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1. INTRODUCTION

The purpose of this article is to investigate the propagation of very simple travelling
waves in a reaction-diffusion model. The model is the favorite Fisher-KPP equation (or
Fisher-Kolmogorov equation) derived by R. A. FISHER [l 1] in 1937 and first mathemati-
cally analyzed by A. KOLMOGOROV, I. PETROVSKI, and N. PISCOUNOV [1&] in the same
year. However, these original works ([14, 18]) consider solely linear diffusion and (suffi-
ciently) smooth reaction. In our present work, we allow for both, a nonlinear diffusion
operator and a nonsmooth reaction function. More precisely, we study the interaction
between the (nonlinear) diffusion and the (nonsmooth) reaction; in paticular, their influ-
ence on the formation and the shape of a travelling wave connecting two stable (spatially
constant) steady states.

We consider the following nonlinear evolutionary problem for an unknown function
u = u(x,t),

(1.1) O = div (00(V,u)) + f(u), zeRY t>0,
supplemented by the initial condition
(1.2) u(-,0) =uy in RY.

Here, ® : RV — R, f: R — R, and ug : RV — R are given data as specified below.
Roughly speaking, we assume that ® is a continuously differentiable, convex functional
on RY with the Fréchet derivative 9® : RY — RY_ such that ® is also radially symmetric
of class C? (RV \ {0}), its Hessian matrix 9*°®(Z) € RV is positively definite at every
point Z € RY \ {0}, and

|0*°®(Z)|-1Z| — 0 as |Z] — 0.

The nonlinear reaction function f : R — R is of the KPP-type (KOLMOGOROV-PET-
ROVSKI-P1sCcOUNOV [18]); specifically,

(13)  [eC®), f(-1)=f(u)=F1)=0, f <0 in (~Lg), f>0in (u1).

Moreover, we assume that its integral
det "
F(r) = / f(s)ds, —-1<r<1,
-1
satisfies

(1.4) F(l)—F(r)—/lf(s)d3>O whenever —1<r <1.

Taking the initial data ug : RY — R valued in the interval [—1,1] between the
extremal zeros (= F1) of f,i.e., =1 < wuy < 1, we are interested in the long-time behavior
of solutions to problem (1.1), (1.2); in particular, in propagation of fronts separating the
areas where u approaches the limit values +1, respectively.
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A currently standard approach consists of introducing the (hyperbolic) change of

variables t ~ ﬁ and z &~ £ which leads us to the scaled problem

(1.5) Oue = div (0P (eV,ue)) + %f(us), reRY >0,

for the unknown function wu.(z,t) Y (f, é) , supplemented by the initial data

(1.6) u(+,0) =u. in RY,
see the survey by P. E. SOUGANIDIS [22]. A prototype example of (1.5) is the equation
involving the p-Laplace operator (p > 1),

1
(1.7) Oyue = P~ div (|qu5|p_2vzu€) + Ef(ug), reRY, t>0.

Our aim is to examine the behavior of solutions u. of problem (1.5), (1.6) as ¢ — 0+.
In particular, we extend the results of ZHAO and Y1 [24] for problem (1.7) with p > 2
(the “degenerate case” of slow diffusion) to the “singular case” 1 < p < 2 of fast diffusion.

1.1. Travelling waves. The asymptotic behavior of solutions . to problem (1.7) in the
singular limit ¢ — 0+ is well-understood in the nondegenerate case (slow diffusion case)
p = 2 (p > 2) and also for the porous media type elliptic operator Au™, m > 1, see
ARONSON and WEINBERGER [!], CHEN [0], FEIREISL [12], FIFE and McLEOD [13], and
ZHAO and Y1 [21].

To begin, we decompose RY into the closures of the following two regions:

G-« {z € RV : there exists a neighborhood U(z) C RY of z such that
(1.8)
limsup [ sup w.o(y) | <p,p,
e—0+ yeU(x)
and

Gy o {z € RV : there exists a neighborhood U(z) C RY of z such that

(1.9) hmsup( inf us,o(y)> > u} ;

e—0+ yeU(z)

where we assume that

(1.10) G UG, =RY, andset T'=G_nG,.

Similarly to BARLES, BRONSARD, and SOUGANIDIS [3], we expect that
(1.11) u. — —1 uniformly in compact subsets of {(z,t) € R" x Ry : dist[z,I] > ct} |
(1.12)  w. — 1 uniformly in compact subsets of {(z,t) € RY x Ry : dist[z,I] <t} ,

where R, & [0,00) and “dist” stands for the signed distance,

inf{lx —y|: yel'} forxzeG_,

(1.13) dist[z,I'] =
—inf{jlzr —y|: yel'} for ze Gy,
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where ¢ is the front speed that can be determined as the speed of propagation of the
traveling waves for the associated 1D problem.

Setting u(x,t) = q(z — ct) in eq. (1.1) we have dyu = —cq, and, thus, we look for
solutions of the 1D problem

d, [09(q.)] +cqe+ f(¢) =0 for z € R,
¢: <0 in R and lim ¢g(z) =1, lim ¢(z) = -1,

Tr——00 (e}

(1.14)

normalized by the condition

(1.15) q(0) = p.
As usual, we abbreviate the derivative ¢, = d,q = ¢’. We show that the front speed

c as well as the solution ¢ of (1.14), (1.15) are unique, and the asymptotic behavior of
solutions to (1.5) is uniquely determined by (1.11), (1.12). Since, by (1.14), we have

/ |¢o| d =/ (—¢z) dz = — lim ¢(z) + lim g(z) =2

T—00
oo o0

and the limits lim,_, 4., ®(g,) exist in R for
d(2) déf/ 0*®(s)sds, z€R,
0
where 9?®(s) > 0 for s € R\ {0}, so do the limits lim, 4., ¢,. Consequently, owing to
¢ € L'(R), we have also

(1.16) ¢:(x) =0 as z — +oo.
Finally, multiplying eq. (1.14) by ¢, we get

A [9(q)] + claf + dFlg) =0 for s €R,

and integrating from —oo to 400 we arrive at

(L.17) ¢ / g de = / F)dg = F(1) = F(=1) = F(1).

Note that condition (1.4), i.e., F(r) < F(1) for every r € (—1,1), forces F(1) >
F(—1) =0. In order to exclude the stationary solution u(x,t) = q(x) with ¢ = 0, we will
assume F'(1) > 0, in addition to (1.4), i.e.,

(1.18) F(1)= /1 f(s)ds>0.

