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Introduction

Friedrichs’ inequality:
IVlliz@) < GellVviliz@) Vv € Ho(Q)
Vi) < G (IVVIZaqy + IVIEe)) Vv € HA(Q), BC Q
[vll2@) < CrlIVVl2@@ Vv e HY(Q), v=0o0nT C 9Q

Poincaré inequality:

Vi@ < GoliVvlizg v e HY(Q), /Qv 0

Trace inequality:

191y < G2 (IV VI + IVIay) v € HA(Q)
[vvllzgry < CrllVvllz@) Vv e HY(Q), TCc9Q, v=00ndQ\T
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Outline OXFORD

» Abstract theory

» Hilbert space setting
> eigenvalue problem
> abstract complementarity estimate

» Application to Friedrichs' inequality

» Application to trace inequality
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Abstract setting 0),43(0)23))

» V., H Hilbert spaces

» ~v:V — H linear, continuous, compact

Eigenproblem: Find A; € R, u; € V, u; # 0 such that
(ui,v)v = Ai(yui, ) Vv eV

Properties:

» A\; >0and yu; #0
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VI, 1

Proof: \; < < yvle <
lyvil VAL

vy WweVv O
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Upper bound on A; (Galerkin method)

vhcv

Discrete eigenproblem:
Find A" € R, ul € V", ul # 0 such that

(uf V") = A (yuf vy W e vh

Theorem: A\ < )\f

Proof: ) )
(A

oAvev V]2, = opmevs V]2,

AL =
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Lower bound on \;

Theorem
> u, € V, A\, € R arbitrary
»weV: (w,v)y=(u,Vv)y — M(yu, W)y YvevV

A1 — A« Al — A )
> < Vi=1,2,....
A1 _’ A ! T
> lwlly <A+ CB. B <Aluln
then
X22§)\17

A 5_ B
lyulln’ lyuln’

Xo =< (—a+ a2+4(>\*—ﬂ)>,
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Application to Friedrichs’ inequality

Notation and assumptions
> a(u,v) :/(VU)TAVvdx
Q
> A€ [L®(Q)]9*9 symmetric
> eTAX)E > M€]? VEERY, ae x€Q & I'p
> H#D(Q) ={veH(Q):v=00nTp}
» a(-,-) scalar product in H}D(Q)

> vz =a(v.v)



Application to Friedrichs’ inequality

Setting
> V =H! (), (u,v)v = a(u,v)
> H:L2( ), (u,v)y = (u,v)

> v H# (Q) — L%(Q) identity mapping,
compact by Rellich theorem

Conclusions
» 3Cg > 0: ||VHL2(Q) < Gpllv|la Vve H}D(Q)

» Cp = )\1_1/2, where A1 is the smallest eigenvalue:

N €R,0#ue H}D(Q) o (AVu,Vv) = Xi(uj,v) Vv e H#D(Q)



Friedrichs’ inequality — complementarity

Notation:
» H(div,Q) = {q € [L2(Q)]9 : divg € L3(Q)}
> all% = (Aq,q) a norm in [L2(Q)]¢

Theorem: If

> M eR, woe HL(Q)

> we H}D(Q) o a(w,v) = a(uy, v) — A(us,v) Vv e H}D(Q)
Then

Iwls < Vo — Atally +Ce | Ao + divallz@y Va € Wo,
A B

where Wo = {q € H(div,Q):q-n=0o0n Ny}




Choice of g € W (%;;) OXFORD

> A=A(q) =|[Vuf — Atq|a
B = B(q) = | \fuf + div q||2(q)
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Choice of g € W
> A=Aq) = [[Vu] — A 'q]a
B = B(q) = | \fuf + div q||2(q)

> Best choice: q°*' = arg min{A(q) + CrB(q)}
qeEWp
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Choice of g € W

> A=Aq) = [[Vu] — A 'q]a
B = B(q) = | \fuf + div q||2(q)
best — argmin{A(q) + CrB(q) }
qeEWp

Practical: q" = argmin{(1 + 0" 1)A%(q) + (1 + 0)(\) "' B?(a)}
qewy

v

Best choice: q

v

v

Woh C Wy Raviart-Thomas finite element space

v

Equivalent to
a"e Wl B(q",w") = Fw") wvw"e w}
where
B(q, w) = (divq, divw) LA (A q,w),

