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Abstract

Some new classes of compacta K are considered for which C(K) endowed with
the pointwise topology has a countable cover by sets of small local norm–diameter.

1 Introduction

A topological notion introduced in [8] plays an important role in the study of topological
and renorming properties of Banach spaces [11]: If (X, T ) is a topological space and % is
a metric on X, we say that it has a countable cover by sets of small local %–diameter if
for every ε > 0 we can write X =

⋃
n∈NXn in such a way that for any n ∈ N and every

x ∈ Xn there exists a T –open set U such that x ∈ U and %–diam(U ∩ A) < ε. Here
we consider some compacta K such that C(K), endowed with the pointwise topology,
has a countable cover by sets of small local %–diameter when % is the norm–metric,
or Cp(K) has SLD for short. Let us recall that given a topology τ , coarser than the
norm topology on a Banach space X, we say that X has τ–Kadets when τ and its norm
topology coincide in the unit sphere. If C(K) has a pointwise Kadets equivalent norm
then Cp(K) must have SLD [8], that in turn implies that Cp(K, {0, 1}) is σ–discrete.
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Whether any of the converse implications holds is a well-known open problem. However
M. Raja has shown, roughly speaking, that SLD is very close to the existence of a
pointwise Kadets renorming, namely from [11] it follows that if X is a Banach space
endowed with a topology τ , coarser than the norm topology, then (X, τ) has the property
SLD for the norm if, and only if, there exists a non negative symmetric homogeneous
τ–lower semicontinuous function (that may be not convex) F on X with ‖·‖ ≤ F ≤ 3‖·‖
such that the norm topology and τ coincide on the set {x ∈ X : F (x) = 1}. In [12] it
is proved that Cp(K × L) has SLD whenever Cp(L) has it and Cp(K) has a pointwise
Kadets norm [12]. Let us mention that if X is a Banach space such that (X,weak) has
the SLD property for the norm and the bidual of (X, ‖·‖) is strictly convex then X has a
locally uniformly rotund equivalent norm [10]. (A norm ‖·‖ in a Banach space is locally
uniformly rotund if limk ‖xk − x‖ = 0 whenever limk ‖(xk + x) /2‖ = limk ‖xk‖ = ‖x‖.)
Despite no topological characterization has been obtained for those K’s such that Cp(K)
has SLD, some light on this questions has been shed in some particular classes of
compacta [4], [5], [2], [6].

In this note we present two classes of compact spaces K for which the spaces Cp(K) have
SLD. It is well-known that every compact space is a continuous image of a 0-dimensional
compact space. In turn, a 0-dimensional space can be regarded as a subspace of a Cantor
cube 2S which can be identified with the power-set of a fixed set S. Consequently, a 0-
dimensional compact space carries a partial ordering, which is just the inclusion relation.
It is natural to ask that the partially ordered compact space has the property that for
every two elements x and y there exists their infimum inf{x, y}. Moreover, it is natural
to expect that the operation 〈x, y〉 7→ inf{x, y} is continuous. Once this happens, we
speak about compact semilattices.

One should not expect positive topological properties of C(K) spaces, where K is an
arbitrary compact semilattice, since this class contains 1-point compactifications of trees
studied in [4]. We prove, however, that for a fairly large class of compact semilattices
K the space Cp(K) is SLD.

2 Preliminaries

A semilattice is a partially ordered set 〈S,≤〉 which contains the minimal element
(always denoted by 0) and in which every pair of elements x, y has the greatest lower
bound, denoted by x ∧ y. The element x ∧ y is sometimes called the meet of x, y and
S is sometimes called a meet semilattice. Some authors do not require the existence of
the minimal element, we do it since we are going to consider compact semilattices in
which the minimal element always exists. A semilattice S is topological if it carries a
Hausdorff topology with respect to which ∧ is continuous.

A filter in a semilattice S is a subset F ⊆ S (possibly empty) satisfying

{x ∈ S : a ∧ b ≤ x} ⊆ F
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for every a, b ∈ F . A filter F is principal if it is of the form

[p,→) = {x ∈ S : p ≤ x}.

Later on, we shall use some standard (although not trivial) properties of compact 0-
dimensional semilattices. For details we refer to one of the books [7] or [3].

In particular, we shall need the following algebraic notion. An element p of a semilattice
S is compact if for every A ⊆ S with supA = p there exists a finite A0 ⊆ A such that
supA0 = p. In particular, 0 is a compact element.