The paper is organized as follows. In the next section (Section 2) we recall some
known results concerning solvability of problem (1.1), (1.2) and state our main result
in Theorem 2.6. Section 3 is dedicated to the analysis of the travelling wave problem
(1.14), (1.15). In particular, we show that problem (1.14), (1.15) admits a unique wave
speed ¢ and a unique solution ¢ for a fairly general class of nonlinearities 0® and f; see
Proposition 3.1. This means that no solution to this problem exists for any other wave
speed. Finally, the convergence claimed in (1.11), (1.12) is established in Section 4.
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2. PRELIMINARIES, WEAK SOLUTIONS, MAIN RESULT

We shall say that a function u : RY x R, — R is a weak solution to problem (1.1),
(1.2) in RY x R if it belongs to the class

ue L (RY x (0,00)), u€ Cyeax ([0,T] — Liyo(RY))  for every T >0,
and  V,u, 99(V,u) € L™ (RY x (0,T7) — RY),
and satisfies the integral identity
/ w(z, T)Y(z,T)dx — / up(z) Y(z,0)dx
RN

(2.1) EY

_ / ! / 0O — OB(Vott) - Vot + F(u) 0] da dt
0 RN

required to hold for every test function ¢ € C>°(RY x R, ) and for every T > 0. As usual,
C>(RY x R,) denotes the space of all infinitely many times differentiable functions 1 :
RY xR, — R with compact support (C RY xR, ). For a weak solution to be well-defined,
the function u must obey the integrability conditions indicated above.

Analogously, we may define the (weak) sub- and supersolutions by changing the equal-
ity sign “=" in eq. (2.1) to “>” and “<”, respectively, and taking there nonnegative test
functions v only.

In fact, with a help from the “regularity” Proposition 2.2 below, which guarantees
the (local Holder-) continuity of a weak solution u in RY x (0, 00), we will construct a
viscosity solution to problem (1.1), (1.2) in RY x R,.

2.1. Existence of weak solutions, comparison principle, uniqueness.
e We assume that the function ® : RY — R satisfies the following hypotheses:
®: RY - R is radially symmetric, i.e., ®(Z) = (|Z|) for every Z € RV,
. { b e CURY) N CHRY\(0)). o € CU(R,) N C(0.00).
©(0)=0, d,p(0)=0, together with
z-d2p(2)

d.p(2)
where Ai, Ay > 0 are some positive constants.

(2.3) d,p(z) >0 and Ay < <Ay forall z € (0,00),

Moreover, there exists a continuous “modulus of continuity” function w € C'(R,) with
w(0) = 0, such that

s—y
|dZ_(s) — A2 o(y)| S w (%) -d2_p(y)

for all s,y € (0, 00) satisfying |s — y| < %y.

(2.4)
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e Besides the KPP condition (1.3), condition (1.4), and F'(1) > 0, we assume that
(2.5) f: R —R is Lipschitz continuous.

Remark 2.1. Condition (2.3) implies that ¢ : R, — R is strictly monotone increasing
and strictly convex. Moreover, the Euclidean norm | - | : RY — R is strictly convex

(even uniformly convex). It is now an easy exercise to verify that also the function
b=go|- |:RYN =R, ®(Z) = p(|Z]) for Z € RN, must be strictly convex.

Hypotheses (2.3), (2.4) were introduced by G. M. LIEBERMAN [20, 21]. In particular,
both are satisfied for a finite sum of p-Laplace operators with different exponents p = p; €
(1,00). Roughly speaking, hypothesis (2.3) guarantees a priori bounds on ||V, ul|re= in
terms of ||u||L~ and, in combination with (2.4), also the Hélder continuity of V,u for any
bounded weak solution u of (1.1), (1.2), see G. M. LIEBERMAN [20, 21]. The implications
of (2.3), (2.4) on the structural properties of ¢ as well as other applications to the related
elliptic problems are discussed by BREIT, STROFFOLINI, and VERDE [/].

2.1.1. A priori bounds. We quote the following crucial result on interior regularity esti-
mates for equation (1.1) from G. M. LIEBERMAN [20], [21]:

Proposition 2.2. Let f and ® satisfy hypotheses (1.3), (1.4), and (2.2)—(2.5). Assume
that w is a weak solution of eq. (1.1) in a bounded open space-time cylinder

Qrr={(z,t) eRY xR, : [z| <R, 0<t<T},
for some R, T € (0,00), belonging to the class
ue L®Qrr), Veue L®(Qrr— RY).

(i) Then both u,V u are a-Hélder continuous in the set

Qrrs ={(2,t) € Qrr: |z| < R—6, t >3}  for any (sufficiently small) 6 >0,

(2'6) HU/HCQ(QR,T,&) + HVIUHC"‘(QR,T,(S) < M’

where a and M depend solely on the set of parameters

[R> T,0, A, A27az90<1)7w7 HU’HLOO(QR,T)’ |’f(u)HLOO(QR,T):| :

(ii) If, in addition,
u(+,0) =up € C'"° ({z e RV : |z| < R})

then (2.6) holds also for 6 = 0 in Part (i), i.e., in Qrr, with a and M depending also
on B and ||ug||cr+s.

Proposition 2.2 yields an important corollary:
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Corollary 2.3. Let f and ® satisfy hypotheses (1.3), (1.4), and (2.2)~(2.5). Let u be a
weak solution to problem (1.1), (1.2) in the set RN x (0,00) belonging to the class

ue L*RY x (0,00)), —-1<u<l, Vyue Ly (RY x[0,00) = RY),
with the initial data
ug € BUC(RY), V,up € BUCRY - RY), —1<uy(z) <1 for x € RV,
27) { IVuo(z) — Vauo(y)| < Lz —yl? for all x,y € RN and certain 3 € (0,1].

Then there is a constant M € R, , depending solely on the quantities
Ay, Ao, dop(1),w, L, B, HvaOHLOO(RN) 3
such that
(2.8) \Vou(t,z)] <M forallz € RN andt € R,.

2.1.2. FEuxistence of solutions. With the a prior: estimates stated in Proposition 2.2 at
hand, proving ezistence of a weak solution to problem (1.1), (1.2) is standard, at least for
smooth initial data. More precisely, fixing the initial data ug in the regularity class (2.7),
we may proceed in several steps, as follows:

Step 1. Without any loss of generality, in (2.3) we may assume
0<A <1<y

We perform a quadratic (Laplacian-type) regularization of the function ® near the origin
in RY by replacing ® by another C?-smooth, radially symmetric function ®, € C?(RY)
(o > 0), where

(2.9) D, (Z) = ¢a(|Z]) for every Z e RY | o, € C*(R,),
([ 0a(0) =0, d.p,(0)=0, together with
(2.10) 2 d2 a2
d,pa(z) >0 and Ay < A <Ay forall z>0,
( d.pa(2)
' |2 .pa(s) — A2 .pa(y)| <w<|8_—y|) -2 . a(y)
(211) Z,2 T Z,2 T — Y 2,2 T
for all s,y € (0,00) satisfying |s — y| < %y,
.42 o 1
(2.12) 2 deald) g o<t and
d.a(2) a
(2.13) d,po — d  as a0, uniformly on compact subsets of R, .

Here, the positive constants 0 < A; < 1 < Ay and the “modulus of continuity” function
w € C(Ry), with w(0) = 0, are the same as in hypotheses (2.3) and (2.4); in particular,
all of them are independent from « > 0.

