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Abstract

We consider the motion of compressible viscous fluids around a rotating rigid
obstacle when the velocity at infinity is non zero and parallel to the axis of rotation.
We prove the existence of weak solution.

1 Viscous compressible fluid in an rotating frame

We consider a rigid body S with boundary I' such that Q = R\ S is an exterior domain.
We assume that the body is rotating around the x3-axis with the angular velocity w =
(0,0, |w|). The position of the body at time ¢ > 0 is given by the formula

St)={y=0t)z; €S}, S0)=8 (1.1)
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where
cos |wlt —sin|w|t 0
O(t) = | sinfw|t  cos|w|t 0] . (1.2)
0 0 1

We shall investigate the motion of viscous compressible fluid around the obstacle S(t).
The exterior domain €(¢) occupied by the viscous compressible fluid is time dependent:

Q(t) = {y = O(t)z; x € Q)

I(t) =0Q(t) = {y = O(t)x; x € T'}. (1.3)

The fluid in (%) is governed by the compressible Navier-Stokes equations. The unknowns,
o,V - density and velocity - solve the nonlinear system

Oi(ov) + div (v®ov)+ Vp(o) — divS(Vv) = 0 Q(t), t € (0,00)
0o +div (ov) = 0 in Q(t), t € (0,00) (14)
v(y,t) = wxy onl(t),te(0,00) '
o(t,y) = 0, V(t,y) = ax as  Jy[ — oo,

completed with the initial conditions

c(0,x) = oo(z), v(0,2) = vo(x), x € Q(t).

Here and hereafter, S is the viscous stress tensor - a linear function of V,v specified
later, see (2.1), p is the pressure -a given function of the density, see (2.2), a,, € R? is a
constant vector denoting a (prescribed) velocity of the flow at infinity and g, > 0 is a
(prescribed) positive constant density at infinity. We omit the action of external forces
for the sake of simplicity.

We shall transform the time dependent domain () to the fixed domain Q by em-
ploying the change of variables

z =0y, (1.5)

and introducing new functions
u(z,t) = O(t)'v(y,t), pla,t) =o(y,1). (1.6)

It is easy to verify that

| 0, -1, 0
O(—t) =0T (t) =07'(t), 0 O =lw| | 1, 0, 0 |,
0, 0, 0



O'Oz=wxz, O'0z=—-wxz.

Moreover, the operations of inversion of the matrix O(t) and of the derivative with respect
to t applied on O(t) are commuting. Using these facts, we easily find that the first term
of the left-hand side in (1.4); reads in the new coordinates:

2ov)(t.9) = 2 (O pw) (1, 0 (1))

= O(t)pu ((t, O (t)y) + O(t) &u(pu) (t, O~ (1)y) + O(t)Va(pu) (¢, O~ (1)y)) O (t)y
= 0(0'O)pu (t, z) + 0 d,(pu) (t, ) + O V,(pu) (t, 2)) OOz
= 0[0(pu)—(wxz)-V(pu)+p(wxu)] = O[d(pu)—div (p(w x z) @ u)+p(wxu)],
where the following standard conventions have been used

8ui
Aij = Or.
J

V.,u= [aw}

ij=1,2,3"

3

(Z X A)k = szAj,ka 7z = [21,22723], A= [A]k]

= jk=1,2,3
divi(z@wW) =V, - (zQ@W), 20w = [zlwk} :
ik=1,2,3
Analogously,
div, (cv ®@ v) = O div, (pu ® u)
and

div,S(Vv)(t,y) = O div,S(Vu).

Finally, we observe that the non homogenous Dirichlet boundary conditions (1.4)3 trans-
form to u = w x z, on the fixed boundary dS and the conditions at infinity remain
unchanged. Consequently, after the change of variables (1.5) equations (1.4) transform to

Oi(pu) + div (p(u—wxz)@u)+ pw x u+ Vp(p) = div S(Vu) in (0,7) x Q, (1.7)
Op+ div (p(lu—w xz)) =0in (0,7) x Q, (1.8)

u=wxzon(0,7) x 09, (1.9)

u(z,t) — as € R p(,t) — po > 0as 2| — o (1.10)

p(x,0) = po(x), (pu)(z,0) = qo(x) = eouo(x). (1.11)
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This is a classical formulation of equations for unknown functions (p,u)(t,x), (t,z) €
(0,7) x Q that is equivalent to the formulation (1.4). We shall deal with this problem in
the following sections.

