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Abstract: We prove an L7 theory result for generalized Stokes system on a C%! domain complemented
with the perfect slip boundary conditions and under ®—growth conditions. Since the interior regularity was
obtained in [3], a regularity up to the boundary is an aim of this paper. In order to get the main result, we use
Calderén—Zygmund theory and the method developed in [1]. We obtain higher integrability of the first gradient
of a solution.
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1 Introduction

This paper is concerned with steady flows of an incompressible fluid in a domain  C R", described by the
system of equations

—divS(Du) + Vr =divF  in Q, (1.1)
divu=0 1in €,
u-v=0, [S(Du)v]-7=0, ond,

where u = (ug,...,u,) is the velocity, 7 represents the pressure, div F' stands for the density of volume forces
and S denotes the extra stress tensor. The symmetric part of the velocity gradient is denoted by Du, i.e.
Du = %[Vu + (Vu)T]. By v we denote an outward normal vector and 7 stands for any tangent vector to 5.
The boundary conditions (1.3) are sometimes called perfect slip boundary conditions. We would like to remark
that homogeneous Dirichlet boundary conditions and perfect slip boundary conditions are limit cases of Navier’s
slip boundary conditions:

u-v=0, aSDuy] -7+ (1-a)u, =0, «a€cl0,1], ondf.

We assume that we can construct the scalar potential @ : [0, 00) — [0,00) to the stress tensor S, i.e.

A yaermn 4 £0. (1.4)

Sij(A) = 0B (|A]) = @'(|A]) ] sym

By f ~ g we mean that there are positive constants ¢ and C such that cf < g < Cf. We require the following
assumption to be fulfilled:

Assumption 1.1. Suppose that ® € C1(0,00) NCL0,00) is an N-function, ® € A, ®* € Ay and
D' (s) ~ s®"(s) holds for all s > 0.

Some results are obtained under additional assumption that ®”(s) is almost monotone, i.e. there exists
C > 0 such that for all s € (0,t] either ®"(s) < C®”(t) (almost increasing) or ®”(s) > C®”(t) (almost
decreasing). If we consider power-law models, this situation corresponds to the case that we need to distinguish
p>2andpe (1,2].
Assumption 1.1 gives non-standard ®—growth conditions, see [2, Lemma 21]. Specifically, there are constants
C,c > 0 such that for all A, B € R{ 7 holds
(S(4) = S8(B)) - (A= B) > C"(|A] +|B|)|A - BJ,

S(4) — S(B)| < c®”(|A| + |B)|A - B. (15)
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In this paper we use standard notation for Lebesgue spaces (LP(R2), || -|,), Sobolev spaces (W*?(Q), |- [|x.p),
1 < p < oo, k €N, Orlicz spaces (L*(), || - ||l¢) and Orlicz-Sobolev spaces (W®(Q), || - [1.6), & C R" is a
domain and Q € C*!. We define!
WEP(Q)" = {p; e WH*(Q),i=1,...,n, ¢ -v =0 on 9N},
WEE(Q)" = {p € WEP(Q)", divy =0 in Q}.
We begin with the definition of the weak solution of the problem (1.1), (1.2) and (1.3).
Definition 1.2. We say that the pair (u,7) € Wh®(Q)" x L*"(Q) is a weak solution to (1.1), (1.2) and (1.3)
if
/ S(Du):Dpdx — / mdivepdr = / F:Vepdz
Q Q Q

holds for all p € WE2(Q)™.

It is well known that the weak solution exists and is unique. It could be easily proven using the monotone
operator theory.

Before stating our main result, we define function V' and N-function ¥ (for the notion of an N-function
and some properties see Section 2) which are very well suited for expressing differentiability properties of weak
solutions. Definition of the function V' in the framework of Orlicz spaces was first given in [2].

For given ® we define the N-function ¥ by

Yis) _ [ 20)

= _— ]..
. . (1.6)
and we define V(A4) such that W(|A|) is a scalar potential to V(A), i.e.
A
Vii(A) :=0;;V(|A]) = V' (JA]) =2 VAeRI:, A#0. (1.7

4] o

It is shown in [2, Lemma 25] that
V() ~ \/®"(s). (1.8)

Example 1.3. Let us mention that growth conditions (1.5) allow us to consider models with a great deal of
disparity, for example power-law models (including the singular case)

. | Du| s
S(Du) = (1 + D) D, @(Du) = po [ (14+5) 5 s,
0
|Dul
S(Du) = jio(1 + |Dul)P~2Du, (| Du|) = Mo/ (14 s)P~2sds,
0
| Dul
S(Du) = mo|DuP 2Dy, H(Du) =pa [ s,
0
where o € RT and p € (1,00). In this case the function V and N-function VU have following structure:
p—2 |Du\ p—2
V(Du) = po(1 4 |Du|*) = Du, ¥(|Dul) = uo/ (14 5% sds,
0
b2 | Du| -
V(D) = o1+ [Du) 5 D, W(|Dul) = o [ (14 )" s,
0
p—=2 | Dul P
V(Du) = po|Du| = Du, ¥(|Du|) = ,uo/ s2 ds.
0

Before formulating the main result we would like to mention some previous results which motivated us to our
work. In [7] T. Iwaniec showed L? theory result for linear problem based on local comparison with the solution
to the problem with the zero right hand side. He proved that the regularity properties of solutions transfers from
the homogeneous problem to the original one. One year later in [8] he extended this result also for p—Laplace
equations. Among lots of papers based on the comparison problem we mention especially [1]. The approach of
L. Caffarelli and A. Peral presented in [1] will be used to prove our main result. In connection with Orlicz spaces
we refer to [14], for results concerning the problem with growth described with variable exponent c.f. [6]. To

1 As we use the notation W;’(P(Q)” for vector-valued functions with components in the function space Wal’(P(Q), we use analog-
ically the notation W;"I)(Q)"X" for tensor-valued functions.
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our knowledge the first result about L? regularity for Stokes type system with growth described by N-function
was given in [3]. L. Diening and P. Kaplicky showed interior L? regularity of generalized Stokes system in R?
under Assumption 1.1. The key part of the proof was Theorem 3.2, where for the problem with zero right hand
side gradient of function V(Du) is controlled by oscillations of V(Du). In [11] the authors showed that, for
the Stokes type problem with non-zero right hand side under homogeneous perfect slip boundary conditions,
gradient of function V' (Du) is controlled by the constant from the first apriori estimate. They presented the
global result based on a different approach than it is used in this paper. Instead of flattening the boundary
and reflection the solution beyond the boundary in a suitable way they worked on a general boundary from the
beginning.