We remark that hypothesis (2.12) is equivalent to

1
dzlog(m)zo forall 0 <z< —,
z

Q
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which forces ¢, (2) = const, - 2 for all 0 < z < é, with a positive constant. Thus, ¢, is a
qudratic regularization of the function ¢ : R, — R near zero. This kind of regularization
is typical in a construction of a viscosity solution to a quasilinear parabolic problem.

Step 2. Thanks to eq. (2.12), the resulting problem (1.1), (1.2) with ® replaced by
®,, (defined in Step 1) is uniformly parabolic; thus, by virtue of the standard theory
for parabolic equations from O. A. LADYZHENSKAYA, V. A. SOLONNIKOV, and N. N.
URAL'TSEVA [19], it admits a unique (classical) solution u, for any fixed a > 0.

Step 3. Since f vanishes at £1, the constant functions u(x,t) = +1 are (classical)
solutions of eq. (1.1). Thanks to —1 < u,(-,0) = up < 1 in the initial condition (1.2), we
may apply the classical version of the (parabolic weak) comparison principle to deduce
that also

(2.14) — 1< uu(t,z) <1 forall € RN ¢t>0.

Step 4. The family of classical solutions {u, }a>o satisfies the hypotheses of Propo-
sition 2.2 and Corollary 2.3, with the parameters independent from «. Consequently, it
is easy to pass to the limit for a ™\ 0, at least for a suitable subsequence, to deduce the
following existence result:

Proposition 2.4. Let the functions f and ® satisfy hypotheses (1.3), (1.4), and (2.2)-
(2.5). Then for any initial data ug satisfying (2.7), the Cauchy problem (1.1), (1.2) admits
a weak solution w in the class

—1<u(t,x) <1, |Veu(t,z)| <M forall x € RY, t>0,
u, Vyu belong to C*(K), k € (0,1), for any compact set K C RN x [0,00).

2.1.3. Admissible weak solutions. The construction procedure carried over in the preced-
ing paragraph inspires the following definition.

Definition 2.5. We say that u is an admissible weak solution to problem (1.1), (1.2), if
there exists a sequence of regularized functions ¢,, (n = 1,2,3,...) enjoying properties
(2.10)—(2.13) and a sequence of initial data u,, o belonging to the regularity class (2.7),
such that

(2.15) U, 0 — g uniformly on compact sets in RY | as n — oo;

Uq, — u  uniformly on compact sets in RY x [0, 00),

n

where a, \, 0 as n /" 0o, and each u,, is the classical solution of problem (1.1), (1.2)
corresponding to ® = @, and uy = uq .

It can be shown that the admissible weak solutions coincide with the standard viscosity
solutions introduced for continuous initial data by CRANDALL, IsHII, and LIONS [7] as
soon as ¢ € C?[0,00). As such, they satisfy the parabolic weak comparison principle and,
consequently, are uniquely determined by the initial data; see Y. GIGA et al. [15].
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Unfortunately, the singular case dz’zgo — o0 for z N\ 0, that includes the p-Laplace
operator with 1 < p < 2, does not fit into the framework of [I5], so that the mere
definition of the concept of viscosity solution requires some nontrivial modifications, see
JUUTINEN, LINDQVIST, and MANFREDI [17]. Although the results and techniques used
by DIBENEDETTO and HERRERO [3, 9] provide the uniqueness of weak solutions for p-
Laplace-like operators with 1 < p < 2 and p > 2, respectively, a general uniqueness
theorem that would cover all cases allowed by hypotheses (2.3), (2.4) does not seem to
be easily available in the existing literature. Note, however, that a well-posedness theory
can be established by the method of monotone operators (see, e.g., V. BARBU [2] or H.
BREzIS [5]) as soon as the initial data approach one of the zeros of the function f as
|z| — 0.

2.2. Main result. We will show in Section 3 that the traveling wave problem (1.14),
(1.15) admits a unique solution pair [¢, ¢|]. Accordingly, our main result may be stated as
follows:

Theorem 2.6. Let the functions f and ® satisfy hypotheses (1.3), (1.4), F(1) > 0, and
(2.2)~(2.5). Assume that {uc}esq is a family of admissible weak solutions of the Cauchy
problem (1.5), (1.6), with the initial data u.(-,0) = u.o : RN — R satisfying

—1<up(@) <1 and |Vaueo(w)] <const. forall z € RN, and
2.16
(2.16) |Vateo(z) — Vaueo(y)| < const, - |z — y|®  for all x,y € RV,

where 3 € (0,1) is a constant independent from ¢ > 0. Let G_ and G4 Qe the_sets
introduced in egs. (1.8) and (1.9), respectively, such that eq. (1.10) holds, i.e., G_UG, =
RY . DenoteI' = G_NG, .

Then, as € \, 0, we have
ue — —1  wuniformly in compact subsets of {(x,t): dist[z,I'] > ct} ,
us — 1 wniformly in compact subsets of {(z,t) : dist[z, '] < ct} ,

with the front speed ¢ being uniquely determined by eqs. (1.14), (1.15), ¢ > 0, where dist
stands for the signed distance introduced in (1.13).

The remaining part of the paper is devoted to the proof of Theorem 2.6.

3. TRAVELLING WAVES
In this section we establish the following result on the existence and uniqueness of
travelling waves in problem (1.14), (1.15).

Proposition 3.1. If the functions f and ® satisfy hypotheses (1.3), (1.4), and (2.2)-
(2.5), then problem (1.14), (1.15) admits a unique solution [q,c|. This solution satisfies
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also
¢ =d.q € L'(R) N L¥(R),
¢.(x) <0 for every x € R such that —1 < gq(z) <1, and

- (/Zlqchde)l/llf(S)dsZO.

In particular, we have ¢ > 0 if and only if F(1) = fjl f(u)du > 0.

We will see that the proof of this proposition follows directly from a combination of
Lemma 3.9 (existence) and Proposition 3.8 (uniqueness) established below. The continu-
ous dependence of the travelling wave ¢ and the speed ¢ upon the given data, combined
with a standard compactness argument (Arzela-Ascoli’s theorem), enables us to apply a
continuity (convergence) result from PH. HARTMAN’s monograph [16, Theorem 2.1, p. 94]
to establish an approximation and continuity result for problem (1.14), (1.15) stated in
the next lemma.

To formulate this result, let us consider the following family of analogous problems
parametrized by a € (0, 1), for an unknown pair [ga, ¢s] (cf. egs. (2.9)—(2.13)):

d, [aq)oa(d:cqa)] +co - dea + foa(%) =0 for z € R?
dygo <0 in R and lim q,(z) =b,, lim ¢, (x) =ae,

T—r—00

(3.1)

where —o0 < a, < b, < 00, with ¢, normalized by the condition

(3.2) 1(0) = o, o < fio < by .

