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INCOMPRESSIBLE VISCOUS STATIONARY FLOW THROUGH A CASCADE OF
PROFILES - EXISTENCE OF A WEAK SOLUTION, TRANSFERABILITY OF
RESULTS FROM ONE PERIOD BACK TO ORIGINAL DOMAIN

Tomas Neustupa
Faculty of Mechanical Engineering, Czech Technical University, Prague

Introduction

We study the steady flow through a simplified plane cascade of profiles. The model of cas-
cade of profiles describes e.g. the flow through a turbine or thorough a general blade machine.
If we consider the intersection of the real 3D region filled by the moving fluid with a surface
defined along the streamlines of the flow, and expand the surface in thex1, x2–plane we will
naturally arrive at a 2D domain. The obtained two dimensional domain (denoted byD) is un-
bounded, however periodic in thex2–direction. Its complement inR2 consists of the infinite
number of profiles, numbered from−∞ to +∞. From the definition of the domain it is reason-
able to assume that the flow through the cascade is periodic in thex2–direction with the period
τ . Consequently, the problem then can be formulated in a bounded domain (Ω) of the form of
one space period and completed by the Dirichlet boundary condition on the inlet (Γi) and the
profile (Γw), a suitable natural boundary condition on the outlet (Γo) and periodic boundary con-
ditions on artificial cuts (Γ+,Γ−). In this paper we study the possibility to periodically extend
the weak solution obtained on one periodΩ to get the solution on the whole cascade. This is
necessary to legitimate the idea, to solve the problem analytically or numerically on just a part
of the infinite but periodical domain.
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Figure 1: One spatial period of the profile cascade

Used Equations and Boundary conditions

We assume that the fluid is viscous, stationary, incompressible and newtonian. For simplicity
we suppose that the unit system is chosen in such a way that the constant density of the fluid is
one. The conservation of momentum is described by the Navier-Stokes equations in the form
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(u · ∇)u = f − ∇p + ν ∆u, (1)

whereu (= (u1, u2)) is the velocity of the fluid andp the pressure in the fluid,f (= (f1, f2)) is
the density of the volume force and constantν > 0 is the kinematic viscosity. The conservation
of mass is described by the equation of continuity

div u = 0. (2)

We prescribe the inhomogeneous Dirichlet boundary condition on the inlet and the no slip
Dirichlet boundary condition on the profile:

u |Γi = g, u |Γw = 0. (3)

According to the definition of the model we suppose that the following conditions of periodicity
are fulfilled on the artificial boundariesΓ+ andΓ−:

u(x1, x2 + τ) = u(x1, x2) for (x1, x2) ∈ Γ−, (4)

∂u

∂n
(x1, x2 + τ) = −∂u

∂n
(x1, x2). for (x1, x2) ∈ Γ−, (5)

p(x1, x2 + τ) = p(x1, x2) for (x1, x2) ∈ Γ−. (6)

We use the the nonlinear form of the do-nothing type of boundary condition proposed Bruneau
and Fabri.

−ν ∂u

∂n
+ p · n − 1

2
(u · n)− u = h on Γo (7)

wheren is the outer normal vector andh is a given function. Fora ∈ R we seta+ = (|a|+a)/2
and a− = (|a| − a)/2.

Weak formulation

We denote byH1(Ω) the usual Sobolev space of functions defined a.e. inΩ. The space of
vector–functions (with values inR2), whose each component belongs toH1(Ω), is denoted by
H1(Ω)2. Furthermore,V denotes the space of vector–functionsv = (v1, v2) ∈ H1(Ω)2 such
thatdiv v = 0 a.e. inΩ, v = 0 a.e. inΓi∪Γw andv(x1, x2+τ) = v(x1, x2) for a.a.(x1, x2) ∈ Γ−.
(The conditions on the curvesΓi, Γw andΓ− are interpreted in the sense of traces.) We equip
the linear spaceV by the norm|||v||| := (

∫
Ω

∑2
i,j=1 ( ∂vi

∂xj
)2 dx)1/2 which is equivalent to the

norm of the spaceH1(Ω)2. In order to derive formally the weak formulation of the problem, we
multiply equation (1) by an arbitrary test functionv = (v1, v2) ∈ V , integrate inΩ, apply the
Green’s theorem and use all the boundary conditions (3)–(7). We obtain∫

