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Outline

−∆u + κ2u = f in Ω ⊂ Rd

u = 0 on ∂Ω κ = const.

I 3D model problem

I Computable upper bound

I Robust flux equilibration

I Explicit and robust flux reconstruction

I Local efficiency

I Numerical examples

M. Ainsworth, T. Vejchodský: Fully computable robust a posteriori error
bounds for singularly perturbed reaction-diffusion problems, Numer. Math.
119 (2), 2011, 219–243.
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Model problem

Classical formulation:
−∆u + κ2u = f in Ω ⊂ R3

u = 0 on ∂Ω κ = const.
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Model problem

Classical formulation:
−∆u + κ2u = f in Ω ⊂ R3

u = 0 on ∂Ω κ = const.

Weak formulation:

u ∈ V : B(u, v) = (f , v)Ω ∀v ∈ V

Notation:
V = H1

0 (Ω)
B(u, v) = (∇u,∇v)Ω + κ2(u, v)Ω

(u, v)Ω =
∫

Ω uv dx
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Model problem

Classical formulation:
−∆u + κ2u = f in Ω ⊂ R3

u = 0 on ∂Ω κ = const.

Weak formulation:

u ∈ V : B(u, v) = (f , v)Ω ∀v ∈ V

Linear tetrahedral FEM:

uh ∈ Vh : B(uh, vh) = (f , vh)Ω ∀vh ∈ Vh

Notation:
V = H1

0 (Ω)
B(u, v) = (∇u,∇v)Ω + κ2(u, v)Ω

(u, v)Ω =
∫

Ω uv dx
Vh = {vh ∈ V : vh|K ∈ P1(K ),K ∈ Th}
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Error vs. κ (fixed mesh)
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Error vs. κ (fixed mesh)
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Upper bound

Theorem

|||u − uh|||2 ≤
∑
K∈Th

[
ηK (y) + oscK (f )

]2 ∀y ∈ H(div,Ω)

where

I η2
K (y) = ‖y −∇uh‖2

0,K + κ−2
∥∥ΠK f − κ2uh + div y

∥∥2

0,K

I oscK (f ) = min
{

hK/π, κ
−1
}
‖f − ΠK f ‖0,K

I ΠK f ∈ P1(K ) : (f − ΠK f , ϕ)K = 0 ∀ϕ ∈ P1(K )

Notation: |||v |||2 = B(v , v) ‖v‖2
0,K = (v , v)K
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Equilibration of fluxes

Equilibrated flux reconstruction:

y ∈ H(div,Ω) :
(
f − κ2uh + div y, 1

)
K

= 0 ∀K ∈ Th
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Equilibration of fluxes

Equilibrated flux reconstruction:

y ∈ H(div,Ω) :
(
f − κ2uh + div y, 1

)
K

= 0 ∀K ∈ Th
First-order equilibration: ∀θ ∈ P1(K )

y ∈ H(div,Ω) :
(
f − κ2uh + div y, θ

)
K

+ (y −∇uh,∇θ)K = 0
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Equilibration of fluxes

Equilibrated flux reconstruction:

y ∈ H(div,Ω) :
(
f − κ2uh + div y, 1

)
K

= 0 ∀K ∈ Th
First-order equilibration: ∀θ ∈ P1(K )

y ∈ H(div,Ω) :
(
f − κ2uh + div y, θ

)
K

+ (y −∇uh,∇θ)K = 0
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Equilibration of fluxes

Equilibrated flux reconstruction:

y ∈ H(div,Ω) :
(
f − κ2uh + div y, 1

)
K

= 0 ∀K ∈ Th
First-order equilibration: ∀θ ∈ P1(K )

y ∈ H(div,Ω) :
(
f − κ2uh + div y, θ

)
K

+ (y −∇uh,∇θ)K = 0

⇔ (
f − κ2uh, θ

)
K
− (∇uh,∇θ)K + 〈y · nK , θ〉∂K = 0 ∀θ ∈ P1(K )
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Equilibration of fluxes

Equilibrated flux reconstruction:

y ∈ H(div,Ω) :
(
f − κ2uh + div y, 1

)
K

= 0 ∀K ∈ Th
First-order equilibration: ∀θ ∈ P1(K )

y ∈ H(div,Ω) :
(
f − κ2uh + div y, θ

)
K

+ (y −∇uh,∇θ)K = 0

⇔ (
f − κ2uh, θ

)
K
− (∇uh,∇θ)K + 〈gK , θ〉∂K = 0 ∀θ ∈ P1(K )
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Equilibration of fluxes

Equilibrated flux reconstruction:

y ∈ H(div,Ω) :
(
f − κ2uh + div y, 1

)
K

= 0 ∀K ∈ Th
First-order equilibration: ∀θ ∈ P1(K )

y ∈ H(div,Ω) :
(
f − κ2uh + div y, θ

)
K

+ (y −∇uh,∇θ)K = 0

⇔
(*)

(
f − κ2uh, θ

)
K
− (∇uh,∇θ)K + 〈gK , θ〉∂K = 0 ∀θ ∈ P1(K )

Fast algorithm [Ainsworth, Oden, 2000]:

I Linearity: gK ∈ P1(γ), γ ∈ ∂Th
I Consistency: gK + gK ′ = 0 on γ = ∂K ∩ ∂K ′

I First-order equilibration: (*)

Reconstruction:
yK ∈ H(div,K ) : yK · nK = gK on ∂K ⇒ First-order equilibration
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Equilibration of fluxes