The existence and uniqueness of the pair [¢,, ¢,| follow in the same way as those of [g, c],
cf. Proposition 3.1 above.

Lemma 3.2. Let {fo}as0 be a family of uniformly Lipschitz-continuous functions f :
R — R, such that

def

(3.3) L= sup || fol ooy < 00;
a>
- —00 < g < flo <by <00,  falay) = f(ia) = f(ba) =0
(3:4) with — fo <0 in (aa, tha), fo >0 in (o, ba);
F,(r) déf/ fa(s)ds  satisfies
(3.5) “ b
F,(b,) — F,(r) = fa(s)ds >0  whenever a, <r < by;
g — —1, flog =, by—1, and
(3.6) . :
fo — f locally uniformly in C(R) as a\,0,

and the limit function [ satisfies all conditions in (1.3), —1 < p < 1, together with
condition (1.4). Similarly, we assume that the family {®,}a0 satisfies all hypotheses in
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(2.9)~(2.13). Finally, let [qa,ca] (a0 > 0) be the uniquely determined family of solutions
to problem (3.1), (3.2) satisfying

lim go(x) =b,, lim g,(z)=aq, and  qo(0) = pq

by Proposition 3.1. Then we have
| deGallzr @) + ||deGallLo@) < const  together with
Go — q uniformly in C(R) and ¢, —c as a0,
=

where [q, c| is the unique solution of (1.14), (1.15) corresponding to the limit functions f
and ®, by Proposition 3.1.

We begin with the proof of Proposition 3.1. Let us recall that we investigate monotone
(decreasing) travelling waves in the degenerate second-order parabolic problem (1.1) of
a “generalized” Fisher-KPP type. This task reduces to finding travelling waves in the
following degenerate second-order parabolic problem reduced to one space dimension:

{ O = 0, (09(0,u)) + flu), (x,t) € R' xR,
(3.7)

u(z,t) = q(x — ct) for some constant ¢ € R.

Here, ® : R! — R is an continuously differentiable, even convex function satisfying all
hypotheses in (2.2) and (2.3), with the derivative 0® = &' : R — R.

For example, we may take ®(z) = % z|P for z € R, where 1 < p < oo is a fixed number,

so that 0®(z) = ®'(z) = |2[P7%2 and 9?®(2) = ®"(2) = (p — 1)|2|P72 for z € R,

Recall that f : R — R is assumed to be Lipschitz-continuous, by (2.5), and, most
importantly, it satisfies the KPP condition (1.3), that is, f(£1) = f(u) = 0 for some
—1 < p < 1, together with f(s) < 0 for every s € (—1, u), f(s) > 0 for every s € (i, 1),
and also condition (1.4), specifically

1
F(l)—F(r):/ f(s)ds >0 whenever —1<r<1.

Furthermore, by Proposition 3.1, we have F(1) > 0 if and only if ¢ > 0.

Remark 3.3. An important special case of the reaction function f is f(s) = F’(s) where
—F : R — Ris a “generalized” double-well potential ([3, eq. (0.2)]), such that

F'(s)=f(s)=2(s—p)(1—5*)=—2(s+1)(s—pu)(s—1) for s €R;
F(-1)=0,

whence

|
=
V2)
SN~—
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—
»
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|
-
~—
—
»
|
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=
=
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We have also F(1) = —F(—p) + F(p) = — S por
P = [ fs)as =2 / (5 — 1) + (=5 — @)1 — 82) ds

! 8
:—4u/(1—32)ds:——u.
0 3

In particular, condition (1.4) holds if and only if u < 0.

Assuming that the travelling wave takes the form u(x,t) = q(x —ct), (z,t) € Rx Ry,
with ¢ : R — R being continuously differentiable and satisfying ¢'(z) < 0 at every point
x € R such that —1 < ¢g(x) < 1, below, we are able to find a first integral for the
second-order equation for ¢; cf. eq. (1.14):

(3.9) d, (0®(d.q)) +c-duwg+ f(g) =0, z€R.

We will use the following (abuse of) notation exclusively throughout the remaining
part of this section; it will not intervene with the notation for the function ¢ = ¢(|Z]) =
®(Z) of Z € RY introduced in Section 2, eq. (2.2). This time, let us denote ¢ = 9o = P'.
By the properties (2.2) and (2.3) of ® recalled above, ¢ : R — R is a continuous, strictly
monotone increasing, odd function; hence, ¢(0) = 0. Moreover, we have ¢(s) — +oo as
s — 00, respectively. Consequently,

def

(3.10) d(s) = /08 p(&)d¢,  for seR,

is a continuously differentiable, strictly convex, even function, with ®(0) = 0 and ®(s)/|s|
— 400 for s — +00. We denote by ¥ : R — R the convexr conjugate function associated
with @, that is,

(3.11) () Ysup (st — (s))  for teR.
seR

Then, by the general theory for pairs of convex conjugate functions, also ¥ is continuously
differentiable, strictly convex, and even, with W(0) = 0 and ¥ (¢)/|t| — +o0o for t — +o0.
Its derivative v Ly R - Ris continuous, strictly monotone increasing, and odd.
Moreover, the functions ¢, : R — R are each other’s inverse, i.e., ¥ = ¢_; and ¢ = 1)_;.
We refer the reader to the monograph by I. EKELAND and R. TEMAM [10, Part 1] for
details about convex conjugate functions.

Following the main ideas from R. ENGUIGA, A. GavioLl, and L. SANCHEZ [I1,
Sect. 1], we make the substitution

def dg

v= —p(dyq) >0, where dxqzqzza<07

whence

(3.12) dog = —p-1(v) = —¥(v) <0,
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and consequently look for v = v(q) as a function of ¢ € (—1, 1) that satisfies the following
differential equation obtained from eq. (3.9):

_j_z'%+cg_z+f(q):0’ reR,
that is, with a help from (3.12),
(313) T b(e) — cb) + £ =0, g€ (~L1).
Finally, we make the substitution y o U(v) > 0, thus arriving at
oo (W) + @) =0, g€ (-L1).

Here, ¥_; = (\I/]R +)71 : R, — R stands for the inverse function of W restricted to the

domain R o [0,00) and, thus, denoted by W|g,. In order to avoid possible confusion
between the unknown function ¢(z) of x € R and the independent variable q €
(—=1,1), we prefer to replace the latter by r € (—1,1). This means that the unknown
function y : (—1,1) — (0, 00) of r,

(3.14) y=P(v) =¥ (p(dql)) >0,
must satisfy the following differential equation:
d
(3.15) o= ew (Payh) + () =0, re(-L1),

where yT o max{y, 0} for y € R. Since we require that ¢ = ¢(x) be sufficiently smooth,
at least continuously differentiable, with ¢,(z) = ¢/(r) — 0 as + — £o0, the function
y = y(r) must satisfy the boundary conditions

(3.16) y(=1) =y(1)=0.