The main result of this paper concerns with higher integrability of the first gradient of solutions to (1.1) —
(1.3). In order to write down a local estimate, we use a function H, r which describes the boundary on some
neighborhood of a point z € 92. The precise definition of a function H can be found on the beginning of the
Section 4.

Theorem 1.4 (Main Result). Let Q C R™ be a C*' domain, Assumption 1.1 be fulfilled and u be a weak
solution to (1.1)~(1.3). Let xg € OQ be arbitrary. Then there exist neighborhoods V., and Uy, of point x¢ such
that Uy, C Vz, and following implication holds

(@*(|F[) € L1(Vay)) = (®(|Dul) € L (Us,))

provided q € (1,00) forn =2 and q € (1, %), resp. q € (1, % + 5) for n >3 and some § > 0 in case "
s almost monotone.

Moreover, for a cube Q C Rl and R > 0 sufficiently small, it holds

q
][ B(|Vul)? dz < ¢ ][ q>(|u\)qu+][ &*(|F|)? dz + ][ o(Vu)de ) |,
H:EO,R(Q) HwO,R(4Q)mQ HJO,R(4Q)QQ H:CO,R(Q)

(1.9)

This theorem provides a local regularity of solution near boundary. However, the interior regularity of
solution was proven in [3] and thus one may easily derive global regularity of solution as well as global estimates
in case (2 is a bounded domain.

The method of the proof is basically the same as in [3] and it is based on the approach published in [1].
The validity of two hypothesis (H1’) and (H2) from [1] has to be shown. The paper is organized as follows.
In Section 2 we remind some basic properties of Orlicz spaces which are needed later. In this section, we also
introduce a generalization of Lemma 1.3 from [1].

Section 3 is devoted to the homogeneous system near the flat boundary and also the hypothesis (H1’) is
verified there. Instead of working on the general smooth boundary like in [11], we use the special structure of
perfect slip boundary conditions in order to extend the solution in a suitable way beyond the flat boundary.

Finally, in Section 4 we flatten the general C?! boundary and we complete the proof of the main theorem
by showing the validity of hypothesis (H2). Unlike the usual comparison problem we compare the properties of
homogeneous system on a flat boundary with non-homogeneous system on a general boundary.

2 Preliminaries

A real function ® : Rt — R* is called N-function if the derivative ®' exists and is right continuous for s > 0,
positive for s > 0, non-decreasing and satisfies ®'(0) = 0 and lim,_, - ®’(s) = co. N-function & is said to satisfy
the Ag—condition, denoted ® € A,, if there exists a positive constant C, such that ®(2s) < C®(s) for s > 0.
By A2(®) we denote the smallest such constant C.

By (®)7!: Rt — Rt we denote the function

(@) "1(s) ;= sup{t € RT : ®'(¢t) < s}.
The complementary function of ¢ is defined as
d*(s) 1= / (@) ~L(¢) dt.
0
It is again an N-function and for all 6 > 0 there exists ¢(d) > 0 such that for all s,¢ > 0 holds so called Young’s

inequality
st < 6P(s) + ¢(6)D*(¢). (2.1)
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For a measurable function f we can define gauge norm as

1£llo ::inf{)\>0:/9<1><|f(/\x)|> dxgl}.

The Orlicz space L®(Q) is defined as the set {f : ||f|le.o < oo}. It holds
O* (D' (s5)) ~ D(s). (2.2)

For more details concerning Orlicz spaces see for example [13]. So called shifted N-function ®, is for a > 0
defined as follows

D/ (s) = <I>’(a+s)aj_8. (2.3)

This basically states that ®//(s) ~ ®”(a + s). Moreover, {®,, %} € Ay uniformly in a, see [2, Appendix].
For the average integral we use the notation

(o =]éfdx= gﬂ/Qfdx-

Now we collect several useful lemmas which will be used later.

Lemma 2.1 (Shift change). [4, Lemma 5.15] Let ® fulfill Assumption 1.1. Then for any § > 0 there exists
¢(0) > 1 such that for all A,B € R"*™ and s >0

@141(5) < e(5)@15(5) + 3|V (4) - V(B)P.

Lemma 2.2. [2, Lemma 31] Let ® be an N-function with Aqo({®*, ®}) < co. Then there exist § > 0, ¢ > 0
which depend only on Ao ({®*,®}) such that for allt > 0 and all s € [0,1]

D, (st) < st OB, (1).
Lemma 2.3. [3, Lemma 2.7] For all A € L®(Q)™*" it holds

]1 V(4) — V((A)g)[* da: ~ ]l V(4) — (V(A))of* da.
Q Q

Lemma 2.4. [3, Lemma 2.4] Let ® satisfy Assumption 1.1 and V be defined as in (1.7). Then for all P,Q €
R™™ we have

(A(P) = A(Q)) : (P = Q) ~ [V(P) = V(Q)” ~ @p(IP = Q) ~ ®"(IP| + |Q])| P — QI
and
|A(P) — A(Q)| < C®p((|P - Q)).

Lemma 2.5 (Korn’s inequalities). Let ® be an N-function with As({®,®*}) < oo. There exists a positive
constant C such that for any cube Q C R™ and function u € WH®(Q)™ it holds that

/Q<I>(|Vu|)dx <c (/Q <I>(|Du|)dx—|—/Q<I> (dirnq;) dx), (2.4)

][ Bo(|Vu — (Vu)o|) do < c][ O, (|Du — (Du)g)) dz, (2.5)
Q Q

where a is a positive constant or |Du|. Moreover, if ulapg = 0, it holds that

/ O(|Vul)dr < c/ ®(|Du|) d. (2.6)
Q Q

Proof. The inequality (2.4) folows from [5]. Namely, one should focus on Lemma 5.17, Proposition 6.1 and
Theorem 6.13 given there. The inequality (2.5) for a = |Du| is proven in [3, Lemma 2.9] and in [5]. For the
proof of (2.6) see Theorem 6.10 in [5]. O

Lemma 2.6 (Bogovskii’s Lemma). Let Q@ C R™ be a rectangle. Let ® be N-function with Aq({®*, ®}) < oo,
g€ L®(Q), he Wh®(Q)™ and T be one side of Q. Then there exists z € WH®(Q)" solving

dive=g 1inQ, (2.7)
z-v=h-v onl, (2.8)

Moreover, there exists C > 0 depending only on Ax(P) and Ag(P*) such that

/Q<1>(|Vz)dxSC(/th(|g|)dx+/Q<I>(|Vh|)dx). (2.9)
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Proof. Without loss of generality, we may assume that I' is a part of a hyperplane {z;z, = 0}. It is enough to
consider equation

div: = g —divh—][(g —divh)dz in Q,
Q
Z = 0on 0.
Furthermore, we define an affine function b : Q — R? as follows

0 forie{1,...,n—1} and z € Q,
bi(z) = 0 fori=nand z €T,
Tnfo(g — divh)dz for i =n and z € Q.