Ω

f · v dx = ν

∫
Ω

2∑
i,j=1

∂ui
∂xj

∂vi
∂xj

dx +

∫
Ω

2∑
i,j=1

uj
∂ui
∂xj

vi dx +

∫
Γo

1

2
(u · n)− u · v dS

+

∫
Γo

h · v dS, v ∈ V. (8)
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In order to simplify its form, we introduce the following notation: foru = (u1, u2), v = (v1, v2),
w = (w1, w2) ∈ H1(Ω)2, we put

a1(u,v) := ν

∫
Ω

2∑
i,j=1

∂ui
∂xj

∂vi
∂xj

dx, a2(u,v,w) :=

∫
Ω

2∑
i,j=1

uj
∂vi
∂xj

wi dx,

a3(u,v,w) :=

∫
Γo

1

2
(u · n)− v ·w dS,

a(u,v) := a1(u,v) + a2(u,u,v) + a3(u,u,v),

(f ,v) :=

∫
Ω

f · v dx, b(h,v) := −
∫

Γo

h · v dS.

Obviously, all these forms are well defined foru, v, w ∈ H1(Ω)2, f ∈ L2(Ω)2 and
h ∈ L2(Γo)

2. Now the identity (8) can shortly be written as

a(u,v) = (f ,v) + b(h,v), v ∈ V. (9)

Let the functiong, appearing in the boundary condition (3), belongs toHs(Γi)
2 for s ∈ (1

2
, 1〉

andg(A1) = g(A0). (Let us recall thatA0 andA1 are the end–points ofΓi.) Let f ∈ L2(Ω)2

andh ∈ L2(Γo)
2 be given functions. We seek a vector functionu ∈ H1(Ω)2 which satisfies

the equation of continuity (2) a.e. inΩ, the boundary conditions (3) in the sense of traces onΓi
(respectively onΓw), the condition of periodicity (4) a.e. onΓ− and such that identity (9) holds
for all test functionsv ∈ V . The solutionu of this problem is calleda weak solutionin the
domainΩ. Now let us suppose that we have a weak solutionu ∈ V to the problem (1)–(7). The
existence of such a weak solution is proved for e.g. in [2] or in [3] for nonstationary problem.

The extension of the weak solution fromΩ to D

The next theorem shows that the weak solution in the unbounded domainD can be obtained
by means of an appropriate extension of the weak solution in the domainΩ.

Theorem 1: Letu be a weak solution of problem in the domainΩ. Then the periodic extension
(with periodτ ) in the variablex2 of the functionu onto the domainD is a weak solution of
problem inD.

Proof. We can naturally extend all functions appearing in the weak formulation of the problem
in the domainΩ asτ–periodic functions in the variablex2. Because of simplicity the extended
functions will be denoted by the same symbols. Thus, the functionf is now defined a.e. inD,
the functiong is defined a.e. inGi and the functionh is defined a.e. inΓo. Clearly, the extended
functionsf andh fulfill the assumptions. It can be easily shown that the extended functiong
also fulfills the assumptions.

A function fromH1(Ω), extendedτ–periodically in variablex2, need not generally belong
toH1(D′) for an arbitrary bounded sub–domainD′ of D. In the sequel we shall show that the
extended functionu, however, has this property. Obviously, due to the periodicity ofu in the
x2–direction, it is sufficient to verify thatu (precisely, its restriction onΩ0 ∪Γ− ∪Ω−1) belongs
toH1(Ω0 ∪ Γ− ∪ Ω−1).
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The functionu has generalized first order derivatives∂u/∂xi (i = 1, 2) in domainsΩ0

andΩ−1 and these derivatives are square integrable both inΩ0 andΩ−1. To verify thatu ∈
H1(Ω0 ∪ Γ− ∪ Ω−1), we need to show that the functionDiu, defined by

Diu(x) =


∂u

∂xi
(x) for x ∈ Ω0,

∂u

∂xi
(x) for x ∈ Ω−1,

is a generalized derivative ofu in the unionΩ0∪Γ−∪Ω−1. Thus, suppose thatϕ ∈ C∞0 (Ω0∪Γ−∪
Γ−1)2. Then, denoting byn0,i thei–th component of the outer normal vector to the boundary of
Ω0 on the curveΓ− and byn−1,i thei–th component of the outer normal vector to the boundary
of Ω−1 on the curveΓ−, we have∫