)\h
F(w) = Q(Vul,) (A{'u{ndivw)
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Application to trace inequality

Setting
» measy_1In >0
> V= H}D(Q), (u,v)v = a(u, v)
> H=L%(Tx), (u,v)n=(u,v)ry

> H}D (Q) — L?(T'x) trace operator,
compact, see e.g. [Kufner, John, Fugik, 1977]

Conclusions
> 3Cr >0: vl < Crlivila Vv e HE ()

» Cr = A;l/z, where A1 is the smallest eigenvalue:

NER,0#u € HE(Q):  (AVwY, Vv) = Ai(ui, v)ry Vv € HE(Q)



Trace inequality — complementarity

Iwll, < Aa) + CrB(a) Va € H(div, Q)

> A(q) = [Vu. — A7 afla + Grlldivall 2
B(a) = [[Asue — - nll2(ry)

Variants
» A(Q) = |Vu. — A qll4, Vg € H(div,Q), divg =0

> AQ) = [Vu. — A alla + Col dival 2
Vq € H(div,Q), [,divqdx =0

_ h .
> Al@) = [V, — A afla + m” div all2(q)
Vq € H(div,Q) : [, divgdx =0VK € 7,



UNIVERSITY OF

Friedrichs’ inequality — numerical example

V@) < GellAY29]| 20 D
Vv e HE (Q) . e
55 BN
A* 1
> AGase) = { e o2 S i

» ul e Vh={vhe H} L(Q): vilk € PYK), VK € Ty}
> q' e W = {w, € Wo: wy, € [PA(K)]?, VK € Tp}

» Adaptive algorithm
> Driven by ng = (140 1)[Vuy — A71q"|% «

+(1 4+ o)A HIM uf +diva®|[Z

CUP Clow

Cavg < ETOL

> Stopped if ERgL =
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Friedrichs’ inequality — numerical results

A | Glow G’ Erer.  Npor
0.001 | 9.0086 9.0939 0.94% 4832
0.01 | 2.8697 2.8971 0.95% 5003
0.1 | 1.0035 1.0124 0.88% 7866
11]0.5693 05743 0.86% 4802

10 | 0.3173 0.3201 0.88% 7866
100 | 0.2870 0.2897 0.95% 5003
1000 | 0.2849 0.2876 0.94% 4832

Note: Cp = 4/(7V/5) ~ 0.5694 for A* = 1.



Trace inequality — numerical results

Ivil2ry) < CTHAI/ZVV”LQ(Q) Yv € H}D(Q)
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A* | Clow Cr° Errr.  Npor
0.001 | 17.8110 17.9760 0.92% 5523
0.01 | 5.6490 5.7047 0.98% 5418
0.1 | 1.8433 1.8593 0.86% 7775

1] 0.7963 0.8033 0.88% 5499

10 | 0.5829 0.5880 0.86% 7775
100 | 0.5649 0.5705 0.98% 5421
1000 | 0.5632 0.5685 0.92% 5523

Note: Cp = /2/(mcoth7) ~ 0.7964 for A* =
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Conclusions ¥ OXFORD

» General method for two-sided bounds of principal eigenvalues

» Straightforward applications

» Guaranteed bounds if
» no round-off errors
» all integrals evaluated exactly
» domain (2 represented exactly
» Galerkin method requires exact solution of matrix eigenproblem

but complementarity does not.
A1 — A < ‘/\,-—)\*

Vi=12,....
Al )\i ! )&

» Crucial assumption:

Outlook
» Local construction of q
» Nonlinear and nonsymmetric problems

» Non-Hilbert case



Thank you for your attention

Tomas Vejchodsky lvana Sebestova

Faculty of Mathematics
> and Physics
* Charles University in Prague

Centre for Mathematical
Biology

AERSITY O Mathematical Institute
o> 400 University of Oxford

Institute of Mathematics
Academy of Sciences
Czech Republic

Applications of Mathematics 2013, Prague, May 15-17, 2013
in honor of the 70th birthday of Karel Segeth