Then z = Z 4+ h + b solves (2.7) and (2.8). According to [5, Theorem 6.6] there exists a positive constant ¢
independent of diam €2 such that
) dx.

/Q<I>(|V2|)dq;§c/ﬂfl>(‘g—divh—]{z(g—divh)da:

The estimate (2.9) follows easily. O

For a cube @ and a > 0 we define a cube a@) as a cube with the same center as ( whose edges are parallel
and have length « times length of edges of ). Furthermore, for a dyadic cube @ we denote its predecessor by
Q. This notation is effective throughout the paper. The proof of the main theorem is based on the following
lemma.

Lemma 2.7. Let O CR", 1 < p < q< s < oo, f € LIPO), g LV/P(O) and w € LP(O)™. Further, let
Q C O be a cube and Q. be dyadic cubes obtained from Q. Then there exists eg > 0 such that the following
implication holds:

If there exists € € (0,0) such that for every dyadic cube Qp C Q there exists w, € LP(4Qy N O)" with
following properties:

1

1 1
<][ |wq|? dm) < ¢ <][ |we|P dx) , (2.10)
QQkﬂO 2 4Q~kﬂ0

][ |we|Pdz < C |w|P da + C lg| d, (2.11)
4Q,NO 4Q,NO 4Q,NO

][ |lw—welPdx < 5][ |w|pdz+C][ |f] dz, (2.12)
4Qkﬁ0 4(2“1(9 4Qkﬁ0

then w € L1(Q)™. Positive constants C and € are independent on Q, w, and w.
Furthermore, there exists a positive constant ¢ independent of f, g and w such that

][|w|qu§c<][ |f|%dx+][ |g|5dx+<][ |w|P>p>. (2.13)
Q 4QNO 4QNO Q

The proof itself is based on Calderon-Zygmund theory and the considerations presented in [1]. L. A .
Caffarelli and I. Peral proved Lemma 2.7 in [1, Theorem A] in case f,g = 0. The Lemma was later used by L.
Diening and P. Kaplicky in [3] for f # 0, however, authors did not provide any proof.

Throughout the proof we suppose that the functions w, and w are defined by zero outside the domain O.
Since volume of 4Q;, N O is proportional to 4Qy, the estimates (2.10), (2.11) and (2.12) still hold true for slightly
changed constants when we replace 4Qk N O with 4Qk and QQk N O with QQk.

We introduce Hardy-Littlewood maximal operator

M(f)(x) =sup {]é |f(y)| dy, P C 4Q is a cube containing x} ,

which satisfies the weak type (1,1) inequality. In order to prove Lemma 2.7 we present the following observation

Lemma 2.8. There exists Ko > 2"P+1) such that for all K > Ko and for every 6 € (0,1) there exists
L€ (0,52) and e > 0 such that for every A > 0, for A= {z € Q, M(|w[P) > KX, M(|f]) + M(|g|]) < LA} and
B ={z € Q,M(Jw|P) > A} it holds, that if (2.10), (2.11) and (2.12) hold with €, then following implication is
true

|Qr N A| > (5+CBKis/p)|Qk‘ = Qk C B,

where Cp is a constant coming from (2.10), (2.11) and from strong type (r,r) estimate for Hardy-Littlewood
mazimal operator.



2 PRELIMINARIES 6

Proof. We proceed in a similar way like in [1]. We suppose, for contradiction, that [QxNA| > (6+CpK~5/7)|Q4|
and it is not true that @ C B. Thus there are points zg € Qx and 1 € (Q N A) C Qk such that

M (|w|?)(zo) < A and M(|f[)(z1) + M(|g|)(x1) < LA. (2.14)
Then f4@k |wa|P dz < CX due to (2.11) and (2.14). From (2.10) and (2.12) we get

][ lwa|® dz < C'AS/P, ][ |w—we|Pdz < eX+Cf  |f|dx < (e + L)CA. (2.15)

We define an operator M* as follows:
M*(f)(z) = sup {][ f(y)dy, P is a cube containig x, P C ZQk} . (2.16)
P

Due to (2.14), it holds for every = € Q that M {Jw|P} < max {M*(|w[?),2"A}. For K sufficiently large it
follows that
M(JwP) > KA = M*(Jw|?) > K.\ (2.17)

We use (2.15), Tchebyshev inequality and a strong type (5, 5) estimate for M* in order to obtain following

estimate

K K\
{x € Qr, M* (Jwg|?) > 2p+1)\}’ = |{x € Qr, M*(Jwg|P)*/? > (2p+1)\> }‘

< 2S+S/p()\K)_S/pH|wa|p|\z§§ _ 2s+s/p()\K)—s/p|2Qk]£Q ‘wa|s de < C’BK_S/p\QH-
k

Due to (2.17)
[ o€ QuM(u?) > KA M) + M(lg)) < LN} < | {o € Qo M*(jul?) > KX M(If]) + M(lgl) < LA}
and, furhter,
[ 2 € Quo M (jwl?) > O\, M(7) + M(lgl) < LA}
< [{ € Qubr* (o = wal?) + 30 (Qwal?) > oA M) + 21 < 2

K
2r+l

< [{ € Quaar - wa) > onnrtia) + arci) < 0} + | fo € @uar () = 5500}

K
< {x € Qp, M*(|lw — wgel?) > N Mf]+ lg]) < LA}‘ + CpK~*/?|Qy|.

2r+l

Thus, using weak type (1,1) estimates and (2.15), we get

+1
o € Qu, M* (lwl?) > KX M(f| + |gl) < LA} < ¢ LQ

K\

9op+1
<C
- K

lw —w, [P dz 4+ CpK~/?|Qy|
k

(e + L) |Qx| + CK~*/?|Qy).