Recalling the substitution y = ¥(v) > 0 for v > 0, i.e., v = V_4(y), from eq. (3.13) we
deduce the following equivalent form of eq. (3.15) for the unknown function v = v(r),

do  f(r)

1 — — = —-1,1).
(3.17) & C+¢(v) 0, re(-11)
Furthermore, boundary conditions (3.16) for y = y(r) become
(3.18) v(=1)=v(1)=0.

The following remark on the value of F(1) ( > 0) is in order. We recall that f(r)
satisfies the KPP condition (1.3), together with condition (1.4).

Remark 3.4. Since the integrand f : (—1,1) — R in the function F(r), used in (1.4)
for r € (—1,1), is continuous and absolutely integrable over (—1,1), we conclude that
F : [-1,1] — R is absolutely continuous. In particular, ineq. (1.4) forces F(1) > 0. We
will see later that the case F/(1) = 0 guarantees the existence of a stationary solution to
problem (3.7), i.e., ¢ = 0, whereas the case F'(1) > 0 renders a travelling wave, i.e., ¢ # 0;
more precisely, ¢ > 0, cf. Proposition 3.1 above. Indeed, both, the stationary solution (for
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¢ = 0) and the travelling wave (for ¢ > 0) will be obtained from eq. (3.15) by means of
the transformation defined by egs. (3.12) and (3.14).

Recalling Remark 3.3, for the quartic double-well potential —F' given by eq. (3.8) we

have
0 -1 1 ] 00 -1
C:(/_w‘qudm) /_lf(s)ds:—§u(/_oo|qx’2dx> .

In order to investigate equation (3.15) (and (3.17), as well), we begin with the following
more general differential equation than eq. (3.15), namely,

d
(3.19) T —cH(y") = —f(r), re(-11),
where H : Ry — R is a continuous, strictly monotone increasing function with H(0) = 0.
In eq. (3.15), this means H =9 oW¥_; on R,.

The positivity condition (1.4) for r € (—1,1) starts from the terminal value of r
(r = 1). This would cause serious difficulties with notation and the uniqueness for a
number of initial value problems that we are going to treat; namely, we would be forced to
treat them as terminal value problems. Therefore, we make the substitution z(r) = y(—r)
for —1 < r <1 (reflection about 0) for the unknown function y and, consequently, look for
a continuously differentiable solution z : [—1,1] — R to the following Dirichlet boundary
value problem equivalent to eq. (3.19),

(3.20) % +cH(z") = f(-r), re(-1,1); z2(-1)=2(1)=0,

where ¢ € R is also an unknown constant to be determined. As usual, we apply the
shooting method for solutions z : [—1, 1] — R using the initial condition z(—1) = 0. We
determine the constant ¢ € R such that also z(1) = 0 hold.

The following comparison lemma is standard; cf. PH. HARTMAN [16, Corollary 4.2,
p. 27].

Lemma 3.5. Let ¢ € R satisfy ¢ > 0 and assume that zy,z : [a,b] — R are two
absolutely continuous functions on some interval [a,b] C R, such that —1 < a < b < 1,
and the following inequality holds for almost every r € (a,b):

d d
(3.21) ﬁ YeH(z) < f Y eH().

If z1(a) < z9(a) then z,(r) < z9(r) holds for all r € [a,b].

Proof. Rewriting ineq. (3.21) for the difference z; — 2o, we have

%(21 —z)+c(H(z ) —H(25)) <0 forae. re€(ab).
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Multiplying this difference by (z; — 25)™, we arrive at

ey e () — () (1= 0 <0

N | —

(3.22)
for a.e. 1 € (a,b).

Taking into account that ¢ > 0 and s — H(sT) : R — R is a monotone increasing
function, with H(st) = 0 for s < 0, we conclude that the second summand on the
left-hand side of eq. (3.22) is nonnegative, which yields

: % (1 — ZQ)+]2 <0 forae. re(ab).

N | —

Consequently, r — [(z1(r) — 22(r))*]* : [a,b] — R is a nonnegative, monotone decreasing
function that vanishes at r = a; hence, it must vanish identically on the whole of [a, b].

The lemma is proved. m

Lemma 3.5 has the following easy, but very useful corollary.

Corollary 3.6. Let ¢1,c5 € R satisfy ¢; > ¢ and ¢; > 0. Assume that z1, 25 : [a,b] — R
are two absolutely continuous functions on some interval [a,b] C R, such that —1 < a <
b <1, and the following inequalities hold for almost every r € (a,b):

(3.23) % +c H(z) < f(—r),
(3.24) % +eH(z ) > f(—r).

If z1(a) < z9(a) then z,(r) < z5(r) holds for all r € [a,b].

Proof. Inequalities (3.23) and (3.24) guarantee that (3.21) holds with any ¢ € R such
that ¢ > 0 and ¢ < ¢ < ¢4, e.g., with ¢ = ¢;. Lemma 3.5 yields the desired inequality. m

Corollary 3.6 shows that the initial value problem for eq. (3.20) with the initial condi-
tion z(—1) = 0 possesses a unique (absolutely continuous) solution z = z. : [—1,1] — R,
whenever ¢ > 0 is a fixed number. A standard combination of compactness (Arzela-
Ascoli’s theorem) and uniqueness from PH. HARTMAN [16, Theorem 2.1, p. 94] guarantees
that the solution mapping ¢ — z.: Ry — C([—1, 1]) is continuous.

Note that, for any ¢ < 0, an arbitrary (possibly nonunique) solution z : [-1,1] — R
to eq. (3.20) with z(—1) = 0 must satisfy

z(r) > Tl f(=s)ds = / f(shds'=F(1)—F(-r) >0 forevery r € (—1,1),

by a simple integration of this equation over the interval [—1,1] followed by ineq. (1.4).
Assuming F(1) > 0, we get also z(1) > fjl f(=s)ds=F(1) > 0.
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Consequently, assuming ineq. (1.4) and F'(1) > 0, let us define
(3.25) < sup {ceR;: z(1) >0} .

Clearly, ¢* > 0. As expected, we will show that precisely c¢* is the desired critical value
of the constant ¢, and ¢* > 0. From the continuity of the mapping ¢ — 2.(1) : Ry — R
combined with z5(1) > 0 (for ¢ = 0), we deduce that either ¢* = +o00, or else 0 < ¢* < +00
in which case z.+(1) = 0 and, consequently, ¢* is the desired critical value. In what follows
we exclude the former case, ¢* = +o0, which would force z.(1) > 0 for every ¢ € R,.

Lemma 3.5 has another important corollary which, under stronger hypotheses on H,
strengthens the conclusion of Corollary 3.6.

Corollary 3.7. Let ¢1,c5 € R satisfy ¢; > ¢ and ¢; > 0. Assume that 21,25 : [a,b] — R
are two absolutely continuous functions on some interval [a,b] C R, such that —1 < a <
b <1, and the following equations hold for almost every r € (a,b):

(3.26) % +a H(z) = f(-r),
(3.27) % +eH(z) = f(-r).

