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Main topics addressed: Weak vs strong solutions
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Main topics addressed:

Inviscid incompressible limit
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Main topics addressed:

Rotating fluids
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Field equations

Mass conservation

Oro + divx(ou) =0
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O¢(0€) + divx(geu) + diveg =T : V,u

€ specific internal energy
L internal energy flux



Constitutive relations

Newton’s law

S(Vxu) = 1 (qu +Viu— %divxuﬂ) + ndivyul, u,n >0

Fourier’s law

q=—krVid, k>0

Gibbs’ equation

|

9Ds(e,9) = De(e,9) + p(e, )D (5)

S (specific) entropy

Thermodynamic stability

dp(0,9)
do

Oe(p, V)

90 >0

>0,



Basic principles of thermodynamics

First Law of Thermodynamics

o [g (%\u|2 + e)] i, [g (%|u|2 + e) u]

= divy(Tu) + of - u

Second Law of Thermodynamics
Ot (0s) + divy(osu) + divy (E) =0

O e entropy production rate
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Energetically closed systems

No flux boundary conditions

q-nleg =0 or Vi - njga =0

Impermeability

u-n|aQ:0

No slip vs complete slip

[u]tan|39 =0or [S . n]tan =0

Eduard Feireisl Weak solutions and stability



Total dissipation balance

Total dissipation balance

& [ [3etut+oe—e9)] acve [aax= [ o udx 050
dt Q 2 Q Q

Ballistic free energy

He(o,7) = g(e(g, ¥) — Os(e, 19))

Coercivity of the ballistic free energy

o+ He(po, ©) strictly convex

¥ +— He(0, 1) decreasing for ¥ < © and increasing for ¥ > ©
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Local well posedness

Initial data

9(07 ) =00 > 0, 19(07 ) = o > 0, U(O, ) = Uo

Regularity

0,9, ue W™, m>3

Local existence for viscous fluids - Navier-Stokes-Fourier system

A. Valli, W.Zajaczkowski [1982] - local existence for large data,
A.Matsumura, T.Nishida [1980,1983] - global existence for small data

Local existence for ideal (inviscid) fluids - Euler-Fourier system

T. Alazard [2006], D. Serre [2008]- local existence for large data



Several “equivalent” forms of energy balance

Internal energy balance

O¢(0e) + div«(geu) + diveq = ‘ S(Vxu) : Viu ‘— ‘ pdiviu ‘

Entropy production

0:(0s) + divk(esu) + divy (%) E% ( S(vxu) Vou|— q- Zﬂ9>

Total energy balance

1 . 1 .
O (Eg\u|2 + ge) + divk {(§g|u\2 + ge) u+ pu] + divkq

= —| divi(S(V.u) - u) |




Weak formulation

Second law - entropy inequality

(S(qu) Veu— L Zxﬂ)

First law - total energy balance
%/ﬂ [%g|u\2 + ge] dx = /ng~u dx

Conservative driving force

f=V.F, F=F(x)

S

0t(0s) + divx(osu) + divy (%) >

d 1 5
dt/n[2‘9|u| + oe — o :| x=0
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Relative entropy (energy)

Relative entropy functional

5(9,19,1. ‘ r,e,u)

1 OHe(r,©
— [ (Gelu—UF + Hoo,0) - 2Hel2E)
Q

Ballistic free energy

He (e, 9) = o(e(e.9) — ©s(0.9))

Coercivity of the ballistic free energy

o — Ho(o, ©) strictly convex

(0= 1)~ Ho(r,©)) dx

¥ — He(p,9) decreasing for ¥ < © and increasing for ¥ > ©



Dissipative solutions

Relative entropy inequality

[5 (g, 9,ulr,©, U)]::O

—|—/ /%(S(ﬁ,vxu):vxu—w> dx dt
o Ja

9
< / R(e,9,u,r,0,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions
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Remainder (f = 0)

’R(g,ﬁ,u, r,@,U)‘

- /Q (o(2:U +u-VU) - (U~ u) +5(9, Vo) : V.U) dx
+/Q [(p(r,©) = po, 9))divu + (U~ u)- Vup(r, 0)] dx

—/Q (o(s(e,9) — s(r,©)) 20 + os(0, 9) ~ 5(r, ©) ) V@

q(197 Vxﬁ)

T

. VX@> dx

+/ "2 (9,p(r, ©) + U - Vsp(r.0)) dx
Q r
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Weak solutions - state-of-art