By a suitable choice of constants L and & we get the contradiction with the very first assumption of this
proof. O

The previous lemma and Calderon-Zygmund theory, c.f. [1, Lemma 1.2], imply the following claim.

Corollary 2.9. Let A and B be defined as in Lemma 2.8. Let K be so large and § so small, that K%C’K <1
where Ci := (§ + Ce K™ *?), moreover, let A > K be such large that

C
e € QM (ul) > KN < 5 [ jwl” = al@l. (218)

Then |A| < Ck|B].
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Proof of Lemma 2.7. We set h = M (|f| + |g]) and | = M(Jw|P). By up we denote the distribution function of
a function h:

pn(s) = [{z € Q: [h(2)| > s}, 52> 0.

From Corollary 2.9 one may derive
i (KA) = pa(LA) < Crpu(N). (2.19)

By arguments of a measure theory it is true that [ € L9/P(Q) if and only if

oo

SRR (KR < oo

k=1

Due to (2.19) we get i (K*)\) < Crp(K*='\) + pp (LK*=1)) for every k € N. Thus
(KN < CE () + ZCKuh (LK*=177 ).

Consequently,

if{k%m(f{k ) < (A ZKk CK+ZK’f ZCJ pn(LEF17I)) <

k=1
[e%) E . k—1 ) ]
Ny (Kq/PCK) + Z K* " Cepn(LEF179)). (2.20)
k=1 k=1 =0
Tt suffices to choose § and K such that K9/PCf < 1. This choice is possible due to definition of C'. Thus
> k
() Z (K’I/I’CK) < 00.
k=1

It holds that

ZKk ZCJ LKk 1— J,\ ZC’J Z Kk th LK’“ 1— y/\ iﬂh(LKj/\ i g+z+101
k=j+1 j=0 i=0

3

Ka/p i

SO KYPY i (KTLA) < oo

o0
q/p J z q/p L
JX:;J (K1Y un(LEONK? 3 (K OK) T 1 K9rCx

1=0

provided h € L%(Q). Thus from (2.20) we have [ € L (Q) and, consequently, w € L1(Q)".
Further,

/Qw|qu = /Q (|w‘p)Q/P dz < /Q (M(|w‘P))<I/p dz = /R+ ]Zﬁ_l p(t) dt < /0/\ v(t)dt + Z/ v(t)dt

=iwv(t)

ky Q k41 k
g/o dt+ZK p(K AP (KRN, (2.21)

Using Tchebyshev inequality, we get

A A A
q q 1 q
/ V(t)dt:/ gtrlm(t)dtg/ gtrlf/ \w|Pda:dt§c/\r1/ |w|? dz.
0 o P o P tJg Q

Moreover, due to (2.20), we have

5 KA L (K e <
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We put these estimates into (2.21) and, since 1y (\) < §

Jo lwlP dz, we get

/Q|w|qdm§CAQ (|f|%+|g\%) dm+C<+)\P )/ |w|? dz, (2.22)

where a strong-type (%7%) estimate for the maximal operator was applied. From (2.18) we know that

JCQ |w|P dz ~ X. Dividing (2.22) by |Q| leads to

][w|qd:c§0<][ \f|%d:c—|—][ g|gdz+( |w|pdx>p>,
Q 4Q 4Q Q

where we used that K < . O

3 Flat boundary

In this section we put some ideas in the case when the boundary 02 is flat. At first, consider the homogeneous
system on the half-space R = R™"™! x Ry

—divS(Dv) +Vp=0 in RY,
dive =0 in RY, (3.1)
v-r=0, [S(Dv)v]-7=0 on {z:x, =0}

The aim of this section is to prove the following theorem.

Theorem 3.1. Let Q = R%, 29 € Q and Q be a cube with a center xy. Assume that v is a solution to (3.1).
Then there exists a constant C depending only on Aq({®, ®*}) and constants in (1.5) such that

]{m Vool as < o (f VD). 52

Moreover, if " is almost monotone, the estimate (3.2) can be improved to

]é PV < % (]é VD) = V(D) dr). (3.3)

By e; we denote the unit vector in the direction z;, ¢ = 1,...,n. Since the boundary is flat, 7 = e, for
a=1,....n—1land v = —e,, 0, = 0, and ;o = 9, for a = 1,...,n — 1. By 2’ we denote the first n — 1
components of z, i.e. x = (2, 2,). At first suppose that ®” is bounded from below and from above. The space
WE®(R?) reduces to W2 (R%).

Lemma 3.2. Let Assumption 1.1 be fulfilled and ®" € [c3,c4] C (0,00). Then for every weak solution to the
problem (3.1) it holds
2,2 o
ve Woo(RY)™.

Proof. We omit the proof. We only point out the main idea. Up to some modifications because of the boundary
conditions we would follow the method used in [12, Section 3] where the authors are dealing with the evolution
case in R3 under homogeneous Dirichlet boundary conditions. The authors are interested in the power-law
model for the case p > 2.

The standard approach is to show the interior regularity first and then the regularity up to the boundary.
The interior regularity and boundary regularity in tangent direction would be obtained easily using difference

quotient technique. Our situation is easier since the boundary is flat. This computation for stationary problem
in Q C R? is also done in articles [9, Section 4] and [10, Theorem 3.19, Step 3]. O

If ®” is not bounded we consider the following truncation

(®°)"(s) = min (max (®"(s),¢), 1) , €€(0,1).

€

We can construct S¢ by (1.4), define ¥¢ by (1.6) and consider V¢ such that ¥¢ is a scalar potential to V©.
As one can easily check, Assumption 1.1 holds if we replace ® and S by ®¢ and §¢. Moreover, it holds
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Proposition 3.3 (Proposition 4.1 in [11]). If ® € Ay, ®* € Ay then also P € Ay, (P°)* € Az and
Aoy ({®%, (P)*}) does not depend on €.

Instead of (3.1) we consider regularized boundary value problem
—divS*(Dv®) + Vp* =0 in R?,

dive® =0  inR”, (3-4)
v*ov=0, [S*(Dv)]-7=0 on{z:z, =0}

Now we extend the solution from R’ to R". For a =1,...,n — 1 define ©¢ as follows
e | (e x,) forx, >0,
RACAED { e (¢, —xy,) for z, <0, (3.5)
el (@ ) for x,, > 0,
Un (2, 2n) = { —ve(2/, —x,) for x, <O. (3.6)

Using (3.5) and (3.6) we compute components of the symmetric gradient of ¢ on R™. For z,, > 0 observe

Daa’as(x/a _xn) = Daaﬁs(x/axn)v
Dan(xl> _xn) = _Danﬁa(wlvxn)7

Dy (2!, —2) = Dppt® (2, 2).