(i) If z1(a) < z3(a) then precisely one of the following two alternatives occurs: either
21(r) < 22(r) or else z1(r) = 25(r) < 0 for every r € (a,b).

(i) If —n<a<b<1andz(a)<z(a) <0, then 2o(r) — 21(r) = 22(a) — z1(a) holds
for all v € |a,b]. More precisely, we have

zi(r) = zi(a) + /T f(=s)ds = z;i(a) + /—“ f(s)ds < zi(a) <0

forall r € (a,b]; i=1,2.

(3.28)

(iii) Assume that H = ¢ oW_; on Ry. If —p < a < b <1, z(a) < z(a), and
z1(r) > 0 for all v € (a,b), then z,(r) < z2(r) holds for all r € (a,b].

Proof. Part (i): It follows from eqgs. (3.26) and (3.27) that both functions zj, 25 :
[a,b] — R are continuously differentiable. Assuming z;(a) < z3(a), from Corollary 3.6
we deduce z1(r) < z(r) for all r € [a,b]. Now suppose there is some o € (a,b) such
that 21(rg) = 22(rg) > 0. Consequently, we have also &-(zp — 21)(rg) = 0. We insert
the equalities z1(r9) = 22(r0) > 0 and z](ro) = 25(r¢) into egs. (3.26) and (3.27), thus
arriving at ¢; H(z1(ro)) = c2 H(22(r9)). Since H(z1(ro)) = H(z2(r0)) > 0, we conclude
that ¢; = ¢ which contradicts our hypothesis ¢; > ¢5.

Part (ii): This part is derived directly from eq. (3.20) considered for r € (a, b) with an
unknown function z : [a,b] — R that is assumed to be absolutely continuous. Assuming
—n<a<b<1land z(a) <0, for every r € (a,b) we have —1 < =b < —r < —a < u
which yields f(—r) < 0 and, consequently, by eq. (3.20), z : [a,b] — R is a strictly
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monotone decreasing function satisfying

z(r) = z(a) + /T f(=s)ds = z(a) + /_“ f(s)ds < z(a) <0

for all r € (a,b].

(3.29)

Notice that, in this part, the value of the constant ¢ € R is completely irrelevant.

Part (iii): Next, assume —p < a < b < 1, z1(a) < 29(a), and z(r) > 0 for all
r € (a,b). Then also z3(r) > z(r) > 0 holds for all » € (a,b), by Corollary 3.6. Therefore,
we can take advantage of the substitution y = W(v) defined in eq. (3.14), combined with
2(r) = y(—r) and w(r) = v(—r) for r € [—1,1], and use eq. (3.17) for v(r) in place of
(3.15) for y(r). For the unknown function w = w(r) = v(—r) in place of v, w = V_;(z),
eq. (3.17) becomes

dw f(=r)

_ = _ —1,1
(3.30) 5 c+ Ok re(=1,1),
with the boundary conditions
(3.31) w(—=1)=w(l)=0.

Function w; = W_;(z;) satisfies eq. (3.30) with ¢; in place of ¢; for i = 1,2. We subtract
(3.30) for ¢ = 1 from (3.30) for ¢ = 2, thus arriving at

i wo(r) —wi(r)) = —c —f(—r) c _—f(—r)
g (welr) m () = = e b e e O )
(=) = T () — dn ()] = s — e,

Y(wi(r)) Y (we(r))

thanks to ¥ (ws(r)) > ¥(wi(r)) > 0 and f(—r) < 0 for every r € (a,b), e, —1 €
(=b,—a) C (=1, p). Equivalently,

r — (we(r) —wi(r)) — (1 —c)r: [a, 0] = R
is a monotone increasing, continuous function. In particular, we have
(wa(r) —wi(r)) = (c1 = e2)(r — a) = (w2(a) — wi(a)) =0
for all r € [a,b].

Since ¢; > cg, this shows that we(r) > wi(r) holds for all r € (a,b]. Finally, function
Ulg, : Ry — R being continuous and strictly monotone increasing, we conclude that

29(r) = W(we(r)) > 21(r) = ¥(wy(r)) holds for all r € (a, b], as claimed.

Our corollary is proved. m

Now let us return to eq. (3.19) with H = ¢ o W_; on R, that is, to our original
equation, eq. (3.15),

3. v (Pal) +f) =0, re(-11).
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The uniqueness of the critical speed ¢ € R, for which eq. (3.15) possesses a positive
solution y : (—1,1) — R satisfying the Dirichlet boundary conditions lim,\ _; y(r) = 0
and lim, ~,1 y(r) = 0, follows from the following proposition stated and proved for z(r) =
y(_T)v S [_17 1]

Proposition 3.8. Let H=1voV_; on R, and let c1,co € R satisfy ¢y > ¢y and ¢; > 0.
Assume that z1,z : [—1,1] — R are two absolutely continuous functions satisfying the
differential equations (3.26) and (3.27), respectively, such that z(r) > 0 for all r €
(—1,1), together with z;(—1) = 2z;(1) = 0 for i = 1,2. Then we must have ¢; = ¢y and
2 = 29 in [—1,1].

Proof. On the contrary, suppose that ¢; > ¢ is possible. Corollary 3.7, Part (i), with
a = —1 and b = 1, implies that z1(r) < z(r) for every r € (—1,1). Part (iii) forces also
21(1) < z2(1), a contradiction with our boundary conditions z1(1) = z»(1) = 0.

We have proved ¢; = ¢3. The equality z; = 25 in [—1, 1] follows from Corollary 3.6
with ¢; = ¢p. =

Finally, the following lemma excludes the case ¢* = +o0 in eq. (3.25). Consequently,
the ezistence of the critical speed ¢ € R follows from eq. (3.25) and remarks thereafter,
c=c" € (0,00).

Lemma 3.9. We have lim._ o 2.(1) < 0.

Proof. By Corollary 3.7, Part (i), with @ = —1 and b = 1, the monotone decreasing
limit L = lim, | 2.(1) exists, i.e., z.(1) \, L as ¢ /' 400, and satisfies —oco < L <
20(1) < oo. On the contrary, suppose that L > 0. This forces 2.(1) > L > 0 for every
c> 0.

Given any ¢ > 0, we must have z.(r) > 0 for every r € (—1, —u). To verify this claim,
we first show that, for every § € (0,1 — u) there is some r5 € (—1,—1 + 6), such that
2¢(rs) > 0. Namely, otherwise we would have z.(r) < 0 for every r € (—1,—1 + §) and,
consequently, z,(r) = L2.(r) = f(—r) > 0, by eq. (3.20), which in turn yields z(r) > 0
for every r € (—1,—1+9), a contradiction. Again, notice that r € (—1, —1 + 0) means
—r € (1 =0,1) C (u,1) whence f(—r) > 0. Next, we show that z.(r) > 0 for every
r € [rs,—p). Indeed, if z.(r") = 0 for some 1’ € (rs, —p), then there is another number
r" € (rs,r'], such that z.(r") = 0 and z.(r) > 0 for every r € [rs,r”). But this forces
2! (r") < 0 which contradicts z.(r") = f(—r") > 0, by eq. (3.20). Finally, letting 0 \, 0
we arrive at z.(r) > 0 for every r € (—1, —pu).

