u weakly in L2(0, T; Wol’z(Q; R?))
0n — 0 in Cyear([0, T]; L7(R))
onttn — ou inCyear([0, T1; L2/7H1(Q; R3))

Conclusion
u, - [QndiVXA_ldivx[g,,un] _ g,,u,,divXA_ldiVX[,g,,]]
_>

u- [QdivXA_ldivX[Qu] _ gudivXA—ldivX[g]]
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Non-constant viscosity coefficients

Commutator

2
Ri,j |:V(Cn) (vxun + quf, — gdiqun € I>:|

2 4
=7 [V(C,,) (qu,, + Vyul, — gdivxun € Iﬂ = gy(c,,)divxu,,

4
—|—§y(c,,)divxu,,
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Commutator lemma [Coifman and Meyer]

Lemma
Let w € WEr(RN), V € LP(RN; RN) be given, where
1 1 1
l<r<N, 1<p<oo, —+—-———<L
r p N
The for any s satisfying
1 1 1 - 1 <1
r p N s
there exists 5 > 0 such that
N N
> RijwVi] =Y wRij{V)] < c|wllwrr Ve,
Jj=1 Jj=1 WBvS(RNJ?N)
i=1,...,n

v
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General constitutive relations

Oscillations defect measure

walen — €)(Q) = sup [nmsup /Q Te(on) = Te(o)|? dx dr}

k>0 | n—oo

Ti(r) = min{r, k}

Claim
wglon — 0J((0, T) x Q) < o0, g=7y+1>2 J
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Renormalized equation revisited

Lemma

wqlon — 0]((0, T) x Q) < 00, g >2

0, u satisfy the renormalized equation
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Conclusion - possible extensions

However beautiful the
strategy, you should

occasionally look at the
results

Sir Winston
Churchill,
[1874-1965]
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Allen-Cahn model

Allen-Cahn equation

Ot(oc) + divy(ocu) = —p

=t X) chemical potential

Singular elastic pressure

pe(0) ~ (0 —2) > as 0 — 0~
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