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Mathematical theory of fluid dynamics

THERMAL SYSTEMS IN EQUILIBRIUM:
State variables: o, ¥
Thermodynamic functions: internal energy e = e(p, ), pressure
p = p(o,?), entropy s = s(o,)
m the entropy s can be viewed as an increasing function of the total
energy e,

os 1 -0
de ¥
m maximization of the total entropy

Sz/gsdx

over the set of all allowable states of the system yields the
equilibrium state provided the system is mechanically and thermally
insulated

m (Third law of thermodynamics) the entropy tends to zero when
the absolute temperature tends to zero

m the entropy remains constant in those processes, where the material
responds elastically
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Mathematical theory of fluid dynamics

GIBBS’ EQUATION AND THERMODYNAMIC STABILITY:

GIBBS’ EQUATION:

9¥Ds(0,9) = De(o,9) + p(0,9)D (;)

HYPOTHESIS OF THERMODYNAMIC STABILITY:

Ip(o,)
“oa > 0
de(o,7)

oY

>0

for any o, ¥ > 0
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Mathematical theory of fluid dynamics

BALANCE LAWS:

BALANCE LAW (WEAK FORM):

' d(t,x)0rp(t, x) + F(t,x) - Vep(t, x)) dx dt+ < s; ¢ >
A )

/do( Oxdx+//Fb ) dS, dt
o0

for any test function ¢ € C([0, T) x Q)
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Mathematical theory of fluid dynamics

BALANCE LAW (STRONG FORM):

Ord +divyF =sin (0, T) x Q, d(0,-) =dy, F-nlsa =Fp
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Mathematical theory of fluid dynamics

NAVIER-STOKES-FOURIER SYSTEM:

EQUATION OF CONTINUITY:

Oro + divy(ou) =0

MOMENTUM EQUATION:

O¢(ou) + divy(ou @ u) + Vip(p,9) = div,S + oV, F

ENTROPY EQUATION:

1 -V,
Ot(0s) + divy(osu) + divy (%) =3 (S :Vyu— q§>
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Mathematical theory of fluid dynamics

BOUNDARY CONDITIONS:

COMPLETE SLIP:

u- n|aQ = 0, [Sn] X n|aQ =0

No-sLIP:

u‘aQ =0

NO ENERGY FLUX:

q-njpe =0

Eduard Feireis| Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague

Asymptotic al



Mathematical theory of fluid dynamics

DIFFUSION FLUX, TRANSPORT COEFFICIENTS:

NEWTON’S RHEOLOGICAL LAW:

2
S = ,U,(VXU +Viu— §divxuﬂ) + pdiv,ul,

with the shear viscosity coefficient . and the bulk viscosity coefficient
n

FOURIER’S LAW:

q= 7HVX7-97

where « is the heat conductivity coefficient
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Mathematical theory of fluid dynamics

ENERGETICALLY CLOSED SYSTEMS

m p=p(o,9), e=e(o,?), s =s(o,9) are given functions satisfying
Gibbs’ equation and hypothesis of thermodynamic stability

m the state of the fluid at a given instant ¢t € (0, T) and a spatial
position x € Q C R® is determined through the state variables
0= o(t,x), 9 = 9(t,x), and u = u(t,x). The density g is a
non-negative measurable function, the absolute temperature ¢ is a
measurable function satisfying ¥(t, x) > 0 for a.a.
(t,x) € (0, T) xQ

m the total mass is a constant of motion,

M(t) = / o(t,”) dx = / 0o dx = M for a.a. t € (0, T),
Q Q

and so is the total energy

E(f)Z/Q<EQIUI2+96(9719)—9F) dx

1
= / (290|Uo|2 + 00€(00, Vo) — QQF> dx fora.a. t € (0, T)
Q
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Mathematical theory of fluid dynamics

m the time evolution of the system is governed by the following system
of equations (integral identities):

CONSERVATION OF MASS (RENORMALIZED):

;
/0 /Q (b(Q)atSO + b(o)u - Ve + (b(g) - b/(g)g)divxuw dx dt

. / b(20)2(0, ) dx
Q

for any test function ¢ € C>([0, T) x Q), for any b, b’ € C°[0, ),
and also for b(p) = o
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Mathematical theory of fluid dynamics

BALANCE OF MOMENTUM (WEAK):

T
/ / (gu - 0rp + o(u@u) : Vo + p(o, 19)divX<p> dx dt
o Ja

-
/ / (S: chp—QVXF~<p) dx dt—/ ooug - ©(0,-) dx
o Ja Q
for any test function ¢ € C°([0, T) x Q; R®)