The following fact will be used later without explicit reference:

Proposition 2.1. Let K be a compact 0-dimensional semilattice. Then

(1) A principal filter [p,→) is a clopen set if and only if p is a compact element.

(2) Given a, b ∈ K such that a 6≤ b, there exists a compact element p such that p ≤ a
and p 6≤ b.

(3) Clopen principal filters and their complements generate the topology of K.

(4) Given a nonempty clopen set A ⊆ K, every minimal element of A is compact.

We now make few comments concerning a Stone-like duality for semilattices. Namely,
given a compact semilattice K, denote by S(K) the family of all clopen filters in K.
By Proposition 2.1(1), every nonempty element F of S(K) can be identified with its
vertex p, which is a compact element such that F = [p,→). Recall that the empty set
is a filter. Thus, S(K) can be identified with the set of all positive compact elements of
K plus the “artificial” element ∞. Observe that S(K), treated as the family of filters,
is a semilattice in which the meet of F,G ∈ S(K) is F ∩G. If F = [p,→), G = [q,→),
then either F ∩G = [r,→), where r = sup{p, q} or F ∩G = ∅.
It turns out that this operation is reversible, namely, if 〈S,∧, 0〉 is a semilattice (consid-
ered without any topology) then one can define K(S) to be the family of all filters in S
endowed with inclusion. The space K(S) is compact 0-dimensional when endowed with
the topology inherited from the Cantor cube P(S), the power-set of S. The duality
(proved in [7]) says that K(S) is canonically isomorphic to K whenever S = S(K).
More precisely, given x ∈ K, define x̂ = {p ∈ S(K) : x ∈ p}. Then x̂ is a filter in S(K);
in other words, x̂ ∈ K(S(K)). It turns out that all elements of K(S(K)) are of this
form.

The second part of this note is devoted to compact distributive lattices. Suppose that
K is a compact semilattice with the unique maximal element 1. Then, by compactness,
K is a complete lattice, that is, for every A ⊆ K the supA and inf A exist. In fact,
inf A is the limit of the net {inf S}S∈[A]<ω , where [A]<ω denotes the family of all finite
subsets of A. On the other hand, supA is the infimum of the set of all upper bounds
of A (this set contains 1, therefore is nonempty). We shall denote sup{x, y} by x ∨ y
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(sometimes it is called the join of x and y). It is natural to ask when the operation ∨ is
continuous. Once it happens, we say that K is a compact lattice. A lattice 〈K,∧,∨〉 is
distributive if it satisfies (a∨ b)∧ c = (a∧ c)∨ (b∧ c) for every a, b, c ∈ K. The notion of
a filter in a lattice is the same as in a semilattice. Note that a lattice with the reversed
ordering is again a lattice (where the meet is exchanged with the join). Let us call it
the reversed lattice. A filter in the reversed lattice will be called an ideal. Important for
us is the notion of a prime filter. Namely, a filter F is called prime if it is nonempty
and its complement is a nonempty ideal. As we are interested in compact 0-dimensional
distributive lattices K, we shall work with the family of all clopen prime filters in K,
denoted by P(K). This is justified by the following:

Proposition 2.2. Let K be a compact 0-dimensional distributive lattice. Then for every
a, b ∈ K with a 6≤ b there exists a clopen prime filter P ⊆ K such that a ∈ P and b /∈ P .

Fix a distributive lattice L. A subset G ⊆ L is called convex if it is of the form
G = I ∩ F , where I is an ideal and F is a filter. For convenience, we allow here that
I = L or F = L, therefore every ideal and every filter are convex sets. Given a, b ∈ L
we define the interval [a, b] = {x ∈ L : a∧b ≤ x ≤ a∨b}. This is the minimal convex set
containing a, b. Assume now that L is a compact distributive lattice. Given two disjoint
closed convex sets A, B, given a0 ∈ A, there always exist a1 ∈ A, b1 ∈ B such that
a1 ∈ [a0, b1] and a1 ∈ [x, b1]. b1 ∈ [a1, y] holds for every x ∈ A, y ∈ B. Furthermore,
A ∩ [a1, b1] = {a1} and B ∩ [a1, b1] = {b1}. The pair 〈a1, b1〉 is called a gate between A
and B. The notion of a gate between convex sets is actually defined for a bigger class of
compact spaces, called compact median spaces. The existence of gates follows from the
following fact: Given a family F consisting of closed convex sets with

⋂
F = ∅, there

exist A,B ∈ F such that A ∩B = ∅. For details we refer to the book [13].