Note that for v¢ € W®(R7)" the extended solution o° belongs to W2®(R™)™ since ¢° is absolutely contin-
uous on lines a.e. and the derivative of o is in L®(R™)"*" pointwisely. For a test function ¢ € W1 ®(R?)" we
define ¢+ by components

1
0o = 5 (Pale’on) + @al’, —zn)), a=1,...n—1,
1
90:; = 5((Pn($/axn> - ‘pn(xlv _xn))’
and similarly
- 1 / /
SDQ:5(@a(zaxn)*@a(xafxn))a O‘:L"'anfla
_ 1
n = 5(%(%/,%) +pn(a', —xn)),

One can easily check that div o™ = div™ = 0 holds in R"™. Thus
S%(Dv%) : Dpdx = S*(Dt°) : Detda+ [ S*(D°): Do~ da =T14+T, =0 VYo € WH(R™", (3.7)
R R R

where Z; is equal to zero due to the equation (3.4) and Z» is equal to zero because of the symmetry. We can
see that now we can consider (3.7) instead of the weak formulation of (3.4) on the half-space.

Remark 3.4. In the result of this section there appeared average integrals over cube Q and its multiple Q.
There could appear a problem if we were close to the boundary. Nevertheless, due to the fact the solution is
extended beyond the boundary in the way we presented, results of this section holds also in the case we consider
aQ NRY instead of aQ).

Lemma 3.5. For fized a, 0’ € (1,2),a < o, there exists constant C depending on o, o’ and Aq({®, P*}) such
that uniformly in e € (0,1) holds

][Q IVVE(Do%)|? da < 132][@ Ve (Do) |* d. (3.8)

and under the additional assumption that ®" is almost monotone:

][Q IVVE(DE) 2 da < 122][/@ V(D) — (VE(Di))wo? da. (3.9)
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Proof. This lemma is proven in [3, Lemma 3.5] in case n = 3. The test function was constructed to take
advantage of the operator curl, which is in R? defined by curl g = (9293 — 9392, 9391 — 0193, 0192 — D2g1). Since
the authors are not aware of any straightforward generalization of the curl operator to n dimensions, we use
the language of exterior differential calculus to construct the right test function.

At first we state some notation. Although we denoted by {e;,i = 1,...,n} the orthonormal basis in R"
before, we need to distinguish vectors and forms now and therefore we use {9;,4 = 1,...,n} to represent an
orthonormal basis for vectors in R", whereas {dz®,i = 1,...,n} denotes corresponding dual 1-form basis. In
order to follow the standard notation, we use in this section the upper indices for components of vectors whereas
the lower indices indicates components of form of any order. In the next section we won’t work with such forms,
therefore all indices will be the lower ones.

We will use so called musical isomorphisms f and b, where § raise the indices of a 1-form £ to give the vector
3% whereas b lowers the indices of a vector z to produces a 1-form 2°, i.e.

n

p= iﬂidazi, Bt = Zﬁi@', z = zn:ziai, 2= zn:zldxl
=1 i=1 i=1

=1

By d we mean the exterior derivative and the symbol A denotes the wedge product. Let us denote

—

drt :=dz'- - AdzTP AdatT A dan

dri ANdxd i=dzt - Adx P Ad A deT T A dTT A dae™.

The Hodge map * is linear isomorphism between the vector spaces of differential k— and (n — k)— forms. In
Riemannian metric it holds ‘ ‘ . '
*(dz"™ A ANdz') = dz A Adat

where (i1,...,4,) is any even permutation of (1,2,...,n). Let £ € C§°(¢/Q) be a cut-off function with ya.g <
€ < Xarg and |[VI¢||w < C/RI for j = 1,2. Let ¢ : R® — R™ be a linear function with Vg = (V). We
test (3.7) by

o = (% d[€? % d(i° — q)"))". (3.10)

Note that the test function is well defined. b converts the vector field (2° —q) into a 1-form (¢ —q)°. d computes
something like a curl but, but expressed as a 2-form d(2° — ¢)°. * turns this 2-form into a (n — 2)-form. After
multiplication by £2 and application of the derivative d we obtain (n—1)—form and Hodge star  create 1—form,
which is by f converted to the vector.

Moreover, one can easily see that divy = 0, since divyp = *d * ¢’ and ddy = 0 for an arbitrary degree
differential form.

Let’s see how (3.10) looks in components. For better lucidity we define z = ¢ — ¢. At first we compute
derivative of 2 = """ | z;d2* and apply the Hodge map:

dz’ = Z szidxj Adxt = Z(Bizj — 8jzi)d:ri A da?,

i,j=1 i<j
€ xdz =3 (0,25 — 0;2) (1) 3dat N da,
1<J

where we used that dz’ A do/ = —dz? A dx® for i # j and dz® A dz® = 0. Further,
d(§2 * dzb) = 2[52(6122] — 8183,21) + 2§8if(8i2:j — 8j2i)](—1)i+j_3d$i A dl‘ml‘]-F
i<j

S 1620025 — 022i) + 260,€(9y25 — Bjz))(— 1) P dad A da A dad

1<J

(3.11)

We can change the summation indices in the second sum in (3.11), move dx’ to the i-th position in the product
and finally put these two sums together.

d(ﬁz * dzb) = 2[52(81223 — 81(%21) + 26375(8725] — 6jzi)](71)i+j’3“’1d/x7

1<J
+ 2[52(*812,% + 818],21) + 25815(*81,% + 8jzi)](—1)i+j’3+i’2d/m7 (312)
i>7

= [6%(072) — 0:0;21) + 2606 (Diz; — 9;2))(~1)7dad.
i+
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Thus, applying the Hodge star and going back from forms to vectors
(6 % d2")F = Y [€3(07 27 — 0:0;2") + 260i(9:27 — 0;2)](=1)/ 10

i#£]
As one can easily check, z is divergence-free, therefore ", oy 0;0;2; = —0;0;z; and we finally obtain
o= 3 (~ €Y + 260105 — 0 + 0,5 — 0)']) 9, (3.13)

4,j=1

where we moreover used that ¢ is a linear function, thus 6?q = 0. Inserting (3.13) into (3.7) we get

- / [S5(D%°) — S°(Dq)] : V(€2A%°) dx
>Q (3.14)
+ / 51 (D) (D] V(26VE(VEF V) — (V5 = V)T ) do = Ti + T, = 0.