Ω0∪Γ−∪Ω−1

Diu ·ϕ dx =

∫
Ω0

∂u

∂xi
·ϕ dx +

∫
Ω−1

∂u

∂xi
·ϕ dx

=

∫
Γ−

T0u ·ϕn0,i dS −
∫

Ω1

u · ∂ϕ
∂xi

dx +

∫
Γ−

T−1u ·ϕn−1,i dS

−
∫

Ω−1

u · ∂ϕ
∂xi

dx = −
∫

Ω0∪Γ−∪Ω−1

u · ∂ϕ
∂xi

dx. (10)

(We have denoted byT0u the trace ofu on Γ− as the trace of a function fromH1(Ω0)2 and by
T−1u the trace ofu on Γ− as the trace of a function fromH1(Ω−1)2.) Due to the periodicity
condition (4), both the traces onΓ− coincide, i.e.T0u = T−1u on Γ−. Moreover,n0,i = −n−1,i

on Γ−. Hence, ∫
Γ−

T0u · ϕn0,i dS +

∫
Γ−

T−1u · ϕn−1,i dS = 0.

If we use this equality in (10), we can observe thatDiu is a generalized derivative of functionu
with respect toxi in Ω0 ∪ Γ− ∪Ω−1. The square integrability of functionDiu in Ω0 ∪ Γ− ∪Ω−1

now follows from the definition ofDiu and from the square integrability of∂u/∂xi in Ω0 and
in Ω−1.

To prove thatu is the solution of problem in domainD, we must show that functionu,
moreover, fulfills the integral identity (8) rewritten for domainD for an arbitrary acceptable test
functionw inD (i.e. a test functionw that is an element ofH1(D′)2, whereD′ ⊂ D is compact,
w has zero traces onGi andGw, its divergence is equal to zero a.e. inD and it has a compact
support inD ∪ Go). Due to the periodicity ofu, f , g andh in thex2–direction, it is sufficient
to consider only such test functionsw ∈ C∞(D)2 that have a compact support inD ∪ Go. It
means that we can work only with test functionsw such thatw(x1, x2) = 0, if |x2| > K(w),
whereK(w) is a positive constant depending onw. The validity of (8) rewritten for domainD
for w ∈ H1(D)2 having a compact support inD∪Go can afterwards be proven by means of an
appropriate limit procedure. (We can use the density of the space of all infinitely differentiable
test functionsw with the described properties in the space of test functionsw ∈ H1(D)2.)

First let us show the validity of (8) rewritten for domainD for a smooth admissible test
functionw that equals zero outsideΩ0 ∪ Ω−1.
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Lemma 2: Suppose thatu is a function which satisfies the assumptions of Theorem 1. Then
u fulfills the integral identity (8) rewritten for domainD for each test functionw ∈ C∞(D)2

such thatw = 0 onGi ∪Gw, div w = 0 in D andw = 0 in D − (Ω0 ∪ Ω−1).
Proof. Functionu is a weak solution in the domainΩ ≡ Ω0. Hence,∫

Ω0

f · v dx = ν

∫
Ω0

2∑
i,j=1

∂ui
∂xj

∂vi
∂xj

dx +

∫
Ω0

2∑
i,j=1

uj
∂ui
∂xj

vi dx

+

∫
Γo

1

2
(u · n)− u · v dS +

∫
Γo

h · v dS. (11)

for each test functionv ∈ V . We shall prove the validity of (8) rewritten for domainD with a
test functionw, satisfying the assumptions of Lemma 2. Sincew can differ from zero only in
Ω0 ∪Ω−1, we can integrate only overΩ0 ∪Ω−1 instead ofD. Thus, (8) rewritten for domainD
takes the form∫

Ω0∪Ω−1

f ·w dx = ν

∫
Ω0∪Ω−1

2∑
i,j=1

∂ui
∂xj

∂wi
∂xj

dx +

∫
Ω0∪Ω−1

2∑
i,j=1

uj
∂ui
∂xj

wi dx

+

∫
B−1B1

1

2
(u · n)− u ·w dS +

∫
B−1B1

h ·w dS. (12)

The integrals onΩ0 ∪ Ω−1 are equal to the sum of two integrals onΩ0 and onΩ−1. Similarly,
the integrals on the line segmentB−1B1 are equal to the sum of two integrals on line segments
B−1B0 andB0B1. (The line segmentB0B1 coincides withΓo.) The integrals overΩ−1 (respec-
tively alongB−1B0) can easily be transformed (just shifting the system of coordinates) to the
integrals overΩ0 (respectively alongB0B1). We can show it, for example, in the case of the first
integral on the right-hand side of (12):∫

Ω−1

2∑
i,j=1

∂ui
∂xj

(x1, x2)
∂wi
∂xj

(x1, x2) dx =

∫
Ω0

2∑
i,j=1

∂ui
∂xj

(x1, x2 − τ)
∂wi
∂xj

(x1, x2 − τ) dx

=

∫
Ω0

2∑
i,j=1

∂ui
∂xj

(x1, x2)
∂wi
∂xj

(x1, x2 − τ) dx.