3 Modest semilattices

In this section we show that Cp(K, 2) is σ-discrete whenever K is a compact totally
disconnected semilattice satisfying certain condition.

Namely, we call a semilattice K modest, if it is totally disconnected and for every
compact element p ∈ K the set p− of all immediate predecessors of p is finite. Recall
that x is an immediate predecessor of p if x < p and no y satisfies x < y < p.

Below we give two natural examples of modest semilattices.

Proposition 3.1. Every compact totally disconnected distributive lattice is a modest
semilattice.

Proof. Let 〈L,∧,∨, 0, 1〉 be such a lattice. By definition, both operations ∧ and ∨ are
continuous, therefore L is a topological semilattice. Fix p ∈ L compact and suppose
{xn}n∈ω ⊆ p− is such that xn ∨ xm = p for every n < m < ω. Let y be an accumulation
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point of {xn}n>0. From Proposition 2.1 y � p, therefore there exists a clopen prime
filter U such that p ∈ U and y /∈ U . Find k < ` such that xk, x` ∈ K \ U . As K \ U is
an ideal, p = xk ∨ x` ∈ K \ U , a contradiction. This shows that x ≥ p and hence p is
not a compact element.

Example 3.2. Let T be a finitely-branching tree and consider αT = T ∪ {∞}, where
∞ is an additional element satisfying∞ > t for every t ∈ T . The tree T can be regarded
as a locally compact space, where a neighborhood of t ∈ T is of the form (s, t], where
s < t. Define the topology on αT so that it becomes the one-point compactification of
T . Define an operation ∧ on αT as follows: let s ∧ t = max(s, t) whenever s and t are
comparable, and let s ∧ t = ∞ otherwise. It is easy to check that this is a continuous
semilattice operation. The property that T is finitely-branching is equivalent to the fact
that αT is a modest semilattice.

Theorem 3.3. Let K be a modest semilattice. Then Cp(K, 2) is σ-discrete.

Proof. Throughout this proof, we shall consider S(K) as the set of all positive compact
elements, plus an artificial element∞ /∈ K which corresponds to the empty clopen filter.
So the meet operation on S(K) is actually the supremum in K. Given p, q ∈ S(K) we
shall denote by p · q the meet of p and q in S(K), which equals either sup{p, q} in K or
∞ in case {p, q} is not bounded from above in K.

Fix f ∈ C(K). We say that f has a jump at p ∈ S(K) if p 6= ∞ and f(p) 6= f(q) for
every q ∈ p−.

Claim 3.4. Assume f ∈ C(K, 2). If f is not constant then f has a jump at some
p ∈ S(K).

Proof. Let p be a minimal element of K such that f(p) 6= f(0). Then p ∈ S(K) by
Proposition 2.1(4) and clearly f has a jump at p.

We shall say that f ∈ C(K) has a relative jump at p ∈ S(K) with respect to q ∈
S(K) ∪ {0} if q < p and f(x) 6= f(p) for every x ∈ p− ∩ [q). Note that a relative jump
with respect to 0 is just a jump.

Fix f ∈ C(K, 2). Let L0(f) ⊆ S(K) be the subsemilattice generated by all p ∈ S(K)
such that f has a jump at p.

By induction, we define Ln(f) to be the subsemilattice of S(K) generated by Ln−1(f)
together with all p ∈ S(K) such that f has a relative jump at p with respect to some
q ∈ Ln−1(f).

Claim 3.5. For every f ∈ C(K, 2) there exists n ∈ ω such that Ln(f) = Ln+1(f).

Proof. Let ϕ : K → F be a continuous epimorphism onto a finite semilattice such that f
is constant on each fiber of ϕ. Note that S(F ) ⊆ S(K), after the obvious identification
(the pre-image of a compact element is compact). We shall prove by induction that
Ln(f) ⊆ S(F ) for every n ∈ ω.
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Notice that a relative jump with respect to 0 is just a jump. Thus, set L−1(f) = {∞},
in order to start the induction.

Assume now that Ln−1(f) ⊆ S(F ) and fix p ∈ Ln(f) such that f has a relative jump at
p with respect to q ∈ Ln−1(f). Find t ∈ F such that p ∈ ϕ−1(t). Let u = minϕ−1(t) ∈
S(F ). We need to show that p = u. For suppose that u < p. Find r ∈ p− ∩ [u). Notice
that q ≤ u, because [q) is the union of some fibers of ϕ and p, u are in the same fiber. It
follows that f does not have a relative jump at p with respect to q, because f(p) = f(r).
This is a contradiction, which shows that Ln(f) ⊆ S(F ).