From this point we proceed almost in the same way as in [3, Proof of Lemma 3.5], where the authors due to
the different regularization estimated more terms. For the sake of completeness we reproduce the computation
also here.

Lets start with proving (3.9). We proceed in a different way when ®” is almost decreasing or almost
increasing. At first let us assume that ®” is almost decreasing. After some manipulation involving integrating
by parts in the first term we have

T = / VSe(Do°)E2V25¢ da — / [S°(D%°) — S¢(Dq)] div(VE? @ (Vi — Vq)) dz
9 e (3.15)
+ [ S (D5) S (DOIVI(TF ~ Vo)TE de = Tus + Tra+ T

Assumption 1.1, symmetry of 8¢, the relation between ¥ and ®” (1.8) and the definition of the function
V (1.7) are used to gain the following information from Jj i:

Ji1 > C/ (@) (|Do°|)¢|V D¢ |* da > O/ |VVE(Do%)|? da. (3.16)
a’'Q a@

Notice that J1.2, J1.3 and the term J5 have similar structure and can be estimated together as follows

(ol + [ Tisl + 1] < c/

[}

~E 13 1 ~E 1 ~&
S5(D%) = §°(Dg)| (55 V5° = Vo)l + ¢]V25]) do = Ty + .
o R R
In order to estimate J3 we use Young’s inequality (2.1) together with (2.2), Korn’s inequality (2.5) and
Lemma 2.4.

C

g ~& ~E C g ~E

2 < g5 [ (@) (1D ~ DaD|Ve* ~ Valdo < 15 [ 0y (1D - D)
a’@Q a’'Q

c

C
= o° o — dz < — VE(Do%) — VE(Dq)|? dz.
o L ¥ (99 = Vahde < 5 [ o) - v fas

o

+

In estimates of the last integral J; the assumption on almost monotonicity of ®=”

Assumption 1.1, the classical Young’s inequality and Lemma 2.4 we get

¢ ~e ~e ~e c(o € ~e ~&
Gi<s [ @)D+ 10d)pv - Dalelviirlar < S5 [ @)D+ D) |pi - Dyl ar
a’'@Q a’'Q

will be needed. Using

45 [ @)D+ DDV P do < 1 [ VD) - VDR s+ [ (@ (D5 IV da,
a’Q a'Q a'Q

where in the last term we used the fact that ®° is almost decreasing. Since 6 > 0 can be chosen arbitrarily
small, this term can be subsumed into (3.16).

In case ®” is almost increasing, it suffices to estimate Ji .o, J1.3 and J3 in a different way, other estimates
remains the same. We integrate by parts in J1.2, J1.3 and J» and obtain

c ~e ~e
|J12| + | T3] + | T2] < R/ 0 |VS®(Do°)||Vo® — Vq|¢dz

c()
R2

<5 / (°)(| D& )| V25 262 da + / (@°)(IDFN|V* - Va2 de = Js + T,
a’'Q a’'Q
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where we moreover used the classical Young’s inequality in the last step. The term J5 can be subsumed into
(3.16). Since (P°)” is almost increasing, we can add |Vi¢ — Vg| to the argument of Jg, use the definition of
shifted N-functions (2.3) and apply Lemma 2.4.

C(o
Js < }52)

C(
Bl

/ (@°)(|DF| + |V — Val)|Ve* — Vq) de
a’'Q

- c -
/ & o (Vi — V) dz < ?/ VE(D#®) — VE(Dg) 2 da.
o’'Q a’'Q
We gather all estimates above, use that Dg = (D?°)2¢g and apply Lemma 2.3 to obtain

[ e i) - VDo) de < [ VD) - (Ve (DT gl d,
a'Q a'Q

which concludes the proof of (3.9). To prove (3.8) it is enough to focus on estimates of Jj 2, J1.3 and J> where
the assumption of almost monotonicity was used. Considering the same test function and omitting the term
S8%(Dgq) in (3.14) we have

~€ 1 ~€ 1 ~€
Fial + | aal 410 <€ [ 187 05)| (75195 = Vo)l + el V) do = T +
o' Q

In J7 we proceed like in J3. The situation is easier since we don’t need to deal with shifted N-functions.

c € ~e ~e C e ~c
7 < RQ/@,Q@ Y (IDF)IVE* - Valdo < /Q,Q‘I’ (ID¥]) da
C c
+?/ O°(|Vi* — Vg|)da < ?/ Ve (Do) 2 da.
a’'Q a’'Q

The term Jg can be handled in a similar way like J;:

C(9)
R2

F< g [ @ rpeporgvea < S [ @y oiipe P i
a’'Q a’'Q

0 [ @D Eredr< o [ rEoiRaees [ @9 (e viee da,
a’Q a'Q a'Q

where the last term can be subsumed to (3.16). Thus, the estimate (3.8) holds. O

Proof of Theorem 3.1. It remains to pass with ¢ — 0%. Two limit passages need to be shown. First, we need
to go from the regularized equations (3.4) to the original one (3.1). Second, we need to obtain estimates (3.2)
and (3.3) from (3.8) and (3.9). Since we used the same regularization of ®” as in [11], the structure of the limit
passages is the same and therefore we mention only important steps. For details we refer to [11, Section 5].
To pass from (3.4) to (3.1) we need at first almost everywhere convergence of symmetric gradients. We use

Lemma 3.6. [11, Lemma 5.1] Let —1 < 8 < 0 < a and ¢ > 0. We define m(s) = cs® for s € (0,1) and
m(s) = cs? for s > 1. Let there exist C > 0 such that the sequence { A}, Ak : Q — R® fulfills

/Q (| Ak]) (452 + [V AL?) do < . (3.17)

Then there exist a subsequence {Ay, }7°, and A such that Ag; — A a.e. in Q asl — oo.