Global existence in the viscous case

Global-in-time weak dissipative solutions of the Navier-Stokes-Fourier
system exist for any finite energy initial data (under some hypotheses
imposed on constitutive relations)

Compatibility

Regular weak solutions are strong solutions

Weak = dissipative

Weak solutions satisfy the relative entropy inequality

Weak-strong uniqueness

Weak (dissipative) and strong solutions emanating from the same
(regular) initial data coincide as long as the latter exists. The strong
solutions are unique in the class of weak solutions
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Conditional regularity

Sufficient condition for regularity

Suppose that a dissipative weak solution to the Navier-Stokes-Fourier
system emanating from regular initial data satisfies

[IVxul| oo (0, yx ) < 00.

Then the solution is regular in (0, T).

Previously cited results are contained in joint publications with
Bum Ja Jin [Muan], A. Novotny [Toulon], Y. Sun [Nanjing]

Eduard Feireis| Weak solutions and stability



Euler-Fourier system

Mass conservation

00 + divx(ou) =0

Momentum balance

O¢(ou) + divi(ou @ u) + Vi (09) =0

Internal energy balance

% [at(gﬂ) + divx(gﬁu)] — AY = —oidivyu
System supplemented with spatially periodic boundary conditions
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Existence of weak solutions

Initial data

00, Yo, Ug € C3, 00 >0, ¥g>0

Global existence

For any (smooth) initial data go, 9o, uo the Euler-Fourier system admits
infinitely many weak solutions on a given time interval (0, T)

Regularity class

o€ C? 9, V29 €lP forany1<p< oo

u € Cuear ([0, T]; L2) N L, diveu € C

Joint results with E.Chiodaroli (Zurich) and O.Kreml (Prague)
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Results of DelLellis and Shékelyhidi for the Euler system

Incompressible Euler system

divyv =0

Ov +divx (V@ v) + VN =0
v(0,-) =wvo
divyv =0

B +div,U =0, U=R23,

v(0,:) =v(T,)=wo

U=vev— %|v|2]1, n= —%|v|2

Prescribed energy

SR ) = (), t€(0,T)



Construction via convex integration

The space of subsolutions
Xo = {v € Cuear([0, TJ: %) ‘ v(0,-) = v(T,") = vo,
divev = 0, Owv + div,U =0, v, U smooth in (0, T)

3 1 1, .
EAmax [V XV §|V| I U:| <e E'V‘ n (0, T)}

X = closurec__ (j0,77:2)X0

e=IvP=>vxv—INI=U

A e bounded = v, U bounded in terms of e
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Existence of subsolutions

The space X is non-empty. Take vo € C?, divevo =0, U =0, e large
enough

Oscillatory lemma

For any v € X, there exists a sequence {w,}72; of smooth functions
compactly supported in (0, T) such that v+ w, € Xo,

Wi, — 0 in Cuear([0, T]; L%)

T T 1 2
Iiminf/ w2 de > c(He||Loo)/ /(e— §|v|2> dt

Observations

B Oscillatory lemma is “scale” invariant, therefore extendable to
“variable coefficients”

T T
Iiminf/ w2 dt = Iiminf/ (v + walz — Iv]:) de
O n— oo O

n— oo



Application of the convex integration method

ou=v+ V, V¥, div,v =0

(v+ V) ® (v+ V. V)

OV + divy ( ) + Vx(0:V + 09) =0

4%

% (0:(09) + dive (9(v + V2 9)) ) — A0 = — pvdiv, (#)

e = elv] = x(t) ~ S09v] ~ S0



Convex integration applied to Euler-Fourier system

|. Separation of the density
Fix the function ¢ and the potential W to satisfy the equation of continuity

Il. Temperature

Given g, V¥, and v solve
3 . _ . v+ wa
= (Gt(gﬂ) + divy (19(\, + vxw))) — AY = —pddiv, (T)

to obtain ¥ = ¥[v] determined uniquely by v.
Use the entropy equation to observe that ||| > is bounded
independently of v
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I1l. Energy
Set 5 5
elv] = x(t) - 500l - 50¥

and observe, using the parabolic regularity theory, that v i— e is a
compact functional in Xp

IV. Subsolutions

Define a space of subsolutions
Xo = {v € Cucar((0, T1: L) | ¥(0,) = W(T'-) = wo,

divev = 0, 9yv +div,U =0, v, U smooth in (0, T)
A [(v+VX\IJ)><(v+VX\U)_ 1

3
2 0 30

v+ VWPl — U}

< e[v] - 2—1Q|v + VWP in (0, 7))

Eduard Feireisl Weak solutions and stability



V. Oscillatory lemma

Show a ‘variable coefficients” variant of the oscillatory lemma replacing

v~v+VX‘U
Ve
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Dissipative solutions to the Euler-Fourier system

Dissipative solutions

Dissipative solutions are weak solutions of the Euler-Fourier system
satisfying, in addition, the relative entropy inequality. A dissipative
solution coincides with the strong solution emanating from the same
initial data (weak-strong uniqueness) as long as the latter exists.