We refer for more details concerning the above change of variables to Galdi [14, Chapter
1], where the calculations are performed in the case of the (incompressible) Navier-Stokes
equations.

Although the problem of the moving and rotating body in an compressible fluid is
of obvious practical importance, to the best of our knowledge, there is no mathematical
literature about the subject. Our goal in this paper is to investigate this problem with
the large initial data and in the long time run, in the context of weak solutions in the
spirit intoruced to the theory of incompressible Navier-Stokes equations by Leray [22] and
generalized later to compressible fluids in monographs by Lions [23], Feireis] [7] and in
[11], [25]. Notice, that the case without rotation has been studied in [24], [25] and the
case with zero velocity at infinity has been investigated in [26].

The ”incompressible” analogue of this evolution problem is investigated in Hishida [19].
The reader can also consult Hieber and coauthors [18], and references quoted therein for
the related results. The steady version of the incompressible case is investigated in Gladi
and co-authors [15, 17, 16], Farwig et al. see [4, 5, 6]. Variational approach was used in
Deuring et al. [3] and in [21].

It is well known from the works of P.L. Lions [23], Feireisl [7] (see also [11], [25]), that
the estimates available in the compressible models do not allow to pass to the limit in the
non-linear terms in the equations. Instead, one has to use the methods of compensated
compactness (div-curl lemma, effective visous flux, various commutator lemmas, oscil-
lations defect measure, renormalized solutions of the transport equation) and to search
strong convergence within the structure of equations. We show, that after the transfor-
mation to a fixed domain one can adapt these techniques to the equtions in the rotating
frame. Although this choice is natural in the present context, there are many situations
(e.g. domains with oscillating boundaries), where it is more convenient to work on the
moving domain. We refer to [12, 13] and references quoted there, for relevant results.

Finally, notice that another situation, including Coriolis (and possibly a centrifugal
force), when the fluid sticks or slips on the boundary of the body in the rotating frame
and when the velocity at infinity tends to zero, enters into the framework of the exis-
tence results investigated in [20]. This context is typical in the models in the physics of
atmosphere; it has been therefore broadly investigated in the context of singular limits,
see e.g. Bresch, Chemin, Desjardins, Feiresl, Gallagher, Grenier, Gérard-Varet, Novotny
and others, [1, 2, 8, 9, 10].

The paper is organized as follows: In the first Section, we introduce the weak formu-
laion and state the main result. The weak solutions are first established on large balls
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with help of invading domains via a penalization method described in Section 4. In order
to achieve the non zero prescribed velocity at infinity, the penalization uses an auxiliary
vector field u,, that is constructed in Section 3.The limit process on large balls with the
penalization parameter tending to infinity is performed in Section 5. Finally, the proof
of the existence result is completed in Section 6, where the the limit with the radius of
large balls tending to infinity is established. The interesting feature in this limit process
appears in the renormalized continuity equation, where the test functions have to be cho-
sen in such a way in order to eliminate the possible contributions of the terms containing
w X z, (that explose at infinity) to the oscillations in the density sequence. This issue is
handled in the last part of Section 6.

2 Setting of the problem, weak solutions

Before introducing the notion of weak solutions of the problem (1.7-1.10) and in order
to determine the appropriate functional spaces, we shall specify the form of the viscous
stress tensor and the pressure. Following the standard existence theory in the situation
without rotation, we deal with the Newtonian fluids, where

2
S(Veu) = pT(V,u) + ndiveul, T(Veu) = Veu+ Via— gdivxu I (2.1)
with u > 0, n > 0. Moreover, we assume that the pressure is a given function of density
that satisfies hypotheses

p € Cl0,00) N CL(0,00), p(0) =0, p(o) > 0 forall >0, lim 29 — 450 (29)