(We have used theτ–periodicity of functionu in variablex2.) If we apply the same procedure
to all integrals overΩ−1 or alongB−1B0 in (12) and then sum the integrals overΩ0 and along
B0B1, we obtain ∫

Ω0

f · v dx = ν

∫
Ω0

2∑
i,j=1

∂ui
∂xj

∂vi
∂xj

dx +

∫
Ω0

2∑
i,j=1

uj
∂ui
∂xj

vi dx

+

∫
Γo

1

2
(u · n)− u · v dS +

∫
Γo

h · v dS, (13)

wherev(x1, x2) = w(x1, x2) + w(x1, x2 − τ) for (x1, x2) ∈ Ω0. This identity is of the same
form as (8). In order to verify that (13) holds, we need to show that functionv used in (13) has
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all the properties required in (8), i.e. thatv ∈ V and then the validity of (13) will immediately
follow from (8). Due to the assumption thatw = 0 outside(Ω0 ∪Ω−1) and the continuity ofw,
we havew(x1, x2 ± τ) = 0 for (x1, x2) ∈ Γ−. This implies thatv satisfies, for(x1, x2) ∈ Γ−,
the condition of periodicity in thex2–direction:

v(x1, x2 + τ) = w(x1, x2 + τ) + w(x1, x2)

= w(x1, x2) + w(x1, x2 − τ) = v(x1, x2).

Thus,v ∈ V , (13) is satisfied and consequently, the identities (12) and (8) (rewritten forD) are
also satisfied. []

Suppose further thatw is an infinitely differentiable divergence–free vector function inD,
equal to zero onGi and onGw, and such thatw(x1, x2) = 0 if |x2| > K(w). In order to
complete the proof of Theorem 1, we need one more lemma.

Lemma 3: Let a functionw satisfy the above assumptions. Then there exists a functionψ ∈
C∞(D) (the so-called “stream function”) such that

a) ψ(x1, x2) = 0 for |x2| > K(w),

b) w1 =
∂ψ

∂x2

, w2 = − ∂ψ
∂x1

in D.

Proof. We can choose an integerN so large thatw = 0 in Ωi for all i ∈ Z such that|i| ≥ N .
Let us denote

DN = Ω−N ∪
N⋃

k=N−1

(
Ωk ∪ Γk

)
.

DN is a bounded domain. Its boundary∂DN has the following components:

a) the line segmentA−NAN (which lies on the straight lineGi),

b) the curvesΓ−N andΓN+1,

c) the line segmentB−NBN (which lies on the straight lineGo)

d) and the curvesCi for i = −N, . . . , N .

Theorem 3.1 in [5], page 37, provides the existence of a functionψ ∈ C∞(DN) such that

w1 =
∂ψ

∂x2

, w2 = − ∂ψ
∂x1

in DN . (14)

(An analogous theorem can be found in [4].) Due to the smoothness of the functionψ in DN ,
that first formula in (14) also holds on the open line segmentA−NAN . Since the functionw1

equals zero on this line segment, the derivative ofψ with respect tox2 also equals zero and
consequently, the functionψ is constant on the line segmentA−NAN . The constant can be
chosen to be zero because the functionψ is given uniquely up to an additive constant. Using the
identity w = 0 and the second formula in (14) inΩN and inΩ−N , we can derive thatψ = 0 in
both domainsΩN andΩ−N . (Sincew2 = 0 = − ∂ψ

∂x1
andψ = 0 onA−NAN ).
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If we extend functionψ from domainDN onto the whole domainD by zero, we obtain a
function with all the properties stated in Lemma 3. []

Continuation of the proof of Theorem 1. Let us denote byη an infinitely differentiable func-
tion of one variable defined in the interval(−∞,+∞) such that its support is contained in
(−τ, τ), its range is[0, 1] and

η(x2) + η(x2 + τ) = 1 for x2 ∈ [ − τ, 0]. (15)

−τ

6x2

τ

-
x1

1

0

Fig. 3 (the example of functionη)

If N is an integer then

+N∑
k=−N

η(x2 + kτ)


= 0 for x2 ∈

(
−∞,−(N + 1)τ

]
∪
[
(N + 1)τ,+∞

)
,

∈ [0, 1] for x2 ∈
[
−(N + 1)τ,−Nτ

]
∪
[
Nτ, (N + 1)τ

]
,

= 1 for x2 ∈
[
−Nτ,Nτ

]
.

