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Abstract. This paper is concerned with optimal lower bounds of decay rates for solutions
to the Navier-Stokes equations in R™. Necessary and sufficient conditions are given such
that the corresponding Navier-Stokes solutions are shown to satisfy the algebraic bound

n+4

fu@®ll = (E+1)" .

Keywords: decay rates, Navier-Stokes equations

MSC 2000: 35Q10

1. INTRODUCTION AND THE RESULTS

Consider the Navier-Stokes equations in R™, n > 2, which will be treated in this
paper in the form of the integral equation

(NS) u(t) = et — /Ot Ve 9P (u @ u)(s) ds,

for prescribed initial velocity a(x) = (a1(2),...,an(2)), x = (21,...,2,) € R, and
unknown velocity u(z,t) = (u1(z,t),...,un(z,t)). Here, A = —A is the Laplacian
on R"; {e7*4},5 is the heat semigroup; P = (P;;.) is the bounded projection onto
divergence-free vector fields; v ® v is the matrix with entries (u ® v);x = u;v;

V = (31,...,3n) Wlth a] = a/axj; and

(Ve " Plucu); = Z e P (ueur), j=1,...,n.
ko l=1
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It is well known that for each a € L? with V -a = 0, (NS) has a weak solution u
defined for all ¢ > 0, satisfying the energy inequality

t
lu(t)|3 +2 / IVul2ds < [lal for all ¢ > 0.
0

Hereafter || - ||, denotes the L"-norm.
As shown in [10], there exists a weak solution u such that

(1.1) lu(t)l> < C(L+17F,
whenever
(1.2) acL?® V-a=0 and /(1+|y|)|a(y)|dy<oo.

Assumption (1.2) implies a € L'; so the divergence-free condition gives (see [4])

(1.3) /a(y) dy = 0.

Furthermore, it is shown in [2] that in this case the solution u satisfies

tlirglot”T” uj(t) + (BkEt)()/ykaj(y) dy
(1.4) s
+F) [ [ )9 dyas], =0
0
for j =1,...,n, where

Et(x) = (4Rt)_n/26_|m|2/4t, Fe,jk(x,t) = agEt(.r)(Sjk + / 848j8kEs(x) ds.
t

(Hereafter, we use the summation convention). Equation (NS) is then written in the

form

’LLJ({E,t) = /Et(x_y)aj(y) dy—/o/Fg’jk(x_y,t_s)(ugUk;)(y,S) dyds? ] = 17"'7”7

as proved in [2]; and the integrals in (1.4) are finite, due to (1.1) and (1.2). Assertion
(1.4) was first proved in [1] for smooth solutions when n = 3, and then extended
in [2] to the case of weak solutions in all space dimensions by applying the spectral
method as given in [3, 5].
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The argument of [10] suggests that the decay property (1.1) will be optimal in
general. So we are interested in finding a class of weak solutions u satisfying the
reverse estimate

llu(®)|l2 = Ct~"3°  at least for large t.

In this paper we discuss this kind of lower bound problem.

Theorem A. Under the assumption (1.2), let

bre = /yéak(y) dy, Che =/ /(Wuk)(y,s) dyds.
0

(i) We have

n+2

(1.5) tlim t+ |lu(t)]l2 =0

if and only if (bxe) = 0 and (cxe) = (cdye) for some constant ¢ > 0.
(ii) There exists ¢’ > 0 such that

(1.6) u(t)||2 > 't "% for large t > 0,

if and only if (bre) # 0 or (cke) # (cdke). In particular, u satisfies (1.6) whenever
(bre) # 0.

Remark. Theorem A (i) implies only that
(1.5) limsupt ™+ |Ju(t)]2 > 0
t—o0

if and only if (bge) # 0 or (cxe) # (cdke). Note, however, that our second assertion
(1.6) is more stringent than (1.5"). Moreover, (1.6) holds for all large ¢ > 0 and
for all space dimensions, although |[u(t)||2 is only known to be lower semicontinuous
when n > 3. We know nothing about the characterization of solutions satisfying

(Ckg) = (C(Skg).

