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Oro + divy(ou) =0

0t(ou) + dive(ou ® u) + Vip(o,9) =0

Or(0e(0, 1)) + divk(oe(o, ?)u) + diveq = —p(o, ¥)diviu
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Constitutive relations

Gibbs’ equation

Thermodynamics stability
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xeT=(-1,11)", [N=3

Q(Oa ) =00 >0, 19(0’ ) =1y >0, U(O, ) = Uo
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Local well posedness

Regularity of the data
Local in time existence
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0o + divy(ou) =0
Ot(ou) + divi(ou @ u) + V4 (09) =0

g [at(gﬁ) n divx(gﬁu)] — A9 = —oddivyu
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00, Yo, Ug € C3, 09 >0, U9 >0

For any (smooth) initial data go, Yo, ug the Euler-Fourier system
admits infinitely many weak solutions on a given time interval (0, T)

o€ C? 0,9, V29 € LPforany 1< p < oo

uc Cweak([oa T]. L2) N Loo’ div,u € Cl
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div,v =0

Ov + divy(vev) + V, M =0
v(0,:) =vp

There exist (infinite) set of initial data vg in L2 N L>°(Q; R?) such
that the incompressible Euler system possesses infinitely many global
in time solutions, with prescribed energy

1 1 1
§|v|2 =e, e(0,) = §\v0|2 and the pressure 1 = —§|v|2



Xo.e[0, T] = {v € Cuear([0, T]; L2( R?)
v(0,:) =vg, v(T,:) =vr, divyv =0,
ve CH(0,T) x QR?), O +div,U=0
for a certain U € C1((0, T) x Q; R¥%3 ),

sym,0

gAmax [V®V—U] <ein (0, T) X Q}7

1
SN B

I 1
e:§|V|2 :>U=V®V—§|v\2]l



For any v € X ([0, T] there exist sequences
{wn}ns € C((0, T) x 2 R%), {Un}p2y € C°((0, T) x @i R?)

such that the functions v + w, belong to X ([0, T], with the
associated tensor fields U + U,

w, — 0 in Cuear([0, T]; L2(2; R®)),

and

2
T2 1
3¢ 2 Lo
iminf Iwn 017200 = A [ (e~ 3e) axar a0

where the constant A depends only on the norm of e in
L>((0, T) x Q).



Application of convex integration, |

“Energy”
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N W

o0=o(t,x), ¥V=VY(t,x), V= —A_l[atg]

(3t(919) + divy (ﬁ(v + vxw))) — A9 = —oddivy, (

19| o< (0, T)x) < (0, V) independent of v

e=x(t) - 509l

v+ V, ¥

%

)



X010, T] = {v € Guear [0, T: L2 R)
v(0,:) =vg, v(T,:) =vr, divyv =0,
v E CH(0, T) x 2 R%), Bv +div,U =0
for a certain U € C1((0, T) x Q; R¥%3 ),

sym,0
3, [(v+vxw)®(v+vxw)
2 max 7S

= IU} < e[9] in (0, T) x Q},

2
] » Lt TE

7)\mx
27 0

3 {(erVX\V)@(erVX\U)
0



d 1 .,
PR, = d =
dt/Q(QQIUI +Qe(9,t9)> x=0
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Relative entrop

energ
Relative entropy functional

Ballistic free energy

Coercivity of the ballistic free energy
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[5 <g, 9,u

T T [ ©q(¥, Vi) Vi
”G’U)]t:o_/o /QET dx dt

< / R(e,9,u,r,0,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions
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|R(g,19, u,r,O, U)|

=/§29(8tu+u-vxu) (U —u) dx
+/Q [(p(n ©) — p(e; ﬁ))divu + %(U —u) - Vp(r, e)] dx
—/Q (9(5(& 9) — s(r, @))&@ + g(s(g, 9) — s(r, @))u - V,©

V0, Vi
I a( ’ng J) 'VX@) dx

+/ =2 (9p(r,€) + U Vup(r,0)) dx
Q r




00 € C2,99 € C?, 0o >0, 9>0

For any regular initial data gg, ¥g, there exists a velocity field ug
such that the Euler-Fourier problem admits infinitely many
dissipative weak solutions in (0, T)
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