Since ¢ > 0 and f(r) < 0 whenever r € (—1,p), it follows from eq. (3.20) that
2i(r) < f(-=r) < 0 for all r € (—pu,1). Consequently, z. : [-1,1] — R is strictly
monotone decreasing on the interval [—p, 1]. Recalling z.(1) > L > 0 and z.(r) > 0 for
every r € (—1, —p), we conclude that z.(r) > 0 for every r € (—1,1). Now the positivity

of z. on the interval (—1,1) enables us to invoke eq. (3.30) for the unknown function
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w=w,=VY_4(z.) on (—1,1) with the initial condition w(—1) = 0,

dw f(=r)

— = - — -1,1).

= C+¢(w)’ re(—1,1)
Here, w.(r) = ¥_1(z.(r)) > 0 for all r € (—1,1). In particular, we have w.(r) < —c for
every r € (—pu, 1). Taking ¢ > 0 sufficiently large, say, ¢ > ¢y > 0, we conclude that

_l'[‘+8
We(—p + 8) = we(—p) +/ wh(r)dr < we(—p) —cs < w.(—p) —cos <0
—p
whenever we(=1) <s<l+up.
Co

But this contradicts the fact that w.(r) > 0 for all r € (=1, 1).

We have proved L < 0 as desired. m

Proposition 3.1 follows directly from a combination of Lemma 3.9 (existence) and
Proposition 3.8 (uniqueness). In addition, Lemma 3.2 is a consequence of the continuous
dependence of the travelling wave ¢ and the speed ¢ upon the given data, combined with a
standard compactness argument (Arzela-Ascoli’s theorem), by a continuity (convergence)
result from PH. HARTMAN [16, Theorem 2.1, p. 94] for problem (1.14), (1.15).

4. CONVERGENCE TO THE LIMIT PROBLEM

In analogy with the approach in E. FEIREISL [12], our proof of Theorem 2.6 is based
on a comparison principle. To begin with, we introduce an approximation family {®, }a=0
satisfying (2.9) — (2.13). We start with a simple result for N = 1.

Lemma 4.1. Suppose that v, is a weak solution of the Cauchy problem (1.1), (1.2) with
N =1 and ® = ®, starting from (smooth) initial data vy,

0,090 <0, vo(x) = A1 forall © < a, vo(x) = Ay
forall x>b, a<b, \y € (u, 1], Ao € [—1,p).
Then
(4.1) tlggo va(t,ct) =1 for any c<c, tlg?o vo(t,Ct) = =1 for any ¢ > c,

uniformly for a ™\, 0.

Remark 4.2. Uniformly in (4.1) means that there exists ay = ap(c, ¢) > 0 such that for
any € > 0 there exist T'(¢) > 0 such that

va(t,ct) > 1 —¢, v,(t,ct) < =14 ¢ for all o < ag(c, @), t > T(e).

Proof: In view of the symmetry of the problem with respect to the change v ~ —w,
it is enough to show

(4.2) lim v, (¢, ct) = 1 for any ¢ < ¢, uniformly for o \ 0,

t—o00
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for

0,09 < 0, vg =vo(z) = A for all z < a, vo(x) =—1forallx > b, a <b, A\ € (u,1).

Step 1. We show that for any ¢ > 0 there exist a time T'(¢), a(e), and g > 0 such
that

(4.3) Vo (T(e),x) > 1 —¢ for all z < a(e), a < ap.

By the comparison principle, the spatially homogeneous solution v = v(t),

Oio(t) = f(0(t)), v(0) = M
dominates v,,
U(t) > vo(z,t) forallt >0, z € R, a > 0.

Since f satisfies (1.3), we have

v(t)—1 as t— oo.

Given parameters 0 € (0,00) and Y € R, let us consider an auxiliary function wsy :
R — [0, 1] defined for every xz € R by wsy () oo wso(x —Y) where

I if |z < 3
wso@) L3 6 (A +1—lal) i L<lal <L+
0 if 14+1<z]<o00.
Clearly, wsp is an even function (about 0), i.e., wso(z) = wso(|z|) for all x € R.

Using equation (1.1) with ® replaced by ®,, we get

(4.4) / Wiy (5 — va)(7) da

R
< / wsy (0(0)—wy) dx—f—/ /u)(;?y |f (@) — f(ve)| dz dt+/ / 0200 (|00a|)|Ozws y | da dt
R o Jr o JRr
for any 7 > 0.
In accordance with Corollary 2.3, there is M, ag > 0 such that
10,va(t,2)| < M forall t>0, 2eRY, a<ay.
Moreover, by virtue of the hypothesis (2.3), we get
A A
d. log(z™) = =% < d, (logd.(2)) < = = d. log(z"?)
z z
for all z € (0,00),

which upon integration shows that, with some constant m € (0,1), on every compact
interval [0, M] C R, we have

0 < 0,0a(2) <const(M)(z+42") foral 0<z< M, a<ap;
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hence

m 1
102420 10vaDll s gy < const(M) (10valli) + 19rvallFiey) 7= =

Since 0,v, < 0, we get

10200 (t, Moy <2 forall £>0, a<ag,
thus yielding

1020 (105l 1y gy < const(M), g = -

We remark that the sum L' + LY(R) = L'(R) + L(R) and its norm are defined in a
standard way used in interpolation theory, cf. H. TRIEBEL [23, §1.2.1].

On the other hand,

10zwsy [|Loery =0, ||Oewsy|lLrr) = 2

therefore, going back to (4.4), we may infer that

(4.5) / ws,y (U — o) (1) do < exp(LyT) (/ wsy (0(0) —vg) do + Tx(5)> ,
R R
where Ly is the Lipschitz constant of f and x(d) — 0 for § \ 0.
In accordance with (4), we may fix 7 = T'(¢) in (4.5) so that
_ €
o(t) > (1 - 5) for all t > 7,

and take 6 > 0 so small and Y < 0 so that (4.5) yields the existence of a point a(e) such
that

va(T(€),a(e)) > 1 —¢, a < ap.
As 0,v, < 0, the desired conclusion (4.3) follows.

Step 2. In agreement with the previous discussion, it is enough to examine the initial
datum

0,09 <0, vg(x) =1—c¢forall z < a, vg(x) =—1forallz > b, a <0,
where € \ 0.

Keeping the conclusion of Lemma 3.2 in mind, we take a family f. =~ f satisfying the
hypotheses of Lemma 3.2 with

b.=1—¢, a.=—-1—¢, f. < f.