We next consider weak solutions u satisfying
(1.7) [u(t)ll2 < C(1+1)~%.
As shown in [3, 6, 10], such solutions exist for all a € L satisfying

(1.8) V-a=0, [ealla<Cl+1t)"%.
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Theorem B. Suppose a satisfies (1.8) and let u be a weak solution satisfying
(1.7). Then

(1.9) |u(t)||la = ct=% for larget > 0,
if and only if

(1.10) le~*ally > ¢t~ % for large t > 0.

The lemma below gives simple examples of a satisfying (1.10).
Lemma. Let a € L?, V- a = 0, and suppose that

(1.11) / la(r,w)|*dw € L°(Ry), liminf la(r, w)|? dw > 0,
Sn—1

r—0 Sn—1

where the Fourier transform a is defined by
a(g)::j/e-*%fa(x)dx, =V,
S7~1 is the unit sphere of R", and £ = (r,w) in polar coordinates. Then,
(1.12) e *alla < C(A41t)"% forallt > 0; |e *ally >t 4 for larget > 0,

with constants C' > 0 and ¢’ > 0 independent of t.

Proof. Parseval’s relation gives

e~ ally = (20" [ e ae) ag = (852 F [ e aneze) P ay

so that
(8721)% e~ a2 = / eI a(n(26)~ )| di.

The assumption and Fatou’s lemma together imply
lim inf (87%t) % ||e~*a||3 = liminf/e_m‘2|€z(77(2t)_%)|2 dn
t—o0 t—o0

E/eJOMM/ a(r(26) 4, @) dw)r" " dr > 0.
0 Sn—l

t—o0

This proves the second estimate of (1.12). The first estimate follows from ||e~*4 a2 <
llall2 and

le*a)2 = (87%t)"% / e~ a(n(2t) %) dy

(o]
/ |d(-,w)|2de / e dr,
Sn—1 > Jo

The proof is complete. O

<Ot %
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Remarks. (i) Condition (1.11) implies that @ is discontinuous at £ = 0. Indeed,
since V-a = 0, we have £-d(€) = 0; so if a is continuous at £ = 0, we get w-a(0) =0
for all unit vectors w, and @(0) = 0. (For this reason, a € L* implies (1.3)).

(ii) The assumption of Lemma is not vacuous. Indeed, suppose a is written in the
form

a(§) = f(1ENg(E/1ED,

in terms of functions f(r) and g(w) such that
geL*(S"™Y), g#0, w-glw) =0 (wes" ™

and

f € BO(0, %)), /Ooolf(r)lzr“dr<oo, £(0) #0.

Then, & satisfies condition (1.11).
(iii) In this connection, we note that under condition (1.2) we have

(1.10") e~ ally > ¢t for large t > 0
if and only if (bge) # 0. Indeed, using (1.2) and (1.3), we have (see Section 4)
(1.4)) Jlim £ e Mg + O Eibiella =0, k=1,...,n.

n+2

Suppose (bge) # 0. Then (3 ||0¢Eibrel|3)'/? = Ct~ "5 with C' > 0; so we get
2

_ 1/2 _ 1/2 T
le " ally = (X (|0 Ebrel3) /2 (X lle™*Aar, + 9 Erbrel|3) 2y "3
k k

for large ¢t > 0. Conversely, if we assume (1.10"), then (1.4") implies

1/2 1/2 n
(S 10eEebiel3)? > lle~*alle = (5 e~ Aax + 0y Eubuell3)* > et ="+
k k

for large ¢t > 0. Hence > ||0¢Eibys||3 > 0 for large t > 0, which implies (by,) # 0.
e

The L? decay problem for weak solutions of the Navier-Stokes equations was suc-
cessfully studied for the first time by [5] and the result was then systematically devel-
oped by [3, 6, 10]. Estimates (1.6) and (1.9) are studied in [6]-[9] in case n = 2, 3, and
some sufficient conditions are obtained. Our Theorems A and B provide necessary
and sufficient conditions for those estimates to hold. We further note that our lower
bound estimates (1.6) and (1.9) hold in all space dimensions n > 2, although the

447



function ||u(t)||2 is known only to be lower semicontinuous when n > 3. As will be
seen in the proof below, this is due to (1.4) and the fact that the functions 9y Fy(x)
and Fy ji(x,t) are written in the form t~"3 K(xt~%) in terms of some bounded,
integrable and uniformly continuous functions K.

