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Balance laws

General balance law

Ord + divy(F) = S, d density, F flux, S source (sink)

Equation of continuity

0r0 + divy(ou) = 0, o mass density, u velocity field

Balance law - Eulerian form

0t(os) + divk(psu) + div,q =S
———— —

convective flux  diffusive flux

Material derivative

d
0t(p0s) + divy(psu) = [ats +u- VXS} = gas(t,X(t,x))

0
itx — u(t,X)



Characteristic values and scaling
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Compressible viscous rotating fluids

Mass conservation

Oro + divy(ou) =0

Momentum balance

O¢(ou) + divy(ou @ u) +  of xu  +V,p(g) = div,S + oV, G
——

Coriolis force

Newton'’s rheological law - viscous stress

|

S(Vxu) = i (qu + Viu-— 3divXuH> + ndiv,ul

Geo-potential

1
G= g + =|fxx]?
~— 2

ravit;
3 4 centrifugal force



Scaled system

Field equations

[Sr]0r0 + divy(ou) =0

1
——of x u+ ——=V,p(0)

[Sr]0:(ou) + div(ou @ u) + [R ] [M ]2

1
md VXS = [FI‘]2 QVXG

Characteristic numbers

Rossby number ........ ... ... .. ... ... .. ... Ro = —Yehar
Lehacfehar
Mach number ... ... ... . ... Ma = ——=char_
V pchar/@char
Reynolds number ........ ... .. ... ... ... ... ... Re — QeharlenarUchar
P‘chab

Froude number | ... ... ... ... . . . . ... Fr; = —char
1 /8char

Froude number Il ... ... . . . . Fryp = —Yehar

Lcharfehar



Incompressible limit

Primitive system

0ro + divy(ou) =0

1
O¢(ou) + divy(ou ® u) + 2 V.p(0) = divy,S(Vxu)

Formal singular limit - target problem
VXP(Q) =0 = 0= 0char =0 =>divyu=0
2[0:u + divy(u ® u)][4+ VN = div,S(Veu) = divy [ (Viu + Viu)]

Stability condition

p'(0) >0 forall g >0
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Fast rotation

Primitive system - incompressible Navier-Stokes equations

div,u =0

1
Oru + dive(u ® u) + f X U+ V, [ = div,S(Vxu)

Target problem

[
<
N

f=1[0,0,1] = fxu= u =V, V = u = [uy(x1, %), 0]
0

diVth =0

Orup, + divx(uh X Uh) + VIl = uAhuh



Inviscid limit

Primitive system - incompressible Navier-Stokes equations

div,u =0

Oru + divye(u ® u) + V, M = [e]div,S(V,u)

Target problem - incompressible Euler system

div,u =0

Oru + divy(u®u) + V,M=0



Strongly

stratified limit

Primitive system - compressible Navier-Stokes equations

Oro + divy(ou) =0

1
Ot(ou) + divy(ou ® u) + 2

1
Vip(0) = diveS(Viu) + E—ngxg

Stationary density profile

Vxp(8)) = 6Vxg = P(0) = g + const, P'(0) =

p'(o)
0

Target problem - anelastic system

divy(fu) = 0

@[8tU+U-Vx

u} + oV = uAu



Fundamental issues

Solvability of the primitive system

The primitive system should admit (global) in time solutions for any
choice of the scaling parameters and any admissible initial data

Solvability of the target system

The target system should admit solutions, at least locally in time;
the solutions are regular

Stability

The family of solutions to the primitive system should be stable with
respect to the scaling parameters

Control of the “oscillatory” component of solutions

The component of solutions to the primitive system that
“disappears” in the singular limit must be controlled



Analysis of singular limits

Primitive system

0.U+ ZAU] + BIU =0, U(0,) = U

e Existence of solutions on a time interval (0, T), T independent of

| m

Identifying the limit system

A[U] = Oa Ulimit € Ker[A]a Uosc € Range[A], U = Ussc + Vlimit

Uniform bounds

e Find uniform bounds || U;||x < c independent of ¢ — 0, prepared
initial data



Equations for the limit and oscillatory components

Compactness of the “limit” component
at Ulim + B[Ulim] =0

e Convergence via standard compactness arguments or “stability” of
the system

Equation for the oscillatory component

t
€0 Upse + A[Uosc] ~ 0, Uose = V (g) ) 0V + -A[V] =0
e Goal is to show
Ussc — 0 in some sense

e Convergence via dispersive estimates



Global-in-time solutions to the primitive system

Navier-Stokes system (in rotating frame)