Initial data

00 € C*,9 € C°, 00>0, ¥ >0

Infinitely many dissipative weak solutions

For any regular initial data go, Jo, there exists a velocity field uo such that
the Euler-Fourier problem admits infinitely many dissipative weak
solutions in (0, T)
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Inviscid incompressible limits
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Scaled Navier-Stokes-Fourier system

Equation of continuity

Oro + divx(ou) =0

Balance of momentum

di X x 5 d X 19 X
O¢(ou) + div (gu®u)+ p(o,V -1v Viu)

S, Viu) = p() (qu + Viu — %divxu> + n(9)diveul, x>0

Entropy production

(8, V.9
Bi(os(e, 9)) + diva(os(e, )u) + [ Jiv, (i))

- % (S(ﬂ, V.u) : Viu— M’M)

q(¥, Vid) = —k(0)Vsd, k>0



Boundary conditions

Complete slip condition

u-njgo =0, [Sn] x nlsg =0

q-njon =0

Far-field conditions

u—0,0—-2>0 9 —9>0as |x| = oo
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Scaled relative entropy

Relative entropy functional

& (g,ﬁ,u ‘ r,e,u)
:/QBmu up? +—<H@( 9) — 8H@(’ e)( )—H@(r,@)>] dx

Ballistic free energy

He (o, 9) = o( (e, 9) — ©s(0,))

Coercivity of the ballistic free energy

o — Ho(o, ©) strictly convex

¥ — He(o,9) decreasing for ¥ < © and increasing for ¥ > ©
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Scaled relative entropy inequality

Relative entropy inequality

[2: (22l 0.0)]

+/ /9 (a“S(ﬁ,vxu) : vxu—gﬁ*w) dx dt
o Jo ¥ 0

S/ Re(0,%,u,r,0,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions
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Uniform bounds

The uniform bounds independent of ¢ are obtained by means of the choice
r=9 60=9, U=0

in the relative entropy inequality

Uniform bounds for ill-prepared data

ess sup ke < cforsomel<qg<?2
te(0,T) € [2419(Q)
i —)
ess sup = <c,
te(0,7) € 12(Q)

ess sup [|\/oucl2g.ps) < €
te(0,T)
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Prepared data

lll-prepared data

0(0,-) = @—|—5g$l, ggg — gél) in LZ(Q) and weakly-(*) in L>(Q)
9(0,-) = 9 + 0L, 9§ — 9§ in L*(Q) and weakly-(*) in L(R)

b

u(0,-) = uo. — up in L*(Q; R?), vo = Hluo] € W**(Q; R?), k > g
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Convergence

Hypotheses

b >0, 0<a<1—30

Convergence

ess sup | o:(t,") — 2 lli2410() < €C
te(0,T)

Ve — /2 v in| L0, T] (@ RY) |
and weakly-(*) in L>°(0, T; L*(%; R?))

— Tin| L350, T Lo (2 RY), 1< s <2

)

Pe — 0
€

and weakly-(*) in L(0, T; L*(Q))
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Target system

incompressibility

divav =0, v-njapg =0

Euler system

Ov+v-Vyv+ Vill=0

Temperature transport

O:T +v-V,T=0

Basic assumption

The incompressible Euler system possesses a strong solution v on a time
interval (0, Tmax) for the initial data vo = Huo].
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Linearization

Acoustic equation

€0 (QET_?) + divi(gsuc) =0

- e — 0 — 196 - 5
ed(0-ue) + Vs (agp(g,v) g~ 214 8yp(a,9) ) =cfy

Transport equation

o 195 - a — — & e — 0
O (98195(9, ) +00,s(2,0) 2 )

. R Ny Ly
+-divi l(@aﬂs(g, ) +00,5(2, ) L2 ) ue} =¢ch
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Stability