Let σ denote the set of all finite sequences of natural numbers. Given f ∈ C(K, 2),
let n(f) be the minimal n ∈ ω such that Ln+1(f) = Ln(f). By Claim 3.5, this is well
defined. Furthermore, let s(f)(i) = |Li(f)| for i ≤ n(f). So s(f) ∈ σ.

This provides a decomposition of C(K, 2) into countably many pieces, indexed by σ.
Namely, we shall prove that given s ∈ σ, the set

Cs = {f ∈ C(K, 2) : s(f) = s}

is discrete with respect to the pointwise convergence topology. In order to avoid too
many indices, we set L(f) = Ln(f)(f).

The following claim is crucial.

Claim 3.6. Let f ∈ C(K, 2) and let ϕ : K → S be the continuous semilattice homo-
morphism induced by the inclusion L(f) ⊆ S(K) (i.e. S = S(L(f)) and ϕ is the dual
map to this inclusion). Then f is constant on each fiber of ϕ.

Proof. Note that for each t ∈ S the minimal element of ϕ−1(t) belongs to L(f).

Suppose that f is not constant on G = ϕ−1(t) and let q = minG. Then f has a jump
at some compact element p ∈ G, p > q. This jump is relative with respect to q. But
q ∈ Ln(f) for some n ≤ n(f) so p ∈ Ln+1(f) ⊆ L(f). We conclude that q is the minimal
element of some fiber of ϕ, a contradiction.

Fix f ∈ C(K, 2) and define

Mf = L(f) ∪
⋃

p∈L(f)

p−.

Since K is modest, Mf is finite. Assume g ∈ C(K, 2) is such that f �Mf = g �Mf and
s(f) = s(g). We claim that f = g.

For this aim, we shall prove by induction that Ln(g) = Ln(f) for every n ≤ n(f) = n(g).
This is trivial for n = −1. In fact, this also holds for n = 0, because given p ∈ L0(f)
for which f has a jump, g has the same values as f in the finite set {p} ∪ p−. It follows
that g has a jump at p. Hence L0(g) ⊆ L0(f) and consequently L0(g) = L0(f) because
these sets have the same finite cardinality.

Now assume that Ln−1(g) = Ln−1(f) and fix p ∈ Ln(f) such that f has a relative jump
at p with respect to some q ∈ Ln−1(f). Then q ∈ Ln−1(g) and g has exactly the same
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values as f on the finite set {p} ∪ (p− ∩ [q)). It follows that g has a relative jump at p
with respect to q, i.e. p ∈ Ln(g). This shows that all generators of Ln(f) are contained
in Ln(g). Thus Ln(f) ⊆ Ln(g) and consequently Ln(f) = Ln(g), again because of the
same finite cardinality.

Finally, by Claim 3.6, we conclude that g = f , because Mf intersects each fiber of the
quotient map induced by L(f).

Actually, the proof above provides a recipe for the minimal semilattice quotient for a
given function into {0, 1}.

4 Finite-dimensional compact lattices

In this section we prove that C(K) has the SLD whenever K is a finite-dimensional
compact lattice. Recall that a lattice K is finite-dimensional if K ⊆ L1 × · · · × Ln,
where each Li is a compact totally ordered space (called briefly a compact line). Note
that every compact totally ordered space is a continuous image of a 0-dimensional one,
therefore we can restrict attention to 0-dimensional lattices.

A result from [2] says that C(K) has a pointwise Kadets renorming (which implies
SLD) whenever K is a product of compact lines. Up to now, it is not known whether
the same result holds for K being a closed sublattice of a finite product of compact
lines. This question remains open, however we prove a weaker result concerning the
SLD property.

From now on Li, 1 ≤ i ≤ n, will stand for totally ordered spaces that are zero–
dimensional compact for their order topology. Let ≤ be the product order in

∏n
i=1 Li,

i.e. (ai)
n
i=1 ≥ (bi)

n
i=1 whenever ai ≥ bi for any i ≤ n; this space endowed with it and the

product topology is a zero–dimensional compact distributive lattice.