Oro + divy(ou) =0
O¢(ou) + divy(ou ® u) + of X u+ Vyip(0) = divyS + 0V« G

Slip boundary and far field conditions

u- n|BQ = 0, [S : n]tan|8Q =0

0— 0, u—0as x| - oo

Initial data

0(0,-) =00 >0, u(0,-) =ug in Q C R3

2
S(Vxu) = i (qu + Viu-— 3divXuH> + ndivyul, p >0, n >0



Lvapunov function - energy inequality

Stationary solutions

V«p(8) = 8VxG, 0 — 0 as |x| = oo

Potential energy

H(Q):Q/f)%dz

[ (Gew+ Ho) - H@Ne- - H@ ) ax

+/ /S(qu) : Vyeu dx dt
0 Ja

< [ (e0luoP + (en) — H(Dleo - D) - H@)) ax



A priori bounds

Energy bounds
Jou € L(0, T; L3(Q; R?))
0—0€ L0, T; L%+ L7(Q)) provided p(o) ~ o”

Bounds due to dissipation
S(Vau) : Viu € LY(0, T) x Q)
V.u € L2(0, T; L2(Q; R?)), u € L%(0, T; WH3(Q; R®))



Existence for the primitive system

Renormalized equation of continuity

0ub(0) + divi(b()u) + (b (0)e ~ b() ) diveu =0

b(o) = olog(o)

Compactness of (approximate) solutions

on — o weakly in LP
0. [ (otog(e)) + [ (ediveu) =0

0. [ (eTo8@)) + [ (edivaw) =0



Effective viscous flux

Renormalized equation indentity
/ (glog(g) = Qlog(g)) () +/ / (.Qdivxu - QdiVXll)
0

— [ (Pe@) - elog()) () = 0. ple) ~ 7. 7> 5

odiv,u — edivu[=]p(0)e — p(0) 0 >0
/ (@'Tg(g) -0 |og(@)) (1)=0

=

0n — o strongly in L



Relative entropy (energy)

Relative entropy functional

é’(g,u ‘ r,U)

— [ (3eu= P+ H@) - H () 1) - H() ax

Potential energy

H(@)—Q/ng)dz

Coercivity of the elastic energy

0+ p(o) strictly increasing = o — H(p) strictly convex



Dissipative solutions

Relative entropy inequality
[ (o.u]r, u)]T +/ /S(qu) . V,u dx dt
t=0 o Ja

s/ R(o,u, r,U) dt
0

for any r > 0, U satisfying relevant boundary and far field conditions

Dissipative solutions

Dissipative solution is a weak solution satisfying the relative entropy
inequality
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Remainder

R(g.u,r,U)

:/Q(g (0.0 +u-V.U) - (U-u) +5(V.u) : ,U) dx

+/ p(0))divU + 2(U — u) - V,p(r)] dx
+/Qr;rg<6tp(r)+u'vxp(")) dx

+/Q(gf><u)-(U—u) dx+/ngxG-(u—U)dx
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Applications of the relative entropy inequality

Weak strong uniqueness

Weak and strong solutions emanating from the same initial data
coincide as long as the latter exists

Regularity criterion

Suppose that a weak solution to the compressible Navier-Stokes
system emanating from regular initial data admits a bound
llollzee < c. Then the solution is smooth.