If the complete slip boundary conditions are imposed, the space of
admissible test functions must be extended to C>°([0, T) x Q; R?),
¢-nlaga =0
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Mathematical theory of fluid dynamics

ENTROPY BALANCE (WEAK):

T
-V,
/ / (Qs(g,ﬂ)atgo + o0s(o,)u-Vyp + q 3 90) dx dt+ < ;¢ >
0o Ja

B _/ 005(00,70)¢(0, ) dx
Q

for any ¢ € C2°([0, T) x Q; R®), where the entropy production rate
o€ M*([0, T] x Q) satisfies

1
0'219<S:VXU_

q- V09
9
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Mathematical theory of fluid dynamics

m the viscous stress S is determined by Newton's rheological law, the
heat flux q satisfies Fourier's law
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Mathematical theory of fluid dynamics

EXISTENCE OF GLOBAL-IN-TIME SOLUTIONS:
HYPOTHESES:

[H1] the initial data gg, ¥, ug satisfy:
00,90 € L(Q), up € L™(Q; R?),
00(x) > 0,9(x) > 0 for a.a. x € Q

[H2] The potential of the driving force F belongs to W1>°(Q)

[H3] the pressure p = p(p,¥) is given by
_952p (L) L 2yt
plo.9) = 0P (5375 ) + 20%, a >0,
where
P € C'[0,00), P(0) =0, P'(Z) >0 forall Z>0,
5p(2) - P'(2)Z
V4
P2

m
Z—o0 Z5/3

0<

< cforall Z>0,

= Poo >0
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Mathematical theory of fluid dynamics

the specific internal energy e obeys

3195/2 0 94
ele.d) =3P (W) tay
0 ERVS
5(9’19):5<193/2)+ 30’
v 3P(2) - P'(2)
33P(Z2)-P(2)2
l __ >3
S(2) = 2 Z?

[H4] the transport coefficients y, 7, and & are continuously differentiable
functions of the temperature ¥ satisfying

p € WH[0,00), 0< p(l+9%) < p(d) < a(l+9%),
0 < n(9) <7m(1+9%),

where
1/2<a<1;

and
0 < k(1 +93) < k(¥) <R +97)

Eduard Feireis| Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague

Asymptotic analysis



Mathematical theory of fluid dynamics

GLOBAL-IN-TIME EXISTENCE THEOREM:

 Theoren

Let Q C R? be a bounded domain of class C*t¥ v > 0. Suppose that
the initial data oo, ¥o, ug satisfy hypothesis [H1] and that the driving
force potential F obeys [H2]. Furthermore, let the thermodynamic
functions p, e, and s be as in [H3], while the transport coefficients i, 1,
and k satisfy [H4].

Then the Navier-Stokes-Fourier system admits a weak solution o, ¥, and
u belonging to the class:

0 € L0, T; L53(Q)), ¥ € L>(0, T; LY(Q)) N L2(0, T; WH2(Q)),

8

L?(0, T; WH9(Q; R?)), q = :
ue 20, T, WHI(QRY), q= g
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Mathematical theory of fluid dynamics

A PRIORI ESTIMATES:

TOTAL DISSIPATION BALANCE:

/Q <;Q|u|2 + oe(0,9) — Jos(o, V) — 9F> (r,) dx+ 50[[0771 x ﬁ]

1 —
=/ <2Q0|uo2+Qoe(907190)—?9905(90a790) _QoF) dx
Q
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Mathematical theory of fluid dynamics

EXISTENCE THEORY: A PRIORI BOUNDS:

Energy bounds:

0€ L0, T; L53(Q)), 9 € L=(0, T; LY(Q))
Voue L0, T; L2(Q; R3))
Dissipation estimates:
9 € L2(0, T, WH3(Q)), u € L3((0, T; WH(Q; R®))

Pressure estimates:

p(e,¥) € L9((0, T) x Q2)), g >1
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Mathematical theory of fluid dynamics

COMPACTNESS OF TEMPERATURE:
Monotonicity of the entropy:

/OT/Q (955(98,195) - 955(95,19)>(198 ~9)dx dt >0

Entropy equation:

0s(0,9)9 = os(o,0) ¥

Renormalized continuity equation:

deb(0) + divy(b(o)u) + (b’(g)g - b(@))divxu =0

Young measure identity

Vt,x[b(«g)h(ﬁ)] = Vt,x[b(g)] Vt,x[h(ﬁ)]
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Mathematical theory of fluid dynamics