Equilibrated flux reconstruction:

y ∈ H(div,Ω) :
(
f − κ2uh + div y, 1

)
K

= 0 ∀K ∈ Th
First-order equilibration: ∀θ ∈ P1(K )

y ∈ H(div,Ω) :
(
f − κ2uh + div y, θ

)
K

+ (y −∇uh,∇θ)K = 0

⇔
(*)

(
f − κ2uh, θ

)
K
− (∇uh,∇θ)K + 〈gK , θ〉∂K = 0 ∀θ ∈ P1(K )

Fast algorithm [Ainsworth, Oden, 2000]:

I Linearity: gK ∈ P1(γ), γ ∈ ∂Th
I Consistency: gK + gK ′ = 0 on γ = ∂K ∩ ∂K ′

I First-order equilibration: (*)

Reconstruction:
yK ∈ H(div,K ) : yK · nK = gK on ∂K ⇒ First-order equilibration

NOT ROBUST FOR κ→∞ [Babuška, Ainsworth, 1999]
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Flux reconstruction #1

Definition:

y
(1)
K = ∇uh + τ L

K + τQ
K

Properties:

I y
(1)
K · nK = gK on ∂K

I ΠK f − κ2uh + div y
(1)
K = 0

x1

x2x3

x4

te1
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Flux reconstruction #1

Definition:

y
(1)
K = ∇uh + τ L

K + τQ
K

Properties:

I y
(1)
K · nK = gK on ∂K

I ΠK f − κ2uh + div y
(1)
K = 0

x1

x2x3

x4

te1

τ L
K = 2

4∑
n=1

c
(K)
n λn c

(K)
1 = |γ2|R|γ2

(x1)∇λ3 ×∇λ4

+ |γ3|R|γ3
(x1)∇λ4 ×∇λ2

+ |γ4|R|γ4
(x1)∇λ2 ×∇λ3

R = gK −∇uh · nK

c
(K)
2 = . . .

c
(K)
3 = . . .

c
(K)
4 = . . .

τQ
K =

1

4

∑
e⊂∂K

βetet
T
e ∇(ΠK f − κ2uh)(x̄K )

Notation:
λn . . . barycentric coords in K
βe1 = λ1λ2 . . . edge bubble
te1 = x2 − x1 . . . edge vector
x̄K . . . barycentre of K
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Example
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Robust equilibration of fluxes

Robust first-order equilibration:(
f − κ2uh, θ

∗
n

)
K
− (∇uh,∇θ∗n)K + 〈gK , θ∗n〉∂K = 0 ∀n ∈ N (K )

If κρK ≤ 1
⇒ θ∗n = θn

θ3

1

x1

x2x3

If κρK > 1

θ∗3

1

x1

x2x3 xP

xP = δx1 + δx2 + (1− 2δ)x3

δ = 1
2 min {1, 1/(κρK )}
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Robust equilibration of fluxes

Robust first-order equilibration:(
f − κ2uh, θ

∗
n

)
K
− (∇uh,∇θ∗n)K + 〈gK , θ∗n〉∂K

!!≈ 0 ∀n ∈ N (K )

If κρK ≤ 1
⇒ θ∗n = θn

θ3

1

x1

x2x3

If κρK > 1

θ∗3

1

x1

x2x3 xP

xP = δx1 + δx2 + (1− 2δ)x3

δ = 1
2 min {1, 1/(κρK )}
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Flux reconstruction #2

Definition:

y
(2)
K = ∇uh + τO

K

Properties:

I τO
K · nKγ = 0 on ∂Kγ \ γ

I y
(2)
K · nK = gK ∀K ∈ Th

τO
K |Kγ =

1

ρK
e−κz(x− xK )R(x , y)

R = gK −∇uh · nK on γ

x

y

z
xK

ρK

Kγ

γ
Notation:
xK . . . incentre of K
ρK . . . inradius of K



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Example
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Local efficiency

η̄K = min
{
ηK (y

(1)
K ), ηK (y

(2)
K )
}

Upper bound:

|||u − uh|||2 ≤
∑
K∈Th

[
η̄K + oscK (f )

]2
Theorem

∃C > 0 independent of hK and κ:

η̄K ≤ C |||u − uh|||K̃ + C osc
K̃

(f )
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Example 1

−∆u + κ2u = f in Ω

u = 0 on ∂Ω

I Ω = (−1/2, 1/2)3

I f = cos(πx1) cos(πx2) cos(πx3)

I u =
cos(πx1) cos(πx2) cos(πx3)

3π2 + κ2
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Example 2

−∆u + κ2u = 1 in Ω

u = 0 on ∂Ω

I Ω = {(x1, x2, x3) : r < 1}

I r =
√

x2
1 + x2

2 + x2
3

I u(r , θ, φ) =
1− sinh(κr)

κ2r sinhκ

u =
1− r 2

6
for κ = 0
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Example 1 (fixed mesh)

Error estimators Effectivity indices
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NDOF = 29791 h = 0.03125 Ieff =
η

|||u − uh|||
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Example 2 (fixed mesh)

Error estimators Effectivity indices
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NDOF = 751 h = 0.425096 Ieff =
η

|||u − uh|||



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Example 1, uniform refinement, κ = 100

Error estimators Effectivity indices

27 343 3375 29791 250047
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Example 2, uniform refinement, κ = 100

Error estimators Effectivity indices

5 72 751 6690 59520 464432
10
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Conclusions
I Guaranteed upper bound

I Local efficiency

I Robustness

I No constants

I Explicit flux reconstruction

I Fast algorithm

Outlook
I Better reconstruction for small and intermediate κ

I Higher-order
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