From Lemma 2.4 we know that |V(Du)|? ~ (®¢)"(|Du|)|Du|?, therefore (3.8) and (3.9) can be rewritten
to the form

[ @)y pe s + Vs e < C.
Q

Due to [13, Chapter 2, Corollary 5] and ®°(s) ~ s2(®°)"(s) existence of a function m, such that (3.17) holds,
is guaranteed. Lemma 3.6 gives Do° — A. To identify A with D% we consider an N-function ¥ with m(|B|) =
" (|B|) for all B € R™*™. From (3.17) and Korn’s inequality we have the uniform estimate fQ T (|o¢|) da +
[, ¥(|Ve¢|)dz < C. Thus, there is ¢ € WY (Q)™ such that Vi — Vo in LY (Q)"*™ up to a subseguence.
C?early, A = D% and

Dv* — Db ae. (3.18)

Since ®° is a scalar potential to §¢, the second ingredient to pass in the equation is the uniform integrability of
(@) which is provided by the following lemma.
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Lemma 3.7. [11, Lemma 5.2] Let [, ®°(|Dt°|)da < C. Then there exists & > 0 such that for all e,0 € (0,1)
and all E C Q such that |E| < 6

/E(<I>5)’(\Df;8|)dm <o

Now it is straightforward to pass to the limit in (3.4) as ¢ — 07 and get by Vitali’s theorem (3.1). Lets
focus on passing from (3.8) to (3.2) and (3.9) to (3.3). The family {V¢(D%¢)}. is bounded in W2(Q)™, so up
to a subsequence due to the embedding V¢(D%°) — x in L?(Q)™*™. To identify x with V(D%) and pass in the
left hand sides of (3.8) and (3.9) it is sufficient to show locally uniform convergence of V¢ since we already have
(3.18).

Lemma 3.8. [11, Lemma 5.3] Let K be a compact subset of R"*™. Then V¢ =V on K ase — 0T.

To pass in the right hand side of (3.8) and (3.9) and finish the limit process we need the uniform integrability
of |[V¢|?%:
Lemma 3.9. Let [,([VV=(Do%)|? +|Ve(Dv°)|?) dz < C. Then there exists 6 > 0 such that for all e,o € (0,1)
and all E C Q such that |E| < § holds

/ |VE(Do¥)[*da < 0.
E
Proof. Tt follows easily from

/ VE(DT)[2 de < cllxisllz IVE(D5)| 2. — 0 as [B] = 0.
E
This concludes the proof of Theorem 3.1.

4 Proof of the main theorem

In order to handle a general C?! non-flat boundary, we present its following description. Throughout this
section, we assume that zo € 09 is fixed. The boundary can be understood on a neighborhood of the point
7o as a graph of a function a : R +— R", a(0) = z¢ such that d,a = e, for a = 1,...,n — 1. We set?
n(z') = d1a x ... X p—1a(z’) and we introduce a function H,, : R"™ — R™ which is defined as

H,, (z) = a(z") + n(z")z,.
For R > 0 we also consider restrictions H,, r of the function H,, on a half-ball BE = BrNRY, ie.:
Hyo r(T) = Hmo(x”Bg'

Since xg is fixed, we use Hp instead of H,, r and H instead of H;, throughout this chapter. It holds that
Hp(0) = x¢. It follows, that VH = I and smoothness of the boundary implies that Hr € C!'! and, consequently,
VHp(z) — VHR(0) = Rw where w is a function bounded independently of R. Similarly, also VHy'(z) —
VH'(0) = Rw. Hereinafter, w stands for a matrix valued function and w” for a real-valued function which
express a perturbation arising from a curvature of the boundary. These functions may vary from line to line,
however they are bounded independently of R.

The function Hpr maps BE into Q for all R < Ry sufficiently small. Furthermore, we set y = Hgr(z),
Qg = HR(BE) and I'p = (TRQ 0.

For a general function f : Qp — R we state a function f : Bf; — R defined as f(z) = f(Hg(z)) = f(y). It
holds that

V,f=V.fVHy' = V.f + RV, fw.

In case f: Qg +— R™ it also holds

2D, f
divy f

(VoI VHR') + (Vo IVHg')" =2D.] + Z
Tr (Vo fVHE') = divy f+ RTr (Vo fw)

where
Zz = (Vo f(VHR' = I) + (VHg' = DT (V.])T).

2Recall that by 2’ we denote the first n — 1 coordinates of z, i.e. © = (', 2n) = (T1,...,Zn-1,Tn)
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We consider a function mq,, := m — m, where a constant 7, will be determined later. From the Definition 1.2 we
have

S(Du) : Dy dy — /

TQg divgpdy:/ F:Dydy, (4.1)
Qr

Qr Qr

whenever p € Wh®(Q)", ¢ =0 on 9Qg \ 9Q. The equation (4.1) can be transformed using the function H into
the following identity

. Ton(dive + Te(VR(VHR' —1)))(det VHR) dz

R

S(DT+ Zz) : (D@ + Zz)(det VHR) do — /

+
B} B

:/ F:(Ve+@(VHp' —1I))(det VHg) dz. (4.2)
By

which holds for all p € W1®(B})" satisfying

0 on OB} \ Lyt (4.3)

N
I

p- OonTI B>
where I' g1 = 3BE N{x;xz, = 0}. We point out that det VHr = 1+ Rw”. Let us also emphasize that u satisfies
R
(4.4).
We choose a constant 7. such that, using considerations presented in [3, Section 4.2], we can derive that

/QR<I>*(Ile)dy§C(/QR<1>*(|5(Du)|)dy+/ @*(|F|)dy),

Qr

and for sufficiently small R > 0, using Lemma 2.5, we also get

/B+ &* ([Fo,|) do < C (/B+ (| Da)) dz + /B+ & ([F)) do + /B; a([a)) dx) , (4.5)

R R R

where we employed |S(Du)| = ®'(|Dul), Lemma 2.2 and (2.2).

In what follows, we verify that for a solution @ there exists an approximative function v, which is solution
to (3.1), such that Du and Dv satisfy hypothesis of Lemma 2.7.

From Theorem 3.1 and from Poincaré inequality we get for every cube Q' C R™

( . |V(Dv)|qdm>; <c <]£Q |V(Dv)|2dgs>é , (4.6)

for ¢ < % provided n > 3 and ¢ > 2 arbitrary for n = 2. In case ®” is almost monotone, n > 3, we can
even allow ¢ = ;™ for some r > 2. This improvement follows from Sobolev-Poincaré and Reverse Holder
inequalities, c.f. [3, Theorem 3.6]. Thus, the condition for approximative function (2.10) is verified.

The verification of (2.11) and (2.12) is presented in the following lemma. In this lemma we work with cubes
@, however this lemma holds true even for rectangles which appear in (2.11) and (2.12).