0—00 Q'V_l

for a certain v > 3/2. Notice that this assumption covers at least one physically reasonable
case, namely isentropic flows of a monoatomic gas.
In view of these assumptions, the weak formulation of problem (1.7-1.10) reads:

Definition 1
We shall call a couple (p,u) a renormalized weak solution of problem (1.7-2.2) if:

(i) Functions (o,u) are such that
p>0, p— 00 € L0, T; L7+ L*(N)),

o(u —a)? € L=(0,T; LX), (2.3)

u-—a, € L0, T;W'%(Q)), u(t)|sgn=w xz fora.a. te€ (0,T).



(i3) Density 0 € Cyeax([0,T]; LY(K)) for any compact K C Q and the equation of conti-
nuity (1.8) is satisfied in the weak sense,

/ opdx| =
Q 0

for all T € [0,T] and any test function p € CX([0,T] x Q), as well as in the
renormalized weak sense

Jo, 0 wdx’ = Iy [y blo ((ng +(u—wxz)- Vzgo)dx dt

/ / 00ip+ o(u —w X x) - Vo do dt, (2.4)
0o Jo

(2.5)
+J5 o ( — ob/( ))divu@dx dt
for any 7 € [0,T), for any o € CL([0,T] x Q) and for all
b e C.[0,00) N CH0, 0) (2.6)

Here and in the sequel [, ggpdm‘T = [q9(r,2)p(r,x)dz — [, go(x)p(0, z)dz.
0

(i4i) The linear momentum ou € Cyeax([0, T], L*/0OTV(K)) for any compact K C Q and
the momentum equation (1.7) is satisfied in the weak sense

/Qu-god:ET~|—/ /S(qu):vxgp dz dt
Q 0 0 Ja

:/ /(gu-atgo—i—g(u—wxx)@u:ngo—g(wxu)~g0+p(g)divwcp> dzdt (2.7)
o Jo

for all T € [0,T] and for any test function p € C°([0,T] x Q).

Notice that the class (2.6) of the renormalizing functions b can be enlarged to

be C[0,00) NCHO,00), 2V (2) € L=(0,1), b(z)/27/°, (2b' —b)(2)/2"?* € L=(1, 0)

(2.8)
by using the Lebesgue dominated convergence theorem.
Here and hereafter, we denote
p
p(s
1) = [ 2as (29)
1

E(ngoo) = H(Q) - H/(Qoo)(g - Qoo) - H(Qoo) (210)



We are now in a position to state the main existence result.

Theorem (Existence of weak solutions) Assume that ps, > 0 and Q = R3\ S,
where S is a bounded Lipschitz domain. Suppose that the vector w is parallel to the vector
A, and that the viscous strees tensor S and the pressure p satisfy (2.1), (2.2). Assume
that

00 >0, E(polos) € LY(Q) 00(ug — ax)? € LY(9). (2.11)

Then the problem (1.7-1.11) admits at least one renormalized weak solution.

3 An auxiliary result

Let us denote the open ball with radius r with the center at the origin by B,. Suppose
without loss of generality that & C By, and By C Bg. To begin, we claim that there
exists a smooth vector field u,, € C>°(R?) such that:

wXxin S
Uy = SUpp Us C Baopr (3.1)
a in Bsor \ Bi
div uy = 0in SU (R*\ B)) (3.2)

Let us consider a non-increasing functions ®;, &5, Vg € C([0,+00)) as follows: 0 <
O, <1, &, =1in[0,5/9), ®; = 0in [2/3,+00), 0 < Dy < 1, By = 11in [0,7/9) , By = 0
in [8/9,+00), 0 < Up <1, Up=11in[0,(3/2)R)), Up =0 in [2R — 1/4, +00). Let us
set

oo () = oo (1 — Po([2])) V().

Using the classical Stokes formula it is easy to check that

/ div &, (z)dx = 0.
Bor_1/4\B@3/2)R

So, from Lemma 3.1 (see further) we get that there exists a vector field b, €
Wol’p(B2R—1/4\B(3/2)R), p € (1,+00) and

div boo(l') = leZNIOO(CL’) for x € BQR_1/4 \ B(g/g)R.

