Guaranteed error upper bounds for singularly
perturbed problems

Mark Ainsworth and Tom3as Vejchodsky
Division of Applied Mathematics Institute of Mathematics
Brown University Academy of Sciences
Providence, USA Praha

Czech Republic

Algoritmy 2012, September 9-14, Slovakia



Outline

“Au+rKiu=Ff inQCR?

u=0 on 9N Kk = const.

v

3D model problem

v

Computable upper bound

v

Robust flux equilibration

v

Explicit and robust flux reconstruction

v

Local efficiency

v

Numerical examples

M. Ainsworth, T. Vejchodsky: Fully computable robust a posteriori error
bounds for singularly perturbed reaction-diffusion problems, Numer. Math.
119 (2), 2011, 219-243.



Model problem

Classical formulation:
—Au+rK?u=Ff inQCR3

u=0 on 9df Kk = const.



Model problem

Classical formulation:
—Au+rK?u=Ff inQCR3

u=0 on 9df Kk = const.
Weak formulation:

veV: B(uv)=(f,v)q YveV

Notation:

v = H(@)

B(u,v) = (Vu,Vv)q + £*(u, v)q
(u,v)q = [ uvdx



Model problem

Classical formulation:
—Au+rK?u=Ff inQCR3

u=0 on 9df Kk = const.

Weak formulation:

veV: B(uv)=(f,v)q YveV

Linear tetrahedral FEM:

up € Vh : B(Uh, Vh) = (f, Vh)Q Vvh S Vh

Notation:

V= H@)

B(u,v) = (Vu,Vv)q + £%(u, v)g
(u,v)q = [ uvdx

Vi ={vn € V:wlk € P(K),K € T}



Error vs. x (fixed mesh)
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Error vs. x (fixed mesh)
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Upper bound

Theorem

lu— unll? < 3~ [nkly) + osck(F)]® ¥y € H(div, Q)
KeTh

where

_ . 2
> nx(y) =y - VUhHg,K +r2 Han — KZup + d"’yHo,K
» osck(f) = min {hK/ﬂ', m_l} IIf — anHQK
» Nkf e PYK): (F—Nkf,o)k =0 Yy e PYK)

Notation: V[ =B(v,v)  [IvIZ, = (v,v)«
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Equilibrated flux reconstruction:
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Equilibration of fluxes

Equilibrated flux reconstruction:
y € H(div,Q):  (f — K’up+divy, 1), =0 VKET,

First-order equilibration: VO € PY(K)
y € H(div,Q):  (f — k?up + divy,0), +(y — Vup, VO), =0

=
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» First-order equilibration:  (¥*)
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Equilibration of fluxes

Equilibrated flux reconstruction:
y € H(div,Q) :  (f — k?up +divy, 1), =0 VKeT,

First-order equilibration: VO € PY(K)
y € H(div,Q):  (f — k?up + divy,0), +(y — Vup, VO), =0

=
(*) (f- /{2uh,9)K — (Vup, VO)  + (gk,0) s =0 VO € PY(K)

Fast algorithm [Ainsworth, Oden, 2000]:
» Linearity: gk € PX(y), ~ € 0Th
» Consistency: gk + gk’ =0 on v =90K NIK’
» First-order equilibration:  (¥*)
Reconstruction:
yk € H(div,K) : yx-nkx =gk on 9K = First-order equilibration
NOT ROBUST FOR x — oo [Babuska, Ainsworth, 1999]



Flux reconstruction #1
Definition:

y%l) = Vu, —i—Tf( +T§

Properties:
> yg(l)-nK:gK on 0K

> I'IKf—ﬁ;2uh+divy§<l) =0

X4

X2
X3



Flux reconstruction #1

Definition: Properties:
¥\ = Vuy + 7k + 78 > yid) nk =g on 0K
» Mif — k2up + divy&l) =0
4
K K
th=23 N ) = IR, (1) Vs x Vg C%K; _
n=1 + ’73’R|73(X1)V)\4 X V)\2 C3 ~ =

)
+ 74| Ripy (1) VA2 X VA3 %4

R:gK—Vuh-nK

Xy
- % S Betet] V(i — w2u) (k)
eCOK
Notation: X
An ... barycentric coords in K X3
Be; = A1\2 ... edge bubble te,
te, = x2 —x1 ... edge vector X1

Xk ... barycentre of K
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Robust equilibration of fluxes

Robust first-order equilibration
(f — /<a2uh,9*)

- (Vuh7 VQZ)K

(gk,0n) o =0 VneN(K)
If kpk <1
= 0r=40,

If kpk > 1
7

—

@
<

Xp = 0X1 + 0% + (1 - 26)
§ = % min{1,1/(kpk)}



Robust equilibration of fluxes

Robust first-order equilibration:

(f — K?up, 0) i — (Vun, V03),c + (gk. 0)

If kpk <1
= 0r=40,

1]
OK %O VHEN(K)

If kpk > 1
7

—

@
<

Xp = 5X1 + 5X2 + (1 - 26))(3
§ = % min{1,1/(kpk)}



Flux reconstruction #2

Definition: Properties:
yﬁf):Vthrr,O( >T2‘I‘IKW:0 on 0K, \ v

> Y@ nk =gk VKeT;
1 _
Ok, = e (k= xR (,Y)

R=gxk —Vu,-ngonr

z

Notation:
XK ... incentre of K T
PK ... inradius of K
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Local efficiency

Ik = min {UK(Y&I))a UK(Y&?))}
Upper bound:

llu— unll? < [iik + osck ()]

KeTh

Theorem
dC > 0 independent of hix and k:

ik < Cllu — upllg + Coscp(f)



Example 1

—Au+rK?u=Ff inQ
u=0 onof

» Q=(-1/2,1/2)
» = cos(mxy) cos(mxz) cos(mx3)

cos(mxi ) cos(mxz) cos(mx3)
> U=
312 4 K?




Example 2

“Au+rlu=1 inQ
u=0 onof

» Q= {(x1,x,x3): r <1}

>r:1/X12—|—X22+X32 o

1 —sinh(kr) &
BT
2 05
u= ! for k =0

6 il

-0.5

- Y axis -




Example 1 (fixed mesh)

Error estimators

Effectivity indices
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Example 2 (fixed mesh)

Error estimators Effectivity indices
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Example 1, uniform refinement, x = 100

Error estimators Effectivity indices
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Example 2, uniform refinement,

x = 100

Error estimators Effectivity indices
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Conclusions

» Guaranteed upper bound

v

Local efficiency

Robustness

v

» No constants

v

Explicit flux reconstruction

v

Fast algorithm

Outlook

» Better reconstruction for small and intermediate

» Higher-order
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