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Scaled Navier-Stokes system

Continuity equation

0ro + divy(ou) =0

Momentum equation

1 1
O¢(ou) + divy(ou ® u) + gf X u+ T

= [* [div, S(V,u) + 5%

V.p(0)

oV G

Newtonian viscous stress

2
S(Vxu) = i <qu + Viu-— divxu]I> + ndiv,ul, g >0

3

f-plane approximation

f=1[0,0,1], V.G =[0,0,—1]
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Spatial domain and boundary conditions

Infinite slab

Q= R?x(0,1)

Complete slip boundary conditions

u-n=ujsq =0, [S:nlanlon =0

Far field conditions

0— 0=, u—0as |x| > 0

Static density distribution

Vip(d:) = eAm=n g V.G, §. —1lase—0
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Singular limits
Low Mach number
Mach number ~ £™:

compressible — incompressible

Low Rossby number

Rossby number =~ ¢:
3D flow — 2D flow

High Reynolds number

Reynolds number ~ ¢=:

viscous (Navier-Stokes) — inviscid (Euler)

Low stratification

g>n21
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Uniform bounds
[ (3ot + s ()~ (@ - 8 - H(@)| () ax

+6°‘/ / S(Vxu) : Veu dx dt
o Ja

< / [1 | 2
S = 00, |Up,
Q 2 € €

¢ p(z 3
H(Q):Q/ %dz, plo) = ag”, v> 5
1

lll-prepared initial data

00 = 0= +emol), o) — ofY in L2(Q), o§2li~ < c,

+ Ezim (H(QO,a) - H/(QNE)(QO,E —0:) — H(Q}))} dx

Up. — ug in L2(; R?)
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Limit system

Limit density deviation

ess sup |lo=(t,-) — 1|1y
te(0,T)

Limit velocity

weakly-(*) in L°°(0, T; L2(Q2; R?)),

(O

V gEuE — V

‘strongly in LL,.((0, T) x Q; R®) ‘,

Euler system

Ov+v-Vw+V,MN=0in(0,T) x R?

1
VO_H|:/ uOdX3:|
0
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Relative entropy inequality

Relative entropy

o [g,u
= [ [3elu= P + =5 (0 - H (e — 1) - HE)]| ax

Relative entropy inequality

Elou|r,U T+5°‘// S(Viu)—S(V, U)) : (V,u—V, U) dxdt
())HOQ(()())( )

r(0,-) //Rg,urU ) dx dt

r, U}

<& (Q0,87 Ug ¢

Test functions

r>0, U-nlpa=0, (r—g:), U—=0as |x| = o0
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Remainder

//R(g,u,r,U)dxdt
o Ja

:/ /g(atU+u~vXU)-(u—u) dx dt
0 Q

—|—€°‘/T/S(VXU):VX(U—u)dxdt—i—l/OT/QQ(qu)-(U—u)dxdt

€2m/ / (r = 0)0:H'(r) + Vi (H'(r) - H%ﬁa))'(rU—gu)} dx dt

787'1/0 /Qdivxu(p(g) ())dxdt+ // —1)V,G-U dx dt
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Reformulation

0e — 1
re = sm = (Qc + 5, qus:Vs+Vs
€
[Ge,Ve] oo non-oscillatory component
2 Y oscillatory component

“Acoustic analogy” - Poincaré waves

|
—

eMo; [Qa ] + divy[oeu] =0

é-m

m

e — 1
5m8t[96us] +eM 1 x [qus] + Vi |:Q - ] = ef,
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Test function ansatz

Density deviation

r=0.+¢"(g: +s:)

Velocity decomposition

U=v.+V.

Initial data

o) = (g +5.)(0,), wo. = (v- + V.)(0,")
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Non-oscillatory - Euler system

Diagnostic equation

Wf X ve+ Vg =0, w=em!

weurlv = —Agq.

Perturbed Euler system

O (Age —w?q.) — %tha -V (Ag: —w?q:) =0

Initial data

1 1
(Aqe - w2q€) (07 ) = weurl l:/ Uo e dX3:| - wz/ 00,e dxs
0 0
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Oscillatory - vanishing part

Poincaré waves

eMors. +divyV, =0

MOV + wf X V. +V,s. =0, w=em"1

Antisymmetric acoustic propagator

| s div,V
B(w)'[V}H[wfo+VX5]'
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Fourier representation

€m8t|: S&‘(gﬂ k,W) :| _IA(g,k,(JJ)[ 556(57 ka(::)) :|

Hermitian matrix

0 & & k
. 0 i 0
iB(w) = A(g, k,w) = 2 i 081 0
k 0 0 O

Eigenvalues

Ao, kyw) = + [w2+|s|2+k2+\/(w2+|s|2+k2)24w2k2r/2

2

1/2
P 1EP K2 — S (P [P+ K2)2 — 42 k2
A3 4(€, k,w) =+ [ HEHE A e, }
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Fourier analysis

k fixed, ¥ € C2°(0,00), 0 <9 <1
Frequency cut-off

Z(7, 0, ko) = F, [exp (21401l kw7 )(IEDAE)] , 7= ¢/

HZ(TI’, . k,w)”l_oo(R2)

< |7t feo (£l ) wliD] | o I

L= (R?

Fourier transform of radially symmetric function

Pk, o (£ (el kw)r)u(leh)] ()

= /OOO exp (:I: i\(r, k,w)T)i/}(r)rJo(f|Xh|) dr,
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van Corput’s lemma

Lemma

Let A = A\(z) be a smooth function away from the origin,
9,N\(z) monotone, |0,\(z)| > Ng > 0

forall z € [a,b], 0 < a< b < 0. Let ® be a smooth function on [a, b].
Then

b b
/a exp (iA(2)7) B(2) dz gcTiAo l|¢(b)|+/a 10,0(2)| dz},

where ¢ is an absolute constant | independent | of the specific shape N\

and ©.
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Decay estimates

[P — L9 estimates

2

1 1 '
1Z(7, -, k, w)lle(rey < (3, p, k) max{m? m} 1Al 1 ()

1 1
forp>2, —+—==1, >0, \; #0.
p P
wre™l Tt/

Dispersive decay
|2 (e )

11 1 1 -3
< ce?2 » max m; W HhHLP’(RZ)

Lr(R?)