It is easy to see that divergence of the expression (w x z) ®;(|x|) € C°(R?) is zero. Now,
e extend by, (+) by zero in R? and set

Uso () = (w X ) Po([z]) 4 me(2) (Ao (®) = boo(2)),
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where 0 < € < 1/8 and m.(-) is a standard mollifier. In the previous reasoning, we have
used the auxiliary result concerning the so called Bogovskii operator:

Lemma 3.1. Let G C RY be a bounded domain with Lipschitz boundary. Then there

exists a linear operator Bg = (B(Gl), Bg), .. .B(GN)) with the following properties:

Bg : {.7:6 LYG); /fdx = O} — Wy (G;rRY)
a
is a bounded linear operator. More precisely, for any q € (1,00),

IVBG(F)| paryvy < e(G N Fllza;

2. the function v = Bg(F) solves the problem

divv=F in G, v|sg=0;

3. if, moreover, F can be written in the form F = divQ for a certain Q € LP(G,RY)
satisfying Q - n|sg = 0 where n stands for the outward unit normal vector to 0G,
then it holds

1Ba(F)l o@mny < (G p)l|Qlr()-

4 Penalized problem

In the sequel, we denote

V:BQR

and extend go by 0 and uy by w x x in §. We shall solve on (0,7) x V the following
penalized problem

di(pu) +div ((p(u —w x z) ® u)) + pw x u — div S(Vu)

(4.1)
+Vp(p) + k- 1{(V\BR)US} (u — uoo) =0
Op +div (p(u—w x x)) =0. (4.2)
ulpy =0, (4.3)
0(0) = 00, 0u(0) = gouo. (4.4)



Definition 4.1. A couple (o,n) is a renormalized finite energy weak solution of the pe-
nalized problem (4.1-4.4) if

(i)
p>0, p— 00 € L¥(0,T; [L" + L*|(V)),
o(u—uy)? e L>(0,T; LY(V)), (4.5)
u— uy € L0, T; Wy *(V;R?)).

(i1) Equation of continuity (1.8) is satisfied in the weak sense, see (2.4) with Q replaced
by V' for any test function p € C([0,T] x V'), as well as in the renormalized weak
sense, see (2.5) with Q replaced by V' for any b as in (2.5) and any ¢ € C1([0, T)x V).

(1ii) Momentum equation is satisfied in the weak sense

/ /(Qu-ﬁtgojtg(u—wxx)@u:ngp—g(w><u)-<p—k:-1{(V\BR)US}(u—uOO)-ga (4.6)
0 Jo

+p(g)div$g0> dr dt = / ouyp dm / / S(Veu) : Vo do dt
for all T € [0,T] and for any test function ¢ € C°([0,T] x V).

(iv) The following energy inequality is satisfied

Sy (Solu— uscl? + E(olox) ) da

+ fo fv ( (u—1uy)) : Vo(u—uy) + klonpgus|u — uoo|2> dz dt < W
— [y [y p(p)divus + [ [, plu—w X 2) - Vot - (Ug —u)dzdt

—Jo Jy olw xus) - (u—uy)dzdt — [ [, S(Vaus) : Va(u — uy) dadt
for a. a. 7€ (0,7T).
Under assumptions (2.11) with u., defined in formulas (3.1-3.2), problem (4.1-4.2)

admits at least one weak solution (gg,ux). This result can be proved similarly as in
Theorems 7.7, 7.79 [25, Sections 7.1.2, 7.12.6].