We finally consider an example of two-dimensional flows u with (bge) = 0, (cke) =
(edke), which was first treated by [7].

Theorem C. When n = 2, there is a smooth weak solution u such that (bge) = 0,
(cke) = (cOre), and, with some constant v > 0,

(1.13) lu@®)]lq < qu*”’t and |u(x,t)] < Cpe (1 4 |z])~™

for all 1 < ¢ < oo and all integers m > 0.

The above example was studied by [7, 8, 9], in which is given the exponential
decay of ||u(t)||4 for 2 < g < co. Our estimates (1.13) include the case 1 < ¢ < 2 as
well as the decay estimates in the spatial direction. Theorem C is proved in [2].

In what follows we prove Theorems A and B, and conclude the paper with the
proof of (1.4) which was given also in [2].

2. PROOF OF THEOREM A
We begin with the following

Proposition 2.1. Let (by¢) and (cx¢) be real n x m matrices and let (cpe) be
symmetric. Then

(2.1) breOrEy ()05 + cueFy ji(x,t) =0, j=1,...,n,
for all x € R™ and for some t > 0, if and only if
(2.2) (bke) =0 and (cre) = (coge) for some c € R.

Furthermore, (2.2) implies that (2.1) holds for all x and for all t > 0.

Proof. Assumption (2.1) implies, via the Fourier transformation,
2 2 (o) 5
bre&ee 16176, = —crels (e_tIEI 8k — gjgk/ e slél ds)
t

= —(cje — €] 2enetin) e EF
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for some t > 0, and we get [£]2(bje + cjo)&r = &jenelrée. Taking & = 0 for any fixed
j, & = 1 for any fixed ¢ # j, and & = 0 for all k such that k # j and k # ¢, we
easily obtain b;¢ + c¢j¢ = 0 whenever j # ¢, and so

1€12(bj; + ¢j)€) = Eerebrbe, j=1,...,m.

We let {; = 1 and & = 0 for k # j, to get b;; + ¢;j; = ¢j;; so bj; = 0. This implies

(2.3) 1€17¢j5€5 = &ienelrbe, G=1,...,m.

Hence, c11 = ... = Cpn = crelr&el€|™2. We then set j =1, & =& =1 and & =0
for k > 3 in (2.3), to get 2¢11 = 11 + a2 + 12 + c21 = 2(c11 + ¢12) since cxr = cgi by
assumption. Therefore, c1o = 0. We thus obtain c¢j; = 0 = —bj; whenever j # ¢; so

(bre) = 0 and (cxe) = (cdie). That (2.2) implies (2.1) for all t > 0 is easily seen from
Fk,jk = ajEt —|—/ OJAES ds = 8jEt +/ 8j65Es ds = ajEt — 8jEt =0,
t t
where 9, = 9/0s. The proof of Proposition 2.1 is complete. O
To establish Theorem A, it suffices in view of (1.4) to prove the following

Proposition 2.2. Let a satisfy (1.2) and define

bre = /yéak(y)dy» Che = /OOO/(UeUk)(y,S)dyd&
Then we have
(2.4) either (bge) #0 or (cke) # (cOke),
if and only if a corresponding weak solution u satisfies
(2.5) [u(®)|l2 > t="%  for large t > 0

with a constant ¢’ > 0 indenpendent of t.

Proof. In what follows we write
b = (bie, ... 0ne), Frp = Foak,--- s Fonk).