Until the the end of the proof of Proposition 4.7 we assume that K is a fixed sublattice
of
∏n

i=1 Li, endowed with a topology T for which it is a compact distributive lattice
that, by compactness, must be the subspace topology of

∏n
i=1 Li.

Given x = (xi)
n
i=1 ∈

∏n
i=1 Li let πi(x) = xi, and %i(x) = (xj)j 6=i, 1 ≤ i ≤ n. If 1 ≤ i ≤ n,

and p ∈ P (Li) we write p̃ :=
(∏

j<i Lj × p×
∏

j>i Lj

)
∩K. It is clear that p̃ ∈ P (K).

Theorem 4.1. C(K) has the property SLD for the pointwise topology.

It will be deduced from some results.

Lemma 4.2. For 1 ≤ i ≤ n let p, q ∈ P (Li) with p ⊇ q, if 〈a, b〉 is a gate be-
tween 〈p̃, q̃〉 we have πi(a) < πi(b); and for any c ∈ K we have c /∈ q̃ ∪ (K \ p̃)
whenever πi(a) < πi(c) < πi(b). In particular K \ p̃ = {x ∈ K : πi(x) ≤ πi(a)} and
q̃ = {x ∈ K : πi(x) ≥ πi(b)}. Moreover for any c ∈ K we have

if πi(c) ≥ πi(b) and πj(a) < πj(b) then πj(c) ≥ πj(b) 1 ≤ j ≤ n.(1)
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Proof. For the first part, from πi((a ∨ c) ∧ b) = πi(c) we get (a ∨ c) ∧ b ∈ [a, b] \ {a, b}.
Then, since 〈a, b〉 is a gate we have (a ∨ c) ∧ b /∈ q̃ ∪ (K \ p̃). But q̃ is a filter so c /∈ q̃.
Similar arguments show that c /∈ K \ p̃.
To show (1) observe that since 〈a, b〉 is a gate we have a < b. Suppose that c and j
witness that (1) is false. We have c ∈ q̃ and a∨ (b∧ c) ∈ q̃. Since 〈a, b〉 is a gate we have
a∨ (b∧ c) = b, so πj(b) = πj(a)∨ (πj(b)∧πj(c))) = πj(a)∨πj(c) which contradicts that
πj(a) < πj(b) and πj(c) < πj(b).

Lemma 4.3. Let a, b ∈ K be such that {x ∈ K ∩ [a, b] : πi(a) < πi(x) < πi(b)} = ∅,
then {x ∈ K : πi(a) < πi(x) < πi(b)} = ∅.

Proof. Since (a ∨ x) ∧ b ∈ [a, b] for any x ∈ K and πi((a ∨ x) ∧ b) = πi(x) the assertion
follows.

If 1 ≤ i ≤ n, p, q ∈ P (Li) with p ⊇ q, 〈a, b〉 is a gate between 〈p̃, q̃〉 and a, b belong
to a subset S ⊆ K we will say that f (i, ε)–leaps (resp. jumps) at 〈p̃, q̃〉, or at 〈a, b〉 or
within S whenever it ε–leaps (resp. jumps) at 〈p̃, q̃〉.

Definition 4.4. Given f ∈ C(K), 1 ≤ i ≤ n, and ε > 0 we will say that f (i, ε)–leaps
m times if there exists {〈pi,j, qi,j〉}mj=1, pi,j, qi,j ∈ P (Li) such that p̃i,1 ⊇ q̃i,1 % p̃i,2 ⊇
q̃i,2 % . . . % p̃i,m ⊇ q̃i,m; and

(i) f ε–leaps at each (p̃i,j, q̃i,j), 1 ≤ j ≤ m;

(ii) if f ε–jumps at p̃ for some p ∈ P (Li), 1 ≤ i ≤ n, then there exists j, 1 ≤ j ≤ m,
such that p = pi,j = qi,j.

From Lemma 4.6 below it follows that this definition makes sense.

Remark 4.5. According to Lemma 4.2 given 1 ≤ i ≤ n and pk, qk ∈ P (Li), k = 1,
2, such that p̃1 ⊇ q̃1 % p̃2 ⊇ q̃2, and 〈aj, bj〉 gates between 〈p̃j, q̃j〉, j = 1, 2, we have
πi (a1) < πi (b1) ≤ πi (a2).

Lemma 4.6. Given f ∈ C(K) and ε > 0 the set of all p ∈ P (Li) such that f (i, ε)–
jumps at p̃ is finite and so is the set of all m ∈ N such that f (i, ε)–leaps m–times.