Another application of the relative entropy inequality
Take

re=90+¢eR., ©. =9 +¢T., U. =v+ V, b,

as test functions in the relative entropy inequality

Acoustic equation

edi(aRe + BT:) + wAP. =0
Eatvxq)a + vx(aRs ar 67'5) = 0

Transport equation

81'(57; — ﬁRe) + U - vx(é']:: — /BRS) + (67:: — ,BRs)diVer: =0
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Lighthill’s acoustic equation

e0tZ + AP =0, €0:9+Z =0,

Neumann boundary condition

Vo - n|aQ =0,

Initial conditions

®(0) = Do, ViPo ~ H [ug]
2(0,-) = Zo ~ agl” + goiY
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Solution formula

Acoustic potential

o(t,) = 3 o0 (ivV=Ant) [‘Do - \/_iTNZ"]
+% . (—i\/—ANE) [cbo i \/%ANZO]

Z(t,-) = E ( iv/—An- ) [i\/ —An[do] + Zo]

4o exp( =y )[—ix/—AN[<Do]+Zo]



Strichartz estimates for the flat Laplacean

Strichartz estimates

/j; Hexp (iv=at) [h]H:q(R3) dt < [[Ala.z

+—, g< >

N
o =
Q|w

Local energy decay

2
| Jree (s )[h]HH s 4t < OO 200

, X € C(R%)

M\OJ
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Limiting absorption principle

Limiting absorption principle

The cut-off resolvent operator
A+ xP) P o[-An—p+id] To(1+|x) "2 6>0, s>1

can be extended as a bounded linear operator on L*(Q) for § — 0 and i
belonging to compact subintervals of (0, 00).
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Kato’s theorem

Theorem

Let A be a closed densely defined linear operator and H a self-adjoint
densely defined linear operator in a Hilbert space X. For A € R, let
Ru[A\] = (H — MId)™* denote the resolvent of H. Suppose that

r= sup A0 Ra[A] 0 A°[V]]lx < oo.
AEZR, veD(A*), |lvlx=1

Then -
s 1/ A exp(—itH)[w]|% dt < .
weX, Iwlix=1 2 J_oo

Frequency localized energy decay

€2 2
| Ixetv/=ane (siv=mue) i, . at < cCOlblizg)
x € C¥(%), G € C2(0,00)
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Admissible domains

Limiting absorption principle

The operator Ay satisfies the limiting absorption principle in Q

Strichartz estimates on “larger” domain

There is a domain such that D N {|x| > R} = QN {|x| > R} and Ay
satisfies the Strichartz estimates in D

Local decay on “larger” domain

The operator Ay satisfies the local energy decay estimates in D

Frequency localized Strichartz estimates
oo P
_ i/ — < P
/w |ct-amesn (xiv=ane) 1] < (Gl

3
+E, q < o0, GGCCOO(O,OO)

T~

L
2
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Rotating fluids
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Scaled Navier-Stokes system

Continuity equation

Oro + divx(ou) =0

Momentum equation

1 1
Ot(ou) + divy(ou ® u) + Qf X u+ am

= [ Jaiv.S(V.u) + 6%

V.p(0)

oV« G

Newtonian viscous stress

S(Vxu) = p (qu +Viu— %divmﬂ) + ndiveul, 1 >0

f-plane approximation

f=[0,0,1], V.G =[0,0, 1]



Spatial domain and boundary conditions

Infinite slab

Q=R>x(0,1)
Complete slip boundary conditions
u-n=usoo =0, [S:nlanlon =0

Far field conditions

0— 0z, u—0as |x| — o0

Static density distribution

Vxp(de) = eXm=" 5 V.G, - > 1lase—0
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Singular limits

Low Mach number

Mach number ~ &™:

compressible — incompressible

Low Rossby number

Rossby number = ¢:
3D flow — 2D flow

High Reynolds number

Reynolds number =~ e~ ¢:

viscous (Navier-Stokes) — inviscid (Euler)

Low stratification

]
%
=
\Y
=
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Uniform bounds

/ [f 0P + 2 (H(e) - (e"s)(g—e"s)—H(Q"s))] ()

+Ea/ /S(qu) : Viu dx dt
o Ja
1

L (Hgo) — H'(6:) (o0 — 8) — H(g;))} dx

AL

H(Q):Q/ pi)dz p(@)~89,7>g

lll-prepared initial data

00 = 8- +€™af), o) — o in L2(Q), il < c,

uo,e — ug in L*(Q; R?)
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Limit system