5 Limit £ — o0

We deduce from estimate (4.7) the following estimates, with ¢ = ¢(R) a generic constant
that may depend on R but is independent of k:

esssup . /Vpk|uk — Uy [2dr < ¢(R) (5.1)
esssup . /VE(,ok|poo)dx < ¢(R) (5.2)
[kl 20 mwr2(v ey < ¢(R) (5.3)
ur — ool £2((0,1) % (V\ Br)us) B2 < c\(/]z) (5.4)
When deducing (5.3) we have used the Korn-Poincaré type inequality in the form
IS (Vg — o))l p2vmsxsy = cllup — voolyyn g paxs), (5.5)

see Theorem 10.16 in [11]. Finally, introducing for any h € L'((0,T) x V)

[h]ess = 1{\pfpoo\§poo/2} : h, [h]res =h— hess, (56)

and taking into account

E(plpsc) = ¢ (!p - p00|2 “pooj2<p<2p00} T (1+p7)- Lp<pocs2 or P>2Poo})

we get from (5.2):
esssup Pk = poclessl|z2vy < c(R),

esssup - loklresll o) < e(R). (5.7)

On the basis of these estimates we get the existence of a subsequence (gx,uy) and a
couple (g, u) such that

Ok — Oco = 0 — 0oo 10 L=(0,T5[L? + L7)(V))
u, — u in L*(0,T; WH(V,R?)),

where ¢ > 0. It can be proved via quite recent but nowadays classical methods (including
effective viscous flux, oscillations defect measures, renormalized solutions of continuity
equation) [23], [7], [25], [11] that the couple (o, u) has the following properties ':

'We shall give more details on this procedure when treating the limit R — oo in the next section
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(i) 0 € Cyeax(0,T; L7(V)) and the continuity equation is satisfied in the weak sense

/ opdx = / / 00+ o(u—w x x) - Vypdr dt (5.8)
v 0 0o Jv

for all 7 € [0, 7] and any ¢ € C°([0, 7] x V). Similarly, the renormalized continuity
equation is satisfied in the form:

/b( )cpdx / / Qb’ ) —b(o ))dlvugodxdt

/ / 8tg0+ u—wxzx)- Vmg;)dxdt (5.9)

for all 7 € [0, 7], for any b belonging to the class (2.6) and for any
p e C ([0, T] x V).

(ii) Since u —w x z =0 a.e. in (0,7) x S, equation (5.8) yields, in particular,

[ ) [ eeterasar=o

for all n € C'(0,T) and for all ¢ € C}(S). This means that

for a.a. (t,z) € (0,7) xS, o(t,z) = 0o(z) = 0.
With this information at hand, formula (5.8) yields, in particular,

/ opdx = / / g(@tgo +(u—wxx)- V$g0>dx dt (5.10)
QR 0 0 Qr
for all 7 € [0,7] and for any test function ¢ € C°([0,T] x (Bg \ 5)). Similarly,

formula (5.9) yields
/ / — ob'( ))divugpdxdt
Qr

/ cpdx
Qr

/ / @gp +(u—wxx)- ng0> dzdt (5.11)
Qr
for all 7 € [0, T, for any b belonging to the class (2.6) and
p € C.([0,T] x (Br\ S))-
Here and in the sequel, we denote Qg = QN Bgr = Br \ S.
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(iii) There holds gu € Ciyear (0, T; L2/ 7F1(V;R?)) and
T
/ / (Qu~8tg0+ olu—wxz)®u: Vy,o—plwxu)- gp—l—p(g)divzgz)) dz dt (5.12)
0o Jog

T
= / gugpdx}g +/ / S(Veu) : Vyedr dt
QR 0 QR

for any 7 € [0, 7] and all test functions ¢ € C°([0,T] x Qg). Moreover,

u=uyae. in (0,7) x [(V\ Bg)US]. (5.13)

(iv) The following energy inequality is satisfied

1 2 T
+ [y Jo, (8(Va(u—1uy)) : Vo(u — ug)dedt <
B fOT fBl\S p(p)divuoo - fOT fB1\S ,0(11 —wX iL’) : quoo : (ll — uoo)dxdt

—Jo Jons 0w X Us) - (u— ) dzdt — [ [ ¢8(Voll) 1 Va(u — use)dadt
(5.14)
for a. a. 7€ (0,7).

When deriving (5.14) we have used the facts that: 1) w and u., are parallel if x €
Bsp \ By and 2) properties (3.1), (3.2) and (5.13).