Proof. By compactness for any 1 ≤ k ≤ n it is possible to choose {αk,j}`kj=0, αk,j ∈ Lk,

such that the [αk,j−1, αk,j]’s cover Lk and the oscillation of f on eachK∩
∏n

k=1 [αk,j−1, αk,j]
is strictly less than ε; those sets cover K. Let pm, qm ∈ P (Li), m = 1, 2, such that f
(i, ε)–leaps at each (p̃m, q̃m), with p̃1 ⊃ q̃1 % p̃2 ⊃ q̃2, and this is witnessed by the gates
〈am, bm〉, m = 1, 2. We have that am and bm cannot be in the same

∏n
k=1 [αk,j−1, αk,j].

To finish the proof it is enough to apply Remark 4.5 and (1).
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Fix f ∈ C(K) and ε > 0 until the end of the proof of Proposition 4.7. Given 1 ≤ i ≤ n
let mi = mi(f) the maximum number of times that f (i, ε)–leaps, so let {〈pi,j, qi,j〉}mi

j=1

satisfying (i) and (ii) of Definition 4.4. Let Ck :=
∏n

i=1 [ak,i, bk,i] ∩K, 1 ≤ k ≤ `, ak,i,
bk,i ∈ Li, any covering of K made up by sets such that each Ck is either included or
disjoint of every one of the sets K \ p̃i,j, q̃i,j, 1 ≤ j ≤ mi, 1 ≤ i ≤ n. From now on we
will fix k and, for simplicity, we will write Ck =

∏n
i=1 [ai, bi]∩K. Let the sequence p(n)

defined inductively by p(1) = 3, p(n+ 1) = 8p(n) + 6, n ∈ N.

Proposition 4.7. osc (f, Ck) ≤ p(n)ε.

It will be a consequence of some lemmata.

Lemma 4.8. Given u, v ∈ K, 1 ≤ i ≤ n, U , V open sets in Li with |f(u)− f(v)| > ε,
%i(u) = %i(v), πi(u) < πi(v) and πi(u) ∈ U , πi(v) ∈ V , there exist a, b ∈ [u, v]∩K with
πi(a) ∈ U , πi(b) ∈ V , πi(a) < πi(b), such that 〈a, b〉 witnesses an (i, ε)–leap of f .

Proof. Since S := {x ∈ K : %i(x) = %i(u)} is a 0–dimensional totally ordered compact
space, the right (resp. left) isolated points are dense in it. From the continuity of f we
get two open sets U , V in Li and a gate 〈a, b〉 that witnesses an ε–leap of the restriction
of f to S. Lemma 4.3 shows that 〈a, b〉 is a gate in K too.

Lemma 4.9. Let a, b ∈ Ck, if M := max f ([a, b] ∩K) and m := min f ([a, b] ∩K)
then [M,m] \ f ([a, b] ∩K) contains no interval of length bigger that ε.

Proof. By contradiction let r, s ∈ R such that r < s, s−r > ε and [r, s]∩f([a, b]∩K) =
{r, s}; We must have that D := {i : 1 ≤ i ≤ n, πi(a) 6= πi(b)} is non empty. We
argue by induction over ` := card D. Let v, w ∈ [a, b] ∩ K, such that f(v) = s,
f(w) = r. When ` = 1 the set [v, w] is totally ordered. If, for instance, v < w, set
v0 := sup{y ∈ [v, w] ∩ K : f(y) ≥ s} and w0 := inf{y ∈ [v0, w] ∩ K : f(y) ≤ r}.
Thus f (v0)− f (w0) ≥ s− r > ε and [v0, w0] ∩K = {v0, w0}. Lemma 4.3 shows that f
(i, ε)–jumps at (v0, w0). A contradiction.

