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Outline

I VKBL model of circadian rhythms
I Deterministic and stochastic models

I Comparable behaviour for δR = 0.2

I Qualitatively different behaviour for δR = 0.05

I Explanation



VKBL model – parameters

αA = 50 h−1

α′A = 500 h−1

αR = 0.01 h−1

α′R = 50 h−1

βA = 50 h−1

βR = 5 h−1

γA = 1 mol−1 h−1

γR = 1 mol−1 h−1

γC = 2 mol−1 h−1

δA = 1 h−1

δR = 0.2 h−1

δMA
= 10 h−1

δMR
= 0.5 h−1

θA = 50 h−1

θR = 100 h−1

[Vilar, Kueh, Barkai, Leibler, 2002]



Deterministic and stochastic modelling

A
k−→ ∅

A(t) . . . number of molecules in time t, provided A(0) = n0

Law of mass action:

dA(t)/dt = −kA(t)

Gillespie stochastic simulation algorithm:
kA(t)dt . . . probability that a reaction occurs in [t, t + dt)

(a) r ∼ U(0, 1)

(b) α = kA(t), τ =
1

α
ln

1

r
(c) A(t + τ) = A(t)− 1

(d) t := t + τ , go to (a)



VKBL model – law of mass action

dDA/dt = θAD
′
A − γADAA

dD ′A/dt = −θAD ′A + γADAA

dDR/dt = θRD
′
R − γRDRA

dD ′R/dt = − θRD ′R + γRDRA

dMA/dt = α′AD
′
A + αADA − δMA

MA

dMR/dt = α′RD
′
R + αRDR − δMR

MR

dA/dt = βAMA + θAD
′
A + θRD

′
R

− A(γADA + γRDR + γCR + δA)

dR/dt = βRMR − γCAR + δAC − δRR

dC/dt = γCAR − δAC

Initial conditions:
DA = DR = 1 mol
D ′A = D ′R = MA = MR = A = R = C = 0 mol



Full system – solution of ODE
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Full system – Gillespie SSA
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Full system – comparison
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Full system – δR = 0.05 – solution of ODE
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Full system – δR = 0.05 – Gillespie SSA
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Full system – δR = 0.05 – comparison
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Full system – phase diagram

δR = 0.2 δR = 0.05
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Simplified system

Quasi-steady state assumptions:

dR/dt = βRM̃
s
R(R)− γC Ãs(R)R + δAC − δRR

dC/dt = γC Ã
s(R)R − δAC

Ãs(R) = 1
2 (α′Aρ(R)− Kd) + 1

2

√
(α′Aρ(R)− Kd)2 + 4αAρ(R)Kd

ρ(R) = βA
δMA

1
γCR+δA

, Kd = θA
γA

M̃s
R(R) =

α′
R

δMR
+

θR(αR−α′
R)

δMR
(θR+γR Ãs(R))

Simplified chemical system:

∅
k1−→←−
δR

R
k2−→←−
δA

C , k1 = βRM̃
s
R(R), k2 = γC Ã

s(R)



Simplified system – δR = 0.2 – two ODE
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Simplified system – δR = 0.2 – Gillespie SSA
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Simplified system – δR = 0.2 – comparison
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Simplified system – δR = 0.05 – two ODE
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Simplified system – δR = 0.05 – Gillespie SSA
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Simplified system – phase diagram

δR = 0.2 δR = 0.05
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Mean period vs. δR
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Mean period – δR = 0.05
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Conclusion

I Qualitatively different behaviour appears close to a bifurcation
point

I Bifurcation point of stochastic system seems to be around
δR = 0.001

I Low copy numbers of a chemical species =⇒ stochastic effects

I High copy numbers =⇒ stochastic and deterministic models
agree
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