6 Limit R — oo

6.1 Weak limits
We set
. U in B17
Uoo_{aooinR?’\Bl } (6.1)
Here and hereafter we extend p by pe outside Br (and denote the new function by o),

and u by U, outside Bg and denote the new function again by u. Using (5.1-5.7) we
can deduce from (5.14) estimates:

12



[Lres]| < € (6.2)

esssup ,_ o [1Pr = pocless|lr2@s) < ¢ (6.3)
esssup . |[PR]res || Lv@sy < ¢ (6.4)
€ssSsup o lorlur — U00‘2”L1(R3> =0. (6.5)
lur — Usell 20,0y xwr2®s:rs)) < ¢ (6.6)

Hereafter, we describe in a concise form the nowadays classical argument including
effective viscous flux identity, oscillations defect measures and renormalized continuity
equation leading to the proof of the main theorem. It is to be noticed that the main issue
is to show the strong convergence of the density sequence.

We use in momentum equation (5.12) (written with (og, U, ug) on Qr) with the test
function ¢ = Bq, (07) € L®(0,T; We ™" (Q; R¥)) N L2(0, T; LP(2,)), ¥ =3 =3, where
v > 0 is sufficiently small and n € N is fixed. After some technical calculations similar to
[11, Section 2.2.5, Appendix|, where one uses the Bogovskii lemma 3.1, one derives that

there exists v > 0 such that for all R > n,

/0 ' / ) 0}, dzdt < c(n). (6.7)

Proceeding as in [25, Section 7.12.6] we deduce from estimates (6.2-6.7), by means of
a diagonalisation procedure, existence of a couple (g, u) such that

OR — 0o —« 0 — 0o in L®(0,T; L7 + L*(1)),
up — Uy, —u—Ugin L*(0,T; WH2(Q; R3)), (6.8)

p(or) — p(o) in L((0,T) x Q) with some ¢ > 1, Vn € N,

as R — oo. Here and hereafter g(o,u) denotes L' weak limit of the sequence g(or, ug).
Moreover, using continuity equation (5.10), renormalized continuity equation (5.9) and
momentum equation (5.12) together with estimate (6.3-6.5) (all written with (og, ug) on

13



Qr)), we get, after employing the Arzela-Ascoli compactness argument and a density
argument,

or — 0 I Cuear([0,T]; L7(22,)) and in L*(0,T; W~12(€,)), Vn € N,

h(or) — h(o) in Cuear([0,T]; LY(Q,)), q € [1,00) and in L?(0,T; W~12(Q,)), Vn € N,
where h belongs to (2.6),
orug — ou in Cye([0,T7; L27/(7+1)(Qn; R?)) and in L*(0,T; W—1%(Q,,R3)), Vn € N,

0RUR @ Uup — pu®u in L*(0,T; L/*"+3)(Q, R3>*3)), Vn € N.
(6.9)
In all three cases, the strong L?W %2 convergence follows from the previous Clyeaxl?
convergence and the compact imbedding LY(G) —— W=12(G), ¢ > 6/5, where G is a
bounded domain.
At this stage, we may pass to the limit R — oo in equations (5.12), (5.10) and (5.9)
that are written with (og, Vg, ug) on Qg. We get

/Qgp dx
Q

for all 7 € [0,T] and for any ¢ € C1([0,T] x 2);

= / / (Q@tgo +o(u—wxx)- ng0> dz dt (6.10)
0 0 Jao

T

/Qu~gpdx
Q 0

—/ / (gu-@gp%—g(u—w X ) @u: Vo + plo)divey — S(V,u) ngp) dz dt
0o Ja

for all 7 € [0,T] and for any p € C}([0,T] x Q;R?);

(6.11)

/OT AW(@@ +(u—wxx)- Vmap> dadt (6.12)

T

:/ /Tk(g)divugodxdt—i-/QLk(Q)Sde
0 JQ Q

0

and

/T / T(Q)(@tgo +(u—wxux)- Vﬂp) dadt (6.13)
0o Jo

14



= /0 ' /Q (0T;(0) — Ti(0))divupdzdt + /Q Ti(0)pdz

where 7 € [0,7] and o € C}([0,T) x Q). In the above formulas, we have taken

’
’
0

To(2) = KT(2/k), Lu(2) = / TI) Ve >0, T(2) = mingz k).

o w?

