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Model problem OXFORD

Classical formulation:
—Au+rPu=f inQcR?

u=gy ondQ k>0
Weak formulation:
veV: B(uv)=(f,v)gq YveV
Linear FEM on d-dimensional simplices:
up € Vi B(up,vh) = (f,vh)a Yvy € Vp
Notation:
V = H3(Q)
B(u,v) = (Vu,Vv)q + £2(u, v)q

(f,v)a = [o fvdx
Vi ={vn € V:wlk € P(K),K € T}
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Main result

Upper bound:

lu— unl? <3 [nk(y) + oscx (F) + oscannon (gn)]?
KeTy
Vy € H(div,Q) 1y -n= I—IﬁgN onall y C 902N oK
Local efficiency:

m(y) < € (o = unllg + minfhi, 57} = NF

+min{hx, k12| gy — ﬂggNHmmaK) for a special y

v

Mic(y) = Iy = Vunlls x + 52Nk — £2up + divyllf «
OSCK(f) = min {hK/Tr, K,_l} ||f — anHO,K

v

v

osconnok (gn) = min{ CK, C"}lgn — N gnllagrok

v

Nkf e PY(K): (f—Nkf,p)k =0 Yy e PYK)
NSgn e P1(7):  (F—NKgn,0)y =0 Vo€ P(y)

v
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Flux reconstruction

» Compute robust inter-element fluxes gk
» gk = Vu-ngon dK
[Ainsworth, Babugka, 1999], [Ainsworth, Vejchodsky, 2011]

For all elements K with kpyx < 1 construct y£<1):

> y%)-nK:gK on 0K

> Tk — K2up + divy$d) =0

v

For all elements K with kpx > 1 construct yf):

> y&?)-nK:gK on 0K

» Correct asymptotic behavior w.r.t. h and &

v

v

YS<1) if KPpK < ]-7
ylk = { @ .
Y o ifrpk >1,
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Flux reconstruction #1

Definition:

1
yie) = Vo +yk +y?

d+1  d+1
Y}L( = - Z An Z R\'ym(xn) |v>\m’ tom
n=1 m=1
m#n
1 d+1 d+1
y}(g = m Z Z AmAntmnthvr(iK)
n=1 m=2 X4
m>n
Notation:
R = 8K — Vuh Nk
r=nNkf—rK2u, X3 x2
An ... barycentric coords in K 1o
tmn = Xm — X, ... edge vector X1

Xk ... barycentre of K
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Flux reconstruction #2

Definition:

Y§<) = Vup +yg

1
y,?\KW = —e "(x —xk)R(x1,...,x4-1) forally C IK
K

Notation:

R =gk — Vup-nkg
XK ... incentre of K
PK - .. inradius of K

T
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Example (cube) OXFORD
Error estimators Effectivity indices
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Trace constants 0):470)23D)

Neumann oscillations:

. K,k
oscaanak (gn) = min{Cf, C1 "} g — NX g lloanax
Trace theorems:

1
(1) [lv=Vlook < CF[|Vvlox VveHY(K) v=

|OK] Jak
K 1/2
(2) IVlloor < CR=(IVvIBk + m2lIvIE.) 2 Vv e HY(K)

vdx

Connection to eigenvalues:
> Cg = )\271/2, where Xy is the smallest positive eigenvalue:
u; € HI(Q) : (Vu,',VV)Q = )\,-(u,-, V)aQ Vv € HI(Q)
> Cg’” = )\1_1/2, where A1 is the smallest eigenvalue:
uj € Hl(Q) . (Vui, Vv)q + mz(u,-, v)a = Ai(ui, v)ea Vv € Hl(Q)

Two-sided bounds: [Sebestovd, Vejchodsky, preprint 2013]
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Trace constant (1) for triangles ‘2’ OXFORD

v —V]ook < CK|[Vv]ox YveEHY(K) V= [ vdx

Scaling: Ci = hy/>Cl,_,

Trace constants for triangles
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Trace constant (2) for triangles &2 OXFORD

1/2
IVlloox < C5 (IVVIZ  + 2IVIBK)Y? Wy € HY(K)

. —1y 12 K=l
Scaling: C " < max{l,k 1}/7 T: 1

Trace constants for triangles Trace constants for triangles
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Trace constant (2) for triangles g )

1/2
Ivloon < CI* (IVVIRk + ¥IvIE k) v € HY(K)

Numerical tests: C{f’” < _1/2h1/2CK " 1 for k > 1
Trace const. vs.x, triangles
2

10 e

10'

10°

C

o'}

1072
* a=1 =1

107} O a=1 =89 o
O 0=60 p=60

107l

10° 10" 10 10° 10* 10° 10°



UNIVERSITY OF

Conclusions 0).4:(0)23))

Fast flux reconstruction

v

v

Guaranteed upper bound on error

Robust for all values of s

v

v

Arbitrary dimension

v

Neumann b.c. require bounds for trace constants
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