Consequently, taking ay(c) > 0 small enough, we can find a traveling wave ¢, with the
propagation speed c,,

c>co>c forall a<ae)),
such that

Go(z + D) <wvo(x) for all zx € R

for a suitable constant D € R, where, by comparison,

Va(t, 2) > qo(x 4+ D — c,ot), in particular, v, (t, ct) > go(D + (¢ —co)t) > 1 —cast — oo
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uniformly for o < ay.

Thus we have shown

lign inf v, (¢, ct) > 1 — € uniformly for oo < ap.
Since € > 0 can be taken arbitrarily small, the desired conclusion follows.
[

The next step is to extend the previous result to the case of radially symmetric data
in RY. To this end, we introduce a new variable r = |z| and rewrite (formally) equation
(1.1) for the radially symmetric solutions:

oru

o, u N -1
)+ SR opiau gt + fw,

|Orul
u=u(t,r), >0, du(t,0)=0.

(4.6) dyu = 0, (aw(@u!)

Here, we have used the following simple relations for the radially symmetric functions
O(Z) = (7)), Z € RY, and u(z,t) = u(r,t), x € RN, r = |z|:

00(Z) = 0p(|Z]) ’—Z and  V,u(z,t) = 0.u(r, t); for Z,x € RV \ {0},

Va(|z]) = L and  div <£> = N—d for z € RV \ {0} .

|| ] ||

Lemma 4.3. Suppose that v, = v,(t,r) is the radially symmetric weak solution of the
Cauchy problem (1.1), (1.2), with ®, emanating from (smooth) initial datum vy = vy(r),

0o <0, vo(r) =X forall re€(0,R),
vo(r) > =1 forall r € (R,00), 0 < R<R, with A€ (X, 1), Ao € (i, 1).

Then for any € > 0 and ¢ < ¢, there exists a = ap(c), a time T = T(A,&,¢) and
Ry = Ro( Mo, €, ¢) such that

va(t,r) > 1—¢ forallt € [T,2T], |z| < R+ ct, a < ay,

whenever R > Rj.

Proof:

The proof is along the same lines as that of Lemma 4.1. Assuming 6 > 0 is chosen
small enough, we fix a (smooth) profile

wo = wo(x), Oywy <0, wo(z) =\ for z <0, wy(x) =—1for x > 1,

and such that
wo(r — R) < vy(r) for all r > 0.

By virtue of the comparison principle, it is enough to show the conclusion of the lemma
for vo(r) = wo(r — R).
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Step 1. Consider the unique solution w,, of the Cauchy problem

Owe = 0, (az¢a(|a:vwa|>

OpWq,

> + flwa), t >0, € R, wa(0,7) = wy(x).

|0 wa

Making use once more of the comparison principle we deduce that
Wo(t,r — R) > v,(t,r) for any » > 0 and t > 0,

where, by virtue of Lemma 4.1,

(4.7) lim inf w,(¢,7) =1 for any ¢ < ¢ uniformly in o < ag(c).

t—oor<ct

Step 2. Similarly to the proof of Lemma 4.1, we take the function wsy and compute
the “distance”

/000 Ws,y [wa(T,r — R) — v,(T, r)} dr < /OT /OOO w(;’y)f(wa(t,r — R)) — f(va(t,r))| dr dt

+/ / <8Z<pa(|(9rva(t,r)|) + 0,00 (|0rwa(t, r — R)|)) |0,wsy| dr dt
0 Jo

r

T o0 N _ 1
+ / / sy Dopa(10r0a(t, 1)) dr di
0 0
forY > 1+ %.

Now, exactly as in the proof of Lemma 4.1, we may show that

/ / (azsoauarva(t,rm+az%<|arw€<t,r—R>|>)|arw5,y|drdt\sfxw), with x(8) — 0as 5\, 0,
0 0

uniformly for o < ay.

Consequently, by Gronwall’s lemma,
(4.8)
N

/000 Wy [wa(T,r—R)—va(r, 7“)] dr < exp (L;7) (TX(é) + /OT /Ooo r_ 1w57y82<pa(\&«va(t,r)|) dr dt)

f0r7'>O,Y>1—|—%.

Step 3. In accordance with (4.7), there exists T' = T'(\g, €, ¢) such that

(4.9) wu(t,r — R) > 1—Zfor allt >T and r < R+ct+ 2, a < a(c).

Next, fix 0 > 0 so that
(4.10) 2x(0)T exp(2LT) <

> m

Finally, take Y > Y{(d) so large that

2T o) N—l e
(4.11) / / iy DeallOpvalt, ) dr df < 5V > ¥,
0 0 r
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Thus, for R > R, large enough so that
Y=R+cr+1>Y,forall 7 €[T,27)

in the inequality (4.8), we may use (4.9 - 4.11), together with the monotonicity of v, in
r, to obtain the desired conclusion.

Applying Lemma 4.3 recursively on the sequence of time intervals [T, (n + 2)7T] we
obtain:

Corollary 4.1. Suppose that v, = v4(t, 1) is the radially symmetric weak solution of the
Cauchy problem (1.1), (1.2), with ®,, emanating from (smooth) initial datum vy = vo(r),

Opvg <0, vo(r) =X forall r€(0,R),
vo(r) > =1 forall r € (R,00), 0 < R< R, with A€ (X, 1), Ao € (i, 1).
Then for any € > 0 and ¢ < ¢, there exist oy = ap(c), a time T = T(Xo,e,¢) and
Ry = Ro(Xo, &,¢) such that
vo(T,r) > 1—¢ forallTt >T, 0<r < R+cT, a < av,

as long as
R+ ct > Ry for allt € [0, 7].

Introducing u. = u (ﬁ, f), the function wu. solves the scaled equation (1.5). Adapting
Corollary 4.1 we get:

Corollary 4.2. Suppose that {u.}es0 is a family of solution of the scaled equation (1.5),
with ® = &, emanating from the initial data

—1 <wuen(0,)) <1, uco(0,2) > X € (1, 1] for all || < R.

Then, given a compact set
Kc {t >0, |z| < R+ct}

there is ap(IC) > 0 such that

liH(l) Ue o(t, ) = 1 uniformly in K and uniformly for oo < ap(K).

Finally, using “symmetric” arguments we get

Corollary 4.3. Suppose that {u.}eso0 is a family of solution of the scaled equation (1.5),
with ® = ®., emanating from the initial data

—1 < ucn(0,)) <1, uen(0,2) <X € [—1,p) for all |z| < R.

Then, given a compact set

ICc{t>0, |:E|<R—ct}
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there is a(KC) > 0 such that

lin& Ue o (t, ) = =1 uniformly in KC and uniformly for o < ap(K).

The final observation is that Corollaries 4.2, 4.3 imply the conclusion of Theorem 2.6.

The proof is exactly the same as in [12, Section 5] provided we consider only those weak
solutions that have been suitably introduced in Definition 2.5.
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