6.2 Strong convergence of densities
6.2.1 Effective viscous flux

Using the same arguments as in [11, Chapter 3, Section 3.7] we can show that

Ti(o)diveu — Tifo)divu = (r@Ti(0) - p(0) Tu0)) . (6.14)

s+
To get this identity, one needs to subtract the limit R — oo of the momentum
equation (5.13) (written on Qp with (ggr,ug)) tested with o = (VA™HTi(or)(],
¢ € C>®((0,T) x Q,;R3) from the limiting momentum equation (6.11) with the
test function ¢ = (VA 'Ti(0)¢], where n is fixed. Here and hereafter we de-

note (VA™),(v) = —F! [é—‘gf(v)(f)] (that is a continuous operator from LP(R?) to

{v € LP?/GP(R3R?), Vv € LP(R*R3>3)}, 1 < p < 3 and R the Riesz operator,

(Rlv])i; = (Ve VA )0 = F! ﬁgfg .7-"("0)(5)} with F the Fourier transform. It is im-

portant to recall that R is a continuous operator from LP(R3?) — LP(R3, R3*3) with any
1<p<oo.
Since S is linear, this procedure yields

R—o0

i [ [ ctt:0) (oen)Ter) ~ S(F.m) : RICTi(or)]) it

:/T/g(t,x)Q@ Tk(g)_s(vxu):n[m(g)]) dadt
o (6.15)

lim /OT/Q(UR —wXx)- <CTk(QR)R[CQRuR] - CQRURR[CTk(QR)]> dadt

R—o0

_ /OT /Q (Ug —w X ) - (c%mcgu} - ggun[cm]) dadt,
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where (R[z]); = So_, Rir[z]. In fact, other (lower order) terms that should eventually
appear at the right hand side are zero by virtue of a standard compactness argument.
At this stage, we need a div-curl type lemma in the form [11, Theorem 10.27], stating

Lemma 6.1. Let Uy — U in LP(R3;R3), vp — v in LI(R3?) as R — oo, where
1

1
p q

1
- < 1.
r
Then
’URR[UR] — R[UR]UR — UR[U] — R[U]U
in L"(R? R?).

Combining this lemma with the convergence established in the first two lines of (6.9),
we get

(¢Tulon)RIConun] = ConRICTi(or)ur ) () — (CTh(e)RICou] - CoR[CTi(o)u) (1)

weakly in L"(R3;R3) with some r > 6/5 for all ¢ € [0,7] as R —o0; whence by the
compact imbedding L"(£2,) —— W~=12(€2,,) and the Lebesgue dominated convergence
theorem used over (0,7") we conclude that the r.h.s. of (6.15) is equal to 0. This yields
the effective viscous flux identity (6.14).

6.2.2 Oscillations defect measure and renormalized continuity equation

Due to (2.2),
p(o) = do” + pm(0), for some d > 0, where J,p,,(0) > 0. (6.16)
We have .
dtimsup [ [ (Tulen) - Tl o <
r—0 Jo Ja
T
dtimswp [ [ ¢((Tulen) - Ti0)) (eh — 0')dnd < (6.17)
R—oo 0 Q

/OT/QC<QV T (0) _ETk(9)>dZEdt < /OT/QCQD(Q) Ti.(0) — p(o) Tk(g)>dxdt,

where ¢ € C°((0,7T) x Q), ¢ > 0. The first inequality is an algebraic one, to derive the
second one, we have used convexity of 9 — 7 and concavity of o — Ti(p). Finally, to
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derive the third one, we have employed the standard relation between the weak limits of
monotone functions that reads

Pm(0)Tk(0) — pm(0) Tr(2) = 0, (6.18)

cf. e.g. [11, Theorem 10.19].
The right hand side of inequality (6.17) can be calculated from the effective viscous
flux identity (6.14); using (6.6) we find that

T
/ / Te(or) — To(o)dadt < e(m)|T(on) — Te() 2o x0n)
0 Qo

1)/(2y
< | Tu(or) — Ti(o)|" OTX%IUM@Q (Mﬁil M%y
whence

T
osc41(or — 0]((0,7)x€,) = suplim sup/ / Tk (0r)—Tr(0)|"dadt < ¢(n), (6.19)
0 n

k>0 R—oo

where the expression at the left hand side is called oscillations defect measure, see Feireisl
[7].