Dimension reduction

Solutions of the compressible Navier-Stokes system on “thin”
domains converge to the solutions of the limit problem

Stability

Stability in the singular limits problems without compactness, e.g.
the inviscid limit



Weak solutions - summary

Stability hypothesis (not strictly necessary for existence)

p € C[0,00) N C?(0,00), p(0) =0, p'(¢) >0 forall p>0

/

. 0) 3
Qll—>moo Q,Y_]_ = Po > 07 0 > 2

Global existence in the viscous case

Global-in-time weak dissipative solutions of the Navier-Stokes
system exist for any finite energy initial data (under some
hypotheses imposed on constitutive relations)

Weak-strong uniqueness

Weak and strong solutions emanating from the same (regular) initial
data coincide as long as the latter exists. The strong solutions are
unique in the class of weak solutions



General strategy - Step |

0 = 0, U= U, — a dissipative weak solution

I = Olimit + Qosc,e,5» U = Ujimis + Uosc,e,d

Initial data

Qosc,e,5(07 ) = 00,0sc,5> uosc,a,5(0') = Up,0sc,8

£z (90,87 Ug e |Q0,limit T €0,0sc,8, U0, limit + uO,osc,é) — h(6) ase —0

h(d) > 0asd—0
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General strategy - Step 2

Vanishing oscillatory components

||QosC,675(7_a ')||L°° — 0, ||uosc,s,6||L°° —0ase—0

for any any fixed > 0 and any 7 > 0

Gronwall type argument

Es (957 uc

00,limit + Qosc,e,55 U0, limit + uosc,s,é) (T)

< gs (QO,sv Ug ¢

00,limit T+ 00,0sc,8+ U0, limit T+ Uo,osc,5> K(T)
fora.a. 7€ (0, T)

Taking the limits: first € — 0 then § — 0
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Example: Inviscid, incompressible limit

Primitive system

atga + diVx(Qeue) =0

. 1
at(@sus) + lex(qus & us) + ?vxp(gs)

2
= pedivy (quS + Vi — 3divxu5]l>

e > 0ase—0

0— 0, u— 0 for |x] = oo

Target system

Olimit = 0, Ulimit = V
div,v =0

ov+v-Vuv+V, MM=0



Energy inequality and initial data

Scaled energy inequality
1 , 1 . _ _
[ [Gectuct + 5 (Heed - @t - 2) - #@) | ax

+u8/ /S(qua) : Veu, dx dt
0 Ja

S = 00, |Up,
- 2 € I

Il prepared initial data

uo. — ug in L2(2 R®), 0o =7+ 0l

2+ 5 (Hieno) - H(@leoe ~0) - HD) | o

||983:||L°°(§2) <c 983 - gél) in L2(Q)



Uniform bounds

QEE_ © bounded in L>=(0, T; (L2 + L7)(Q))

Dissipative bounds

T
us/ / S(Vxu.) : Vyue dx dt = p.||Viu 2. < ¢
o Ja
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Relative entropy and the initial data

Scaled relative entropy

r(0,),U(0,"))

2
dx

55 (90,63 Up e

/1
= 797
Q2 0,e
1
+§/Q(H(QO,S)

—H'(0+€s:,5) (00, — 0 —€s:,6) — H (o +€5:.5) ) dx

Ug,e — Vo — UQ,0sc,6

Initial data

ug = Hlug] + H* [ug] = vo + Vi Wy, Ugoscs = ViV
Qosc,e,6 = €5¢,6

1
00,0sc,6 = €50,6, 50,6 ~ gé )



Acoustic analogy

Lighthill’s acoustic analogy

£, (969) + divy(ou.) = 0

ed:(0eu:) + p'(0)V ( ) —edivy(geue ® u;) + epediv,S

2) - 5@) ~ o)

Oscillatory part

Fc

—%VX (P(Qa) — p'(2)Vx (‘Qag

Qs — 0 L
Qosc,e,6 = €Se,6, Se,6 ~ . » Uosc,e,d = wae,é ~H [ua]

H - Helmholtz projection



Acoustic waves

Acoustic (wave) equation
€0¢S.56 + 0A NV, 5 =0
€00,V 56+P( )565—0

Initial data

52.5(0,) = s0.5 = 05 in L2(Q), [Is0,5]|<(e) < c(8)
Ve 5(0,-) = Vo5, ViWo,s — H'[ug] in L2(; R®)

asd — 0

Boundary conditions

VW5 -njgg =0



Dispersive estimates

Q=R3

Total energy conservation

d 1 p'(0)
— ~ |V 52 2) dx=0
dt (2|v 5,5| —+ 2@2 |55’5 X

7|v D™V, s|* + ()|D’"sa 1> ) dx
Q ,0 2 2 0

1 /
:/ (2|VXD'"\JJO,5|2 ’32(2)|D’"s0 |2) dx, m=0,1,...
Q

Lt — [*°-estimates

We,s(,)leoeq@) + llse.s(t; =)