Assume that the assertion holds for k, 1 ≤ k < n, and ` = k + 1. Fix i, 1 ≤ i ≤
n, such that πi(v) 6= πi(w), and, for instance, πi(v) < πi(w). Now set v0 such that
πi (v0) = sup{πi(y) : y ∈ [v, w] ∩K, f(y) ≥ s} and w0 such that πi (w0) = inf{πi(y) :
y ∈ [v0, w] ∩K, f(y) ≤ r}. From the choice of (v0, w0) and Lemma 4.3 if follows that
{x ∈ K : πi (x) ≤ πi (v0)} and {x ∈ K : πi (x) ≥ πi (w0)} are a proper clopen ideal and
a filter respectively, whose union is K. On the other hand the sets

{x ∈ [v0, w0] ∩K : πi (x) = πi (v0)} and {x ∈ [v0, w0] ∩K : πi (x) = πi (w0)}

are nonempty disjoint closed convex subsets of K, then there exists a gate 〈α, β〉
between them, it is clear that it must be a gate between the clopen ideal and fil-
ter above and πi (α) = πi (v0), πi (β) = πi (w0). We get that the cardinal of the set
{j : 1 ≤ j ≤ n, πj(α) 6= πj (v0)} is not bigger than k so, according to the inductive hy-
pothesis applied to [α, v0] we have f(α) ≥ s; the same argument shows that f(β) ≤ r.
Then we have found an ε–jump which is a contradiction.
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Proof of Proposition 4.7. If a, b ∈ Ck and {i : 1 ≤ i ≤ n, πi(a) 6= πi(b)} has cardinal
k, we will show by induction on k that |f(a) − f(b)| < p(k)ε. Assume that k = 1.
By contradiction let 1 ≤ i ≤ n with %i(a) = %i(b) and |f(a) − f(b)| > 3ε. According
to Lemma 4.9 there exists ξ ∈ [a, b] ∩ K such that |(1/2)(f(a) + f(b)) − f(ξ)| < ε.
Then |f(a) − f(ξ)| > ε and |f(b) − f(ξ)| > ε. From Lemma 4.8 we get two different
(i, ε)–leaps. A contradiction.

Assume that the assertion holds for k, 1 ≤ k < n, and ` = k + 1. By contra-
diction suppose that |f(a) − f(b)| > p(k + 1)ε and ` = k + 1. Since p(k + 1)ε <
|f(a) − f(b)| ≤ |f(a) − f(a ∨ b)| + |f(a ∨ b) − f(b)| we may assume that a < b and
|f(a) − f(b)| > (1/2)p(k + 1)ε. From Lemma 4.9 we get c ∈ [a, b] ∩ K such that
|f(a)− f(c)| > (1/2)((1/2)p(k+ 1)− 1)ε and |f(c)− f(b)| > (1/2)((1/2)p(k+ 1)− 1)ε.
We claim that this implies that f (i, ε)–leaps in [a, c] and in [c, b] which contradicts
the maximality of mi. Let us show it in [a, c]. Since Li is 0–dimensional, the continu-
ity of f allows us to assume that πi(a) (resp. πi(c)) is right (resp. left) isolated. Then
{x ∈ [a, b] : πi(x) = πi(a)} and {x ∈ [a, b] : πi(x) = πi(c)} are nonempty clopen con-
vex sets; let 〈u, v〉 a gate between them, that should be a gate between the clopen ideal
and filter {x ∈ [a, b] : πi(x) ≤ πi(a)} and {x ∈ [a, c] : πi(x) ≥ πi(c)} too. It is clear that
πi (u) = πi (a), πi (v) = πi (c) and the cardinal of the sets {j : 1 ≤ j ≤ n, πj(u) 6= πj (a)}
and {j : 1 ≤ j ≤ n, πj(v) 6= πj (c)} are not bigger than k so, according to the induc-
tive hypothesis |f(a)− f(u)| ≤ p(k)ε and |f(v)− f(c)| ≤ p(k)ε. Then |f(u)− f(v)| >
((1/2)((1/2)p(k + 1)− 1)− 2p(k))ε ≥ ε so 〈u, v〉 witnesses an (i, ε)–leap. �

Proof of Theorem 4.1 Given ε > 0 we can write C(K) =
⋃∞

p=1Cp in such a way that for
any p ∈ N there exist mi, 1 ≤ i ≤ n such that mi(f) = mi, 1 ≤ i ≤ n, for al f ∈ Cp. For
a f ∈ Cp these leaps are witnessed by filters and gates 〈ai,j, bi,j〉, 1 ≤ j ≤ mi, 1 ≤ i ≤ n,
with |f (ai,j)− f (bi,j)| > ε. According to Proposition 4.7 if

g ∈ {h ∈ Cp : |h (ai,j)− h (bi,j)| > ε, 1 ≤ j ≤ mi, 1 ≤ i ≤ n}

then osc (g,K ∩
∏n

i=1 [ai, bi]) ≤ p(n)ε. To finish apply [9, Theorem 4.(iii)]. �
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