Limit density deviation

ess sup |loe(t,*) — 1||Llw @ <e"c
te(0,T) o

Limit velocity

weakly-(*) in L°°(0, T; L3(Q; R?)),
V0eue — v

‘ strongly in Li.((0, T) x Q; R®)

)

Euler system

Ov+v-Vv+V,M=0in(0,T) x R

1
Vo:H[/ uodX3:|
0
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Relative entropy inequality

Relative entropy

Es [g, u‘r7 U]

= [ [3ela=P + 55 (W@ - H()e - 1) - )] ax

Relative entropy inequality

. (o,u ‘ rU) ()+e /OT/Q (S(V:)=S(V:)) : (Vou—V,U) dx dt
r(0, -) / /Rg,urU)dxdt

< 55 (90,57 uo,e

Test functions

r>0,U-nlapa =0, (r—g:) =0, U—0as x| - o0
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Remainder

//R(g,u,r,U)dxdt
o Ja

=/ /g(atU+u~VxU)~(U—u) dx dt
0 Q

+€Q/OT/QS(VXU):VX(U—U) dxdt+§/oT/Qg(fxu).(u—u)dxdt

+52im // [(r = 0)0:H'(r) + Vi« (H'(r) = H'(é:)) - (rU — gu)] dx dt

62m/ /dlvx (f)) dxdt+ / /(g—rV G-U dxdt
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Reformulation

0 —1
re = Em = Qe + Se, qus:Va+Va
€
[Gey Vel oo non-oscillatory component
[Se,Ve] o oscillatory component

“Acoustic analogy” - Poincaré waves

LN [97_1] + divy[o-u] = 0

em

5mat[qus] aF Em_lf X [qus] + Vi |:QE — 1:| = efe

8’71
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Test function ansatz

Density deviation

r= QNE T 5m(qs I 55)

Velocity decomposition

U:V5+Vs

Initial data

o) = (g +5:)(0,-), wo,e = (ve + V)(0,-)
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Non-oscillatory - Euler system

Diagnostic equation

Wf X Ve + Vige =0, w=2e"""!

weurlv = —Agq.

Perturbed Euler system

O (Aqs — w2q5) — %thg -V (AqE — w2qg) =0

1 1
(Aqg — w2q5) (0,-) = weurl [/ uo,c dx;;} — wz/ 00, dxs
0 0
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Oscillatory - vanishing part

Poincaré waves

eM0:s. +diviV: =0

-1

€0 Ve +wf x V. +Vys. =0, w=¢"

Antisymmetric acoustic propagator

. s div,V
Blw): [ Y ] - [ wf><V+VXs}'
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Fourier representation

Poincaré waves

[ ek | -ena 364

Hermitian matrix

0 & &k
. 0 i 0
B~ Ak = | & 0% o
k 0 0 O

Eigenvalues

Ao(€ kw) =+ {w2+|5\2+k2+ (w2+s|2+k2)2—4w2k2]1/2

2

A kyw)==+ i [ VA G [ o 12
3,4(8, k,w) = 2
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Fourier analysis

Frequency cut-off

k fixed, 1 € C2(0,00), 0 < p < 1

Z(ry 3 kyw) = Fh,, [exp (£iN(1g], ko w)T)wENAE)] , ~ = ¢/e™
Fourier transform of radially symmetric function

||Z(Tt7 5k, w)”LO"(RZ)

< |72 [exe (M0l kw7 ) wien)] Allusceey

[

Fela [0 (2Nl k,w)7)w(gD] ()
= [ e (30t k) bl
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van Corput’s lemma

Lemma

Let N = \(z) be a smooth function away from the origin,
0:\(z) monotone, |0;\(z)| > Ao > 0

forall z € [a,b], 0 < a< b < oo. Let ® be a smooth function on [a, b].
Then

/ ’ exp (IA(2)7) 9(2) d2| < o [\¢(b)| +f 10.0(2)| dz] ,

where c is an absolute constant | independent | of the specific shape A\ and

.
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Decay estimates

LP — L9 estimates

2
V4 1 1 )
[Z2(7, -, ks w)llir(rey < €4, p, k) max {m? m} 1Al (2

forp22, %+%:1,ﬁ>07 )\1750

-1
wre™t TR t/em

Dispersive decay
|2 (5 e)
Em

TN

<cei s S U -
LP(RZ)_CE P max m,m || HLP'(RZ)