Assume first (2.4). By Proposition 2.1, we have ||0;E by + Fy pciel2 = Ct—"% for
all ¢ > 0 with some C > 0, and so (1.4) implies

|lw(t)|l2 = (|0eErbe + Fy rcrell2 — [|u(t) + 0cErbe + Fo pcre||2

— o O(t*"TH) >
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for large ¢ > 0. Assume next (2.5). By (1.4) we have

_nt2 _nt2
|0eEibe + Forcrellz = [Ju(t)||2 — [[u(t) + 0eErbe + Fypepellz = 6775 —o(t™ 1),
and so
|0¢Erby + Fo ciell2 >0 for large ¢ > 0.
We thus obtain (2.4) by Proposition 2.1. This proves Proposition 2.2. O

3. PROOF oF THEOREM B

Suppose that n > 3. We have

o0
Cre = / /(uguk)(y,s)dyds < o0
0
so the argument given in [2, Sect. 5] applies to our present situation, implying
. nt2 _tA
(3.1) thm t 7 |Ju(t) —e " a+ Fypcpel|2 = 0.
—00

n+2

1, it follows from (3.1) that

Suppose (1.9) holds. Since || Fy gciell2 = Ct

le ™ alla > [Ju(t)ll2 — || — u(t) + e **a — Fyrcre + Forcrell2
> [lu(t)|l2 — [Ju(t) — e ““a+ Frrcrell2 — || Fepcrel2
SctF - Ot >t

for large ¢ > 0. This proves (1.10). Conversely, if (1.10) holds, then (3.1) implies

“ally — || Fopcrell2 — llu(t) — e " a+ Fyrcrel2

>
—_n _nt2 ), —n
>ctmt —Ct- 7 >ct 4

[u(®)]]2

e

for large ¢ > 0. This proves (1.9) in case n > 3.
When n = 2, we introduce

t/2
) = [ [Cwrue)ly.s) dyas
0
instead of ¢xe. The argument of [2, Sect. 5] is then modified to yield

(3.1) ||u(t) — e a+ Fycpe(t)]2 < ot ! log(1 +t).
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See also Section 4 below. Since
t/2
| Fopere(®)lls < c*fl/ u(s)[2ds < Ct~log(1 + 1),
0

this implies ||u(t) — e *4all2 < Ct~!log(l +t). Now we can prove the result in the
same way as in the case n > 3. Indeed, (1.10) implies

u(®)]l2 = [l allz — lu(t) — e “alla > ct™2 — Ct Mlog(1+1t) >/t~ 2
for large ¢t > 0, while (1.9) yields
le~*allz > u(t)ll2 — [u(t)e |2 > ct™% — Ct log(L+1¢) > ¢t~ 3

for large t > 0. The proof of Theorem B is complete.

4. PROOF OF (1.4)

Here we present the proof of (1.4) given in [2]. The same method can be applied
to the proof of (3.1) and (3.1') with no essential change. Let a satisfy (1.2) and so
(1.3). We first prove

(4.1) lim ¢

t—o0

etHat (OhE) () / yealy) dy| = 0.
Direct calculation gives
1
e~t4q = / By — y) — By(2))a(y) dy = — / / (O Ey)(x — y0)yraly) do dy
— — (OuE)(@) / yra(y) dy - / / (OkE:) (@ — y0) — () (@)]yka(y) dO dy,

SO

e~ta + () () / yaly) dy = — / / (OhE:) (@ — yB) — (O Ey) ()]yaly) A6 dy.

We can write (0xEy)(z) = t‘nT“(ﬁkEl)(xt_%), to obtain

et @u2)C) [matyan], < e [[ i 0)lloly)] 40 dy.
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Here o, (y,0) = |[(VEL)(- — y0t—2) — (VE})(-)||2 is bounded and tlim we(y,0) =0
for any fixed (y,0). Since |y||a(y)| is integrable by (1.2), the dominated convergence
theorem yields

s [ [ oilatwl a0y =o.
This proves (4.1). Now let u satisfy (1.1). We next show that the function
¢
w(t) = u(t) —e a=— / / Fop(z —y,t —s)(ueur)(y, s)dyds
0

satisfies

(4.2) hm £

‘w + Fy (-, //uguk (y,s dyds” =0.