COMPACTNESS OF DENSITY:
Oscillations defect measure:

T
sup {Iim sup/ / | Te(o:) — Ti(o)|” dx dt| < oo, v > 8/3
k>1L e—=0 Jo Ja

T«(z) = min{z, k}
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Mathematical theory of fluid dynamics

Renormalized equation:

| (o040~ o) () ax

+ /OT /Q (rk(g)divxu - Tk(g)divxu> dx dt
- /Q (m* 9Lk(9)> (0,-) dx+
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Mathematical theory of fluid dynamics

Result of Lions on the effective viscous pressure:

R :[S]Tk(0) — R : [S] Ti(o) = p(0) Tk(0) — p(e) Tk(o) >0

where
2

R:[S] = 0,0, [uw) (ax,u,- +0,u — 3

diVXU(S,"j) }
Compactness of commutators:

IR [pth] = pR - Ullwer < cllU]i2pllwre, @>0, p>1

R:U= %divxu
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Long-time behavior

EQUILIBRIUM STATES:

m equilibrium solutions minimize the entropy production;

m equilibrium solutions maximize the total entropy of the system in the
class of all admissible states;

m all solutions to the evolutionary system driven by a conservative
time-independent external force tend to an equilibrium for large time.

TOTAL DISSIPATION BALANCE:

/Q (;Q|u|2 + oe(o,9) — Jos(0,9) — QF> (r,-) dx + 50[[077] x 5}

1 _
:/ <2QO|UO2+Qoe(907790)_?9905(90;790)_90’:) dx
Q
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Long-time behavior

STATIC STATES:

Vup(8,9) = 8V«F, 5> 0, ¥ = const >0 in Q,

| 3 ax=mo. [ (ze(a. )~ 9s(5.9) - 5F) dx = D[]

Positivity of the static density distribution:

[P]

0 ap(o, )

i > 0 for any fixed ¥ > 0.
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Mathematical theory of fluid dynamics Long-time behavior

Theorem

Let Q C R? be a bounded Lipschitz domain. Assume that the
thermodynamic functions p, e, and s are continuously differentiable in
(0,00)?, and that they satisfy Gibbs' equation , hypothesis of
thermodynamic stability, together with condition [P]. Let F € W>(Q).
Then for given constants My > 0, Ey, there is at most one solution 9, ¥
of static problem in the class of locally Lipschitz functions subjected to
the constraints

/Qg dx = My, /Q (ge(g, ) — @F) dx = Ey. (1)

In addition, ¢ is strictly positive in Q, and, moreover,

A@@@wzéwwmw

for any couple ¢ > 0, ¥ > 0 of measurable functions satisfying (1).
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Long-time behavior

CONSERVATIVE SYSTEMS, ATTRACTORS:
m Q C R? a bounded Lipschitz domain
m the structural hypotheses [H1] - [H4], with [P], are satisfied

m the (initial) values of the total mass My, the energy Ey, and the
entropy Sp are given

For any € > 0 there exists T = T(¢) such that
1(eu)(t, )l isr3(0:r2) < &,
lo(t,-) — dlls/30) < & fora.a. t > T(e)

[9(t, ) = I o) < €

for any weak solution {g,u,9} of the Navier-Stokes-Fourier system
defined on (0,00) x € and satisfying
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Long-time behavior

Jqo(t,) dx > M,
Jo (Golu? + ge(o,9) — oF ) (t,) dx < Eo,

essliminf._o [, 0s(0, 0)(t,-)(t,0) dx > Sp,

where §, 9 is a solution of the static problem determined uniquely by the

condition
/@ dx = / o dx,
Q Q

/Q(ée(éﬁ)—ﬁF) dX:/Q(;QuF—i—Qe(‘Q’ﬁ)_QF) dx
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Mathematical thec of fluid dynami

Long-time behavior

SYSTEMS DRIVEN BY A NON-CONSERVATIVE FORCE:

Let Q C R® be a bounded Lipschitz domain. Under the hypotheses [H1] -
[H4], [P], let {o,9,u} be a weak solution of the Navier-Stokes-Fourier
system driven by an external force f = f(x) on the time interval [Ty, 00),
where f # V,F.