< c(o) (;) (

). k= k(N)




Dispersive estimates - elementary approach

Approximation

S0 = Feb [WalENe” ] w5 € C2(0,00), w5 71

Typical terms in the wave equation

2(r,x) = Fot, [eo (£ kel )us(iEDA()] . |7 = -

3

126 Mlimery < | Fede [o (£ ikl )wsieDn(e)] |

L= (R3)

< |7 [exe (£ilelr)wstieD] |, . o, Mollscer

Loo(R3

Fourier transform of radially symmetric functions
Fg_lm [exp (:t i|§|7’)] (x)

o0
:/ exp (£irr) ()2 Ix 72 0y 1o (rlx]) dr
0



van der Corput’s lemma

Lemma

Let A = A\(z) be a smooth function away from the origin,
9,N\(z) monotone, |0,\(z)| > Ng > 0
forall z € [a,b], 0 < a< b < 0. Let ® be a smooth function on

[a, b].
Then

b
/ exp (iA(z)7) B(2) dz

<c[ |+/|8¢ |dz},
where c is an absolute constant of the specific shape

N and .
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Convergence - application of relative entropy

R(o,u,r,U)

= /Q (Q(é'tU +|u- VXU> (U —u) |+ S(Vyu): VXU> dx

+ [ [(p) = ple)) ivU + (U — ) - 9,p()]
+/Qr;rg(8tp(r) +U- pr(f)) dx

+/Q(Qfxu).(u_u)dx+/QgVXG-(u—U)dx

Singular limits in fluid dynamics




Convergence - example

/ 0 - Vi(v+ VW) - (v+ V, W, —u,) dx
Q

2 e
Q

+/ 0 (v 4L VX\IIE> “Vx(v+ Vi) (v+ VW, —u,) dx
Q

< fle
Q

2

V(v + ViV.) dx

‘v + V, V. —u,

2

V(v + V,0,) dx

‘v + V, V. —u,

+/EV~VXV~(v7u5)dx
Q

m First integral “absorbed” by Gornwall type argument

m Second integral forms a part of the limit system
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Rotating fluids

Primitive system

0r0e + diVx(Qeue) =0

. 1 1
at(geue) + lex(qus @ ue) +st X Uz + 827’"

= [® Jaiv, S(V,u.) + 5%

0:VxG

vxp(gs)

Infinite strip

f= [070,7113 Q= R2 X (031)7 u-n= [S n]tan|8§2 =0

u—0, op— g ~pas |x| = oo, Vip(d:) = £2m=2n5 VG

Multiscale limit

a >0, g>n21



Expected limit for ¢ — 0

Low Mach number

Mach number ~ £™:

compressible — incompressible

Low Rossby number

Rossby number = ¢:

3D flow — 2D flow

High Reynolds number

Reynolds number ~ e ~%:

viscous (Navier-Stokes) — inviscid (Euler)
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Target system

Limit density deviation

ess sup |loe(t,-) — 2l (@) <eMc
te(0,T)

weakly-(*) in L>=(0, T; L2(2; R®)),
Vorue = \/ov

’strongly in L}.((0, T) x Q; R?) ‘,

Euler system

Ov+v-Vv+V,M=0in(0,T) x R?