(In the first case,x2 + kτ is outside the interval(−τ, τ) for all k = −N, . . . , N . In the second
case, just one of the pointsx2 + kτ belongs to(−τ, τ). In the third case, just two of the points
x2 + kτ find themselves in the region whereη 6= 0 and the sum of the function values ofη at
these points equals one due to (15).)

Further, we putζ(x1, x2) := η(x2 − γ(x1)). We can observe that

+N∑
k=−N

ζ(x1, x2 + kτ)


= 0 for (x1, x2) ∈ Ωi; |i| ≥ N + 1,

∈ [0, 1] for (x1, x2) ∈ ΩN ∪ Ω−N ,

= 1 for (x1, x2) ∈ Ωi; |i| < N.

(16)

(In the first case,x2 + kτ − γ(x1) is outside the interval(−τ, τ) for all k = −N, . . . , N . In
the second case, just one of the pointsx2 + kτ − γ(x1) belongs to(−τ, τ). In the third case,
just two of the pointsx2 + kτ − γ(x1) are in the region whereη 6= 0.) Obviously, the functions
ζ(x1, x2 + kτ) represent an appropriate partition of unity.
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If N is the same number as in the proof of Lemma 3, thenψ = 0 in Ωi for |i| ≥ N and

ψ(x1, x2) = ψ(x1, x2)
+N∑

k=−N

ζ(x1, x2 + kτ) for (x1, x2) ∈ D. (17)

Fork ∈ Z we define, a vector functionwk ≡ (wk1 , w
k
2) by the formulas

wk1(x1, x2) :=
∂

∂x2

[ψ(x1, x2) ζ(x1, x2 + kτ) ],

wk2(x1, x2) := − ∂

∂x1

[ψ(x1, x2) ζ(x1, x2 + kτ) ].

The functionw0 differs from zero only inΩ0 ∪ Ω1. By analogy, the functionwk (for a general
k ∈ Z) differs from zero only inΩk ∪ Ωk+1 andw−k differs from zero only inΩ−k ∪ Ω−k−1.
From (17) it follows that

w(x1, x2) =
+N∑

k=−N

wk(x1, x2)

for (x1, x2) ∈ D.
Now we use this functionw in the integral identity (8) rewritten for domainD. Obviously,

if this identity is separately satisfied for each functionwk (k = −N, −N + 1, . . . , N ), then it
is also satisfied for the test functionw.

The identity (8) rewritten for domainD, with the test functionwk, has the form∫
D

f ·wk dx = ν

∫
D

2∑
i,j=1

∂ui
∂xj

∂wki
∂xj

dx +

∫
D

2∑
i,j=1

uj
∂ui
∂xj

wki dx

+

∫
Go

1

2
(u · n)− u ·wk dS +

∫
Go

h ·wk dS.

In order to simplify the integrals, we use the substitutionx1 = x̄1, x2 = x̄2 + kτ . If we denote
x̄ = (x̄1, x̄2), w̄k(x̄1, x̄2) = wk(x1, x2−kτ) and use the equalityu(x̄1, x̄2) = u(x1, x2−kτ) =
u(x1, x2) (following from the periodicity of the functionu), we obtain,∫

D

f · w̄k dx̄ = ν

∫
D

2∑
i,j=1

∂ui
∂x̄j

∂w̄ki
∂x̄j

dx̄ +

∫
D

2∑
i,j=1

uj
∂ui
∂x̄j

w̄ki dx̄

+

∫
Go

1

2
(u · n)− u · w̄k dS +

∫
Go

h · w̄k dS. (18)

Functionw̄k differs from zero only inΩ0 ∪ Ω−1 and fulfills all the assumptions put on a test
function in Lemma 2. Thus, we can apply Lemma 2 and we see that identity (18) holds. This
completes the proof. []

Conclusion.The presented result shows that its legal to study analytically or numerically
just one period of the cascade of profiles. The obtained result can be extended to get the weak
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solution to the whole infinite domain. This is very important for numerical calculations. Similar
result can be obtained for classical solution.
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