On the other hand, relation (6.19) implies that the limit quantities g, u satisfy the
renormalized equation of continuity (2.5), see Feireisl [7],

Lemma 6.2 (Renormalized continuity equation). Let G C R? be open set and let

er—0  inL'((0,T) x @),
up — u in L"((0,T) x G;R?),
Vup — Vu in L"((0,T) x G;R3*3), 7> 1.

Let
osc,[or — 0](G) < 00 (6.20)

for %1 <1- %, where (or,ur) solves the renormalized continuity equation (2.5) (with §2

replaced by G ). Then the limit functions o, u solve (2.5) with (Q replaced by G) as well.

6.3 Strong convergence of density sequence

We deduce using Lemma 6.2 that

/OT /Q oLx(0) (51580 +(u—wxux)- Vx<p> dxdt (6.21)
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:/ /Tk(g)divugodxdt—i-/QLk(g)godx
o Ja Q

where Ly(p) is defined in (6.13), 7 € [0,7] and p € C>([0, T] x ). Reasoning as in (6.18)
we verify that

r
)
0

p(0)Ti(0) — p(o) Ti(o) > 0; (6.22)

whence subtracting (6.12), (6.21) and noticing that (olog o — ¢log 0)(0) = 0, we deduce
after letting k — oo,

| (e 2= otor.2) (u(a) (6.23)
< /OT/Q (ngg — 00 log goo> (u—w xz) V, Pr(x)dadt

—/ / (Qlogg — 00 log Qoo> (u—w xz)- V,Pp(x)dzdt.
o Ja

Here, we have used (6.22), and we have chosen ®g(z) = n(xs/R*)¢(|2'|/R), R > 1,
a >0,z = (21,12),
neCrR), ¢ CF(R), 0<n,¢ <1,

o1’ = 1if [o/] < 1 n(s) = Lit |s| <1

o(|2']) = ;n(s) =
o(|2']) = 01if [2'] > 2 n(s) = 0if |s| > 2

It is easy to check that
|Vo® gl oo (r3;r5) — 0 as R — oo, H@xSQDRH%Q(RS) < RO 1 < g < o0,

and that
(wx )V, Pr(z) =0.

Consequently,

/ <910g9— olog Q) (T)Ppr(x) (6.24)

Q

S/ /‘Qlogg_goologgooHUoo‘
0 Q

—/ /IQIOg@—@oolOg@oo’\Uoo!
0 Q

+/ / (QIOgQ — 00 l0g Qoo> (u—Ugy) - V,Pp(x)dzdt
0 Q

0,, & p(x) ’dxdt

O0us Pr(x) ‘dxdt,
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/ / 0log 0 — 05 log Qoo> (u—Uy) - V,Pgr(z)dzdt.

Due to uniform bounds (6.2-6.6), the right hand side of this inequality tends to 0 as
R — oo, provided we Chose a > 2. Consequently,

olog o — plog o = 0;

whence

or — 0 ae. in (0,7) x €.

Remark 6.1
It is to be noticed that the couple (p,u) satisfies the energy inequality in the form

1 _ 2 T
Jo (2@!11 Us| —l—E(Q]QOO))d:U‘O
+ foT Jo(8(Va(u—Uy)) : Vi(u — Uy)dadt <
- foT fBl\Sp(p>diVUoo - fOT fBl\S ,O(u —w X :c) -V,Ug - (u _ Uoo)d:cdt

_ foT fBl\S Q(w X UOO) . (u — UOO) dxdt — fOT fBl\S S(Vono) : Vx(u — Uoo)dxdt
(6.25)

for a. a. 7 € (0,T), where Uy, is defined in (6.1).
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