1
vozH[/ uodX3}
0



Oscillatory - vanishing part

Poincaré waves

6m8t5575 aF diVXVa(; =0

Antisymmetric acoustic propagator

5 div, V
Blw): [ v } H[wf><v+vxs]'
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Fourier representation

Poincaré waves

Hermitian matrix

0 & & k
. 0 i 0
B~ AG ko) = | & 00 g
k 0 0 O

Eigenvalues

Ao, kyw) = + [w2+|s|2+k2+\/(w2+|s|2+k2)24w2k2r/2

2

1/2
w? 24 g2 w? 24 k2)2 4,2 k2
A3 4(€, k,w) =+ [ HEHE .- }



Fourier analysis

Frequency cut-off

k fixed, 1 € C(0,00), 0 <1 <1, h~ h(¢, k)

Z(r, 3 kow) = Fih, [exp (i (18], k)7 )w(igNA(E, K)] , 7= Eim

Fourier transform of radially symmetric function
||Z(T, ‘y k,w)HLoo(RZ)

< |7k [o (20l ko orr)wtieh]] .y Il

L (R?
Pk, o (£ (el kw)r)uleh)] ()

= /OOO exp (:t iN(r, k,w)r)qu(r)rJo(rlth dr,



van der Corput’s lemma

Lemma

Let A = A\(z) be a smooth function away from the origin,
9,N\(z) monotone, |0,\(z)| > Ng > 0
forall z € [a,b], 0 < a< b < 0. Let ® be a smooth function on

[a, b].
Then

b
/ exp (iA(z)7) B(2) dz

<c[ |+/|8¢ |dz},
where c is an absolute constant of the specific shape

N and .
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Decay estimates

LP — L9 estimates

2

1—
1 1 P
||Z(T7 K kaw)”LP(Rz) < C(Q/J, P k) max { WTl_ﬁ/z; B/2 } ||h||LP/(R2)

7=

1 1
for p > 2, ;—l———l, B8>0, A\; #0.

Dispersive decay
|2 (k)
EITI

2

11 1 1 \'r
S CE?2 P Max m, m ||h||Lpl(R2)

LP(R?)



Navier-Stokes-Fourier system

Mass conservation

Oro + divy(ou) =0

Momentum balance

O¢(ou) + divy(ou ® u) + Vip(o,¥) = div,S(Vxu)
Internal energy balance

Or(0e(0,9))+divy(oe(o, ?)u)+diveq = S(Vxu) : Viu—p(o, ¥)divyu
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Constitutive relations

2
S(Vxu) = i (qu + Viu-— 3divxuﬂ> + ndiv,ul

Fourier’s law

q=—rV, 0

Gibbs’ equation

9Ds(0,9) = De(p,9) + p(o,9)D (2})

Thermodynamics stability

dp(o, )
do

0e(p, 1)

o9 >0

> 0,



Local well posedness

Initial data

Q(Oa ) = 00 > 07 19(07 ) = 190 > Oa U(O, ) = Ug

Regularity

0,0, ue W™ m>3

Local existence for viscous fluids - Navier-Stokes-Fourier

system

A. Valli, W.Zajaczkowski [1982] - local existence for large data,
A.Matsumura, T.Nishida [1980,1983] - global existence for small
data

Local existence for ideal (inviscid) fluids - Euler-Fourier system

T. Alazard [2006] - local existence for large data



Several “equivalent” forms of energy balance

Internal energy balance

O¢(0e) + divx(geu) + divyq = ‘ S(Vxu) : Vyiu ‘ - ‘ pdiv,u ‘

Entropy production

0¢(0s) + divy(osu) + divy (%) E% < S(Vyu) : Veu| — q- VX19>

)

Total energy balance

1 1
O: (2‘g1u|2 + ge) + divy szu2 + ge) u-+ pu] + diveq

— _\ div,(S(Vxu) - u) \




Weak formulation

Second law - entropy inequality

q- Vo
9

1
0t(0s) + divy(osu) + divy (%) > 3 (S(qu) :V,u—

First law - total energy balance

1
(')t/<2g|u|2+ge) dx=0
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Relative entropy (energy)

Relative entropy functional

£<g,ﬂ,u ) r,@,U)

—/Q(;&lu—U|2+He(Qﬂ9)—({)I—Ie(;;(a)(g_r)_l—l@(r’ev dx

Ballistic free energy

Ho(0,9) = o((e(e,9) — Os(o,))