Indeed, we have

w(t) + Fop(z,t) /Om/(uguk)(y, s)dyds
= Fyr(z,t) /t:/(wuk)(y,s)dyds
t/2
- /0 [Fop(x —y,t —s) — Fop(x,t — s)|(ueur)(y, s) dyds
t/2
- /0 [Foi(x,t —s) — Fop(x,t)](ueur)(y, s) dy ds

t
—/Z/F&k(x—y,t—s)(uguk)(y,s)dyds
t/
EIl +IQ +13—|—I4

It is easy to see that
(4.3) || I |2 < c/ (1+s5)7'"2ds—0 ast— oo
t/2

We write I3 in the form

t/2 1
I3 = / // S(atFe,k)(CU,t — 89)(Uguk)(y, s) dfdyds
0 0

t/2 ! n+2
Hsll> < C/ // s(t — s0) " Ju(y, s)|? do dy ds
0 0
2 t/2
<ot [ st s
0

to get
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and so

n+2

t
(4.4) t 4 ||1'3H2<Ct*1/ (1+5)"2ds—0 ast— oco.
0

To estimate Iz, note that we can write Fy (z,t) = t_nTHK(xt_%), to get

/2
_n+2 -1
Il < 0% [ [ G =t =97 = KO blu(y. ) dy s
n+2 t/2 n+2 t/2
=Ct + / /got(y, s)|u(y, s)*dyds=Ct™ 1 / Pi(s)ds.
0 0
Since 1 (s) < Cllu(s)||3, the dominated convergence theorem implies
M
tlim / P(s)ds =0 for any fixed M > 0.
— 00 0
Given & > 0, choose M > 0 so that [;; [[u(s)||3ds < e. Then for t > 2M,
t/2 M S M
/ Pi(s)ds < / Pi(s)ds + C/ lu(s)]|3ds < / P(s)ds + Ce.
0 0 M 0

This implies that

n+2

(4.5) Jim ¢ L = 0.
It remains to prove
(4.6) Jim 5 L4l = 0.

To do so, we follow the arguments of [3, 5]. The function

t
v(t) = — / / Fop(z—y,t—s)(ueur)(y, s) dyds = u(t) — e’(t’T)Au(T)
defined for ¢ > 7 > 0 satisfies
0w+ Av=—P(u-Vu) (t>71), v(r)=0.

(We may assume v is smooth, replacing u by the approximate solutions uy given in
[3]). Since (P(u-Vv),v) = (u-Vv,v) = 0, the standard energy integral method gives

Ae||vl2 + 2| AY 0|12 = —2(u - Vu,v) = 2(u - Vo, u) = 2(u - Vo, ug)
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and

_n _nt2
2|(u - Vv, up)| < 2||ull2l| AY2v]|2]|uo]|oo < Cllullal|AY20]|a(t — 1)~ 7~
< CIAV ||t — )T 5 < AV 2|3 4+ Ot — 1),

where ug(t) = e~("""u(r). We thus obtain
dullvl3 + |AY2v]|3 < C(t — 7) e B

Let {E)}x>0 be the spectral measure associated to A. Since ||AY2v3 > o(||v]|3 —
| Epvl|3) for any o > 0, the above estimate yields

Oellvl3 + ellvll3 < ell Bgvll3 + C(t =)~ 177175,

t 2
But, ||[E,vl|3 < Co™+ (/ ||u||§ds> as shown in [3, 5]; so

n t 2 n
vl + ello3 < 0o+ ([ NulBds)” + =)tk
Here we set o = m/(t — 7), m > 0, and multiply both sides by (¢t — 7)™, to obtain
n t 2 n
u((t = 7)™ [[0]2) < Con (£ T)m*ﬂ(/ Julds)” + Ot — 7y te ik,

Now fix m so that m > n/2 4+ 2 and m > n + 1, and integrate the above inequality,
to get

0 [t s 2 .
o3 < -2 % [ ([ ful3as) ds+ce—n s,
Inserting 7 = t/2 yields v(t) = I4, so
n o0 2
ertinfg < oot ( [ uldas) 4ot <ot -
t/2

as t — oo. This proves (4.6).
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