Then

1
/ <2Q|U2 + 99(9,19)> (t,”) dx — o0 as t — oo.
Q
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Mathematical theory of fluid dynamics Long-time behavior

Assume that f = f(t,x), f € L>°((0, T) x Q; R3).
The either

1
/ <2Q"|2 + oe(o, ?9)) (t,-) dx — 00 as t — o0
Q

or
1
/ (29|u2 + ge(g,ﬁ)) (t,) dx < Ey fora.a. t > Ty
Q

for a certain constant E.,. Moreover, in the latter case, each sequence
Tn — 0O contains a subsequence (not relabeled) such that

f(1o + -, -) — V. F weakly-(*) in L°((0,1) x Q; R®)
for a certain F = F(x), F € W1>°(Q) that, in general, may depend on

the choice of {7,}72 ;.
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Long-time behavior

HIGHLY OSCILLATING DRIVING FORCES

e Q C R? a bounded (Lipschitz) domain

°
f=w(t)w(x), g >2
w € L*°(0,00), w # 0, sup / w(t) dt‘ < oo
7>01|J0
ou(t,-) — 0in LP(Q; R?)
o(t,-) — 0in LP(Q), My =7|9]
d(t,-) — 3 in LP(Q)

ast— oo
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Scale analysis

SCALED NAVIER-STOKES-FOURIER SYSTEM:

Sr d;0 + divk(pu) = 0,
1

. 1
Sr 9¢(ou) + divy(ou @ u) + @pr = e

1
div,S + — 0V ,F,
Fr? e

. 1 /q
Sr 9 (0s) + divi(osu) + Rlex(E) =o,

together with

d Ma? 5 a’
Sr a/{)(—z olu|* + o — — gF)dx-O,
1 /Ma? 1q -V,
> (== -
U‘ﬁ(ReSVX Pe o )
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BOUNDARY CONDITIONS:

u-n|59:O, [Sn] ><rl|aQ ZO, q~n‘3§2:0
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Scale analysis

CHARACTERISTIC NUMBERS:

A\ SYMBOL A DEFINITION A NAME
Sr Lyes/( Tret Uret) Strouhal number
Ma Uref/\/m Mach number
Re Oref Uref Lyer/ thref Reynolds number
Fr Uret/V/ Lret fret Froude number
Pe Pref Lrof Uret / (Ve ref ) Péclet number
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Scale analysis

Low MACH NUMBER LIMIT ON “LARGE” DOMAINS:

Scaled Navier-Stokes-Fourier system:
0ro + divy(ou) =0
1
O¢(ou) + divy(ou ® u) + ?VXp(g, ) = div,S(¥, Vxu)

9:(0s(0,9)) + divk(os(o, ?)u) + divy (W) =0,

with the total energy balance

d e 5
a 0 59‘“' +Q6(Q77.9) (tv') dx=0
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Scale analysis

Newton’s rheological law:

S(¥, Viu) = p(¥) (qu + Viu-— g]ldivxu> + n(9I divyu,

Fourier's law:

q(V, Vx0) = —K(9) V0,

Entropy production rate:

oo > % (528 L Vu+ ”gg)mm?) > 0.
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Scale analysis

Conservative boundary conditions:

u- n|396 = 0, [Sn] X n|aQE =0

q-njoe. =0

lll-prepared initial data:
9(07 ) =00e =0+ EQ(I),E’ 19(07 ) = 190,8 =9+ 519(]5,6
o, V>0, / 06 dx:/ 0. dx =0 forall £ >0
QE QE

{9(1)75}90, {19(1,,8}90 are bounded in L% N L>(Q.)

U(O, ) = Uoe
{ugc}e>0 is bounded in [2NL=(Q.; R%)
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Scale ana

Spatial domains:

Q c R%is an unbounded domain with a compact smooth boundary 9Q

Q. = Br(s) nQ

where B, (.) is a ball centered at zero with a radius r(e), with

lim er(e) = o0
e—0
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Scale analysis

TARGET SYSTEM:

0- — 0, Y. — U strongly in LP
u. — U weakly in [
V. — 1
€

— © weakly in LP

div,U =0
@(atu Fdivy(U® U)) + V0 = divy (u(9)V,U)

5¢,(2,7) (ate n divx(G)U)> —divy(k(0)V0) = 0
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Scale analysis

STABILITY OF STATIC EQUILIBRIA IN THE LOW MACH NUMBER LIMIT

Total dissipation balance:

[ (Gt + 5 [Hiten )~ (@ D)o ~ 0~ Hyle7)] ) () ax
+::205 0.7 x .| =

1 1 _ _
/Q (2Qo,a|uo,a|2 + = [%(Qo@ Yo,c) — OpHg(2,9)(00,e — 0) — Hy(0, 19)}) dx
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HELMHOLTZ FUNCTION:

Hs(0,0) = oe(e,¥) — Jos(o, )

m 0 — Hy(0,9) is a strictly convex function

m 9 — Hg(p0,9) is decreasing if ¥ < J and increasing whenever ¥ > 9
for any fixed o

Eduard Feireis| Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague

Asymptotic al



Scale analysis

COERCIVITY OF HELMHOLTZ FUNCTION:

For any
0<p<3<7?

there exists a positive constant A = A(p, 2, 1) such that

OH5(3,9 e
Hy(0,9) — (e — Q)iﬁa( )~ hy(2.)
1%
lo— 8P+ [0 —JPifo<o<p 9/2<V <20,
> A
oe(o,9) +9|s(o,9)| + 1 otherwise
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UNIFORM BOUNDS FOR ¢ — 0

h= [h]ess + [h]res> [h]ess = \U(Q€719€)h7 [h]res = (1 - W(Qeaﬁe))h

Ve (20,00, 0< W<,

VW = 1 in an open neighborhood of the point [g, J].
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UNIFORM BOUNDS:

{Qa - Q:|
ess sup e <c
te(0,7) € essI1[2(Q)
ess sup [95—9} <c
te(0,T) € res |1 15/4(Q.)
=]
ess sup _ <c
te(0,T) € essIl[2(Q,.)
=]
ess sup _ <c
te(0,T) € ess I [4(Q,)
ess sup||\/aullizaims) <
te(0,

Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague
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||0-6HM+([0,T]X§) < e%c

-
/0 HUEH%/VLZQE;RB) dt <c
T — 2
Y. —
/ — dt<c
0

€ W12(Q.;R3)
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Scale analysis

LIGHTHILL’S ACOUSTIC EQUATION:

“time lifting” X. of the measure o.:

<X p>=<ogle] >

1el(t, x) = /Otgp(z,x) dz for any p € L}(0, T; C(Q))
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LIGHTHILL'S EQUATION:

€0, Z. + div, V. = ediv,FL,
OV, + wV, Z. = g(divX]F’g‘ VL FE 4 %vxzs),
supplemented with the homogeneous Neumann boundary conditions
V. -njpg. =0

where

_ Oc — 0 AQ (5(955196) _S(Evﬁ)
w

A
) + Zsa VE = OcU¢
e [0

Fl _ AQ 5(987195) - 5(@, E) u. -+ A,‘{vx’ﬂe
: € f o w el

]Fg =S; — o:u: Q@ u,

F=uw (Qa §Q> + Ap. (5@8”98) —SW)) . (p(ee,ﬁa) —p(gﬁ))

2
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ACOUSTIC POTENTIAL:

Neumann Laplacean:

Ay, Ap[v] = Av, Viv-nlpa =0, v(x) — 0 as [x| — o0

D(Ay) = {w € 2(Q) | w € W?%(Q), V,w -n|sq = 0}

Limiting absorption principle:

sup Vo(=Ay—N)"1oV ,
A€C,0<a<Re[A]<B<o0, Im[A]#0 H ( ) HE[LQ(Q),L

(@) = o
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Acoustic potential:

o, = Apt[div,Ve],

£0:Z. + An®. = ediv,FL,

£0,0. + wZ. = eAy div,div,F2.
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Scale analysis

DUHAMEL’S FORMULA:

q)s(ta )

= oxp (+i2v/~4n) [AN[h ]+ F
+/Otexp (iit;s\/—TN) [AN[Hll +

(AN[H3] +

7] + i (ANW] e

[H]

\/7

F[H‘l])} ds
with {h}.>0 bounded in L2(),

{H!}.~ is bounded in L?((0, T) x Q)
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Mathematical thec >f fluid dynamics

Scale analysis

A RESULT OF KATO:

Let A be a closed densely defined linear operator and H a self-adjoint
densely defined linear operator in a Hilbert space X. For A\ ¢ R, let
Ru[A] = (H — XId)~! denote the resolvent of H. Suppose that

F— sup [A e Ry[A] o A*[v][|x < oo.
AER, veD(A*), |v]ix=1

Then -
sup f/ | Aexp(—itH)[w]||% dt < T2

weX, [wlix=1 2 J-co

Eduard Feireis|

Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague

Asymptotic analysis



Scale analysis

Application of Kato’s theorenm:

X =13(Q), H=+/—Ap, Alv] = pG(—=Ap)[v], v € X

G € C2°(0,00), ¢ € C°(Q) are given functions
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