Coercivity of the ballistic free energy

0+ Ho (o, ©) strictly convex

¥ — Ho(o, ) decreasing for ¥ < © and increasing for ¢ > ©



Dissipative solutions

Relative entropy inequality

[ (0.0, r,e,u)};o
+/T/ % <S(?9,qu) : Vyeu — W) dx dt
o Ja

S/ R(0,9,u,r,©,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions
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Remainder

| R(0,9,u,r,0,U)]

:/ (9(81:U+u Vi U) (U—U)+S(197VXU):VXU> bz
] (90t ) + 20 ot

/(9(5 )areﬂ)( (Q,ﬁ)*s(r,e))wvxe

+ (ﬂﬂv V) ~VX@) dx

+/ L Q(Gfp(r,e)Jruvxp(r,e)) dx
Q r

Singular limits in fluid dynamics



Weak solutions - summary

Global existence in the viscous case

Global-in-time weak dissipative solutions of the
Navier-Stokes-Fourier system exist for any finite energy initial
data (under some hypotheses imposed on constitutive relations)

Compatibility

Regular weak solutions are strong solutions

Weak-strong uniqueness

Weak and strong solutions emanating from the same (regular) initial
data coincide as long as the latter exists. The strong solutions are
unique in the class of weak solutions
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Conditional regularity

Sufficient condition for regularity

Suppose that a dissipative weak solution to the
Navier-Stokes-Fourier system emanating from regular initial data
satisfies

[Vxul| Lo (0, 7)) < 0.

Then the solution is regular in (0, T).
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Example of a singular limit for the full system

Oberbeck-Boussinesq approximation

div,v =0
Ov+v-V,v+ V, M= puAv+rvV,G

0O + v - VO — adivy(vG) = kKAO

Boussinesq relation

r+50 =0



Primitive system

Full Navier-Stokes-Fourier system

0r0: + diVx(Qeue) =0

1 1
8t(Q5Ug)+diVX(QgU5®U5)+ > P(Qa 7-96) = diVxS(ﬁa qu)+gva

g2

"‘95) VX’I‘96
01{0-5(e 1))+ divs (sl 0Juc) + i, (AT

1 198; X198
> (Swg,vxug)  Vyue — °'(29V)>

d g2
a/ < E Q5|U5‘2 + Qae(gevﬁs) _QEG> dx =0
Q



Spatial domain

Gravitational potential

Q c R®, unbounded

~AG =min R® supp[m] C R*\ Q
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Entropy inequality and uniform bounds

Entropy production equation

01(025(02s 92)) + divx(0es(0e, 92)u) + divi (qu)) — 0.

e

1
o > 3 <€2S(195,qu5) :V,u, —

o g
Relative entropy inequality

[56 (ga,ﬂs,ua r,e,u)]

q(rﬂsa vxﬁs) ! vxﬁs)
Ve

1
+ ?08|[0,T]

T
t=0

E]/ RE(QEaﬁ&hua,r,e,U) dt
0



lll prepared initial data

_ 1
00,e =0+ € Qg,g

Temperature

Do, = 0 + ¢ 95

o = Vo +

Eduard Feireisl Singular limits in fluid dynamics



Acoustic analogy

Acoustic analogy

€0 (956_9) + divy(gcu:) =0

000 + Vs (@D EL + 5@ D Z0 - 7F ) = o)

oD, BB
20, (52 D2 4 5@ )= ) 0.+ ofe)

Thermodynamics and acoustic equation

9s(0,9) _ 1 9p(e,9)

0o 02 09

£0,Z +div V =0, €0V + V,Z =0

9. —09 _
02 _oF
(0, 9) . 0

Z = p,(0,9



Heat-entropy equation

Heat equation

)\ Ye —0 — 3 195 B
o0 (2 D=L +ss(0.9) =)

—0-—7D — 9 — 0
div, [(59(5,19)@ - € 4 s5(3,9) - )u]

—R(@)A (295 — g> = o(e)

e




Asymptotic limit

u. = v

Density deviation

0c — 0
€

Temperature deviation
9 — 09
€

— r

— 0
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Other problems...

Related issues

m stratified fluid, acoustic equations, problems with “vacuum”
m limit passage “weak — weak"
m bounded (periodic) domains

® boundary conditions, no-slip and the boundary layer problems
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