Lemma 4.1. Let R be sufficiently small. Let u € WH®(BE)"™ be a solution to (4.2) and let Q be a cube®
contained in B},. Then there exists a weak solution v € Wh®(Q)" to (3.1) and a positive constant C independent
of w, v, Q and R such that

/ V(Do) de < c/ |V(DU)\2dx+C/ &([al) da. (@7)
Q Q Q
Furthermore, for all § there exists a positive constant Cs independent of v, u, @ and R such that

/Q V(D7) — V(D)2 dz < 05/

cI)*(|F|)dx—|—(6+C(R+R“))/ |V(Dﬂ)\2dx+0/ o([al)dz,  (48)
Q Q Q

for some a > 0.

Proof. In what follows we assume that I'q := 0Q N {x;z, = 0} # 0. In case I'g = 0 it is enough to consider
zero Dirichlet boundary condition instead of (4.10). Since this case is similar to the one solved in [3], we prove
the lemma only under the assumption I'q # 0.

3We may also assume that Q is a rectangle which appears in Lemma 2.7, i.e. there exists a cube Q' C BE such that Q = 4Q’HR:{.
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We choose R’ € (0, R) such that diam @ is proportional to R’ and @ C BE, and we consider equations (4.2)
and (4.4) on Bj,. This means that we use Hps instead of Hp in (4.2) We define a function Uy as a function
which satisfies following equation

diviis = R Tr(Vaw) in Q, (4.9)
uy-v = 0onlg. (4.10)

It follows from Lemmas 2.6, 2.2 and 2.5 that
/ O(|Vug|)dz < C’R’a/ ®(|Dul) dz + C’/ O(|u|) de. (4.11)
Q Q Q
We set 43 = u — Up and from (4.11) we get
/ O(|Vu|) de < C/ ®(|Dul)dz + C/ O([a]) da. (4.12)
Q Q Q

We consider a solution v to (3.1) such that v = @; on 9Q. It is worth emphasizing that w; - v = 0 on I'g and
divi; = 0 on Q. Following [3], we test the weak formulation of (3.1) by a function u; — v and obtain

/ S(Dv) : Dvdx z/ S(Dv) : Duy de. (4.13)
Q Q

We point out that due to (4.9) and (4.10) we have div(d; —v) = 0 and (71 —v) - v = 0 on Q. Whereas the left
hand side of (4.13) can be estimated from below by fQ |V (Dv)|? dz due to Lemma 2.4, we estimate the right

hand side of (4.13) as follows

/ S(Dv) : Duy dx < 5/ ®(|Dvl) dz + C(;/ O(|Vay|) de
Q Q Q
< 05/ |V(Dv)|2dx+05/ |V(Dﬂ)|2dx+05/ ®(|al) da,
Q Q Q
where we used Young’s inequality (2.1), (4.12) and Lemma 2.4. Thus, for sufficiently small § > 0 we have
/ V(D)2 dz < c/ V(D)2 dx+0/ o([al) dz, (4.14)
Q Q Q

which proves (4.7).
In order to conclude the proof of Lemma 4.1, it remains to prove (4.8). The function @; — v can be taken as
a test function in (4.2). With the knowledge fQ S(Dv) : (Duy — Dv)dz = 0 we derive

/ S(Du+ Zz) : (Duy — Dv+ Zg, ) (1 + R'w”)dx — / S(Dv) : (Duy — Dv)dx
Q Q

+ / Ta, Tr(V(u, —v)R'w)(1 + Rw")dz = / F:(Vuy — Vo + RwV(u; —v))(1+ Rw”)dz =:T;.
Q Q

We can rewrite this identity as follows
/ (S(Dwy) — S(Dv)) : (Duy — Dv)dz =T, + R’/ S(Du + Zz) : (Duy — Dv + Zg, —,)w" dx
Q Q

+ R// S(Du + Zz) : (Zg,—y) dx +/ (S(Du) — S(Du + Zz)) : (Duy — Dv)da
Q Q
6

N /Q o, T (Vi — Vo) Rw) (1 4+ R da + /Q (S(Duy) — S(Dw)) : (Duy — Do)de =y T, (4.15)
=1

The left hand side can be estimated from below due to Lemma 2.4 as
/ (S(Dv) - S(Dwy)) : (Do — Dy) de > c/ V(Dv) — V(D)2 da
Q Q

(4.16)
> C/ |V (Dv) fV(Dﬂ)|2dxfC’/ |V (D7) fV(DH1)|2dz:C’/ |V (Dv) — V(Du)|? dz — Zs.
Q Q Q
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Lemmas 2.1 and 2.4 yield

I, = c/ |V (D7) — V(Duy)|* da < c/ ® py(|Du — Duy ) dz
Q Q

< 05/ <I>(|Dﬂ2|)dx+§/ |V (Du)*dz < (CsR'™ +5)/ |V(Dﬂ)\2dm+0/ ®(|ul) d.
Q Q Q Q
Further, using Lemma 2.4, 2.1 and (4.14), we have

Iz, g/Q|S(Du)—5(pu1)|Dv—Du1|dxga;/Qq>’Dul(|Du2)|Dv—Du1dx
SC&/ TDm(‘I’ba(\D%D)dﬂH-(S/ P pg(|Dv — Duy|) dz
Q Q
gc(;/ <I>|Dﬂ|(|D62|)dx+5/(\V(Dﬂ)|2+IV(Dﬂ1 — Do))da
Q Q
gcg/ <I>(|Dﬂ2|)da:+5/ |V(Dﬂ)\2dac+6/ |V(Dm)|2dx+5/ V(Do) dz
Q Q Q Q
< (C(;R“Ur&)/ |V(Dﬂ)|2d:c+/ &([a)) dz.
Q Q

The term Z, can be estimated in the same way as term Zg. Briefly

24| gc(;/ @(R’\(wVﬂ+(Vﬂ)TwT)|)dx+6/ |V(Da)|2dx+5/ \V(Dv)|2dx+6/ V(D)2 de
Q Q Q Q

gCR’“/ |V(Dﬂ)|2dx+5/ |V(Dﬂ)\2dm+c/ ®(|ul) d.
Q Q Q

The term Z5 can be estimated using Young’s inequality (2.1), Lemma 2.2, Korn’s inequality (2.6), (4.12), (4.14),
(4.5) and Lemma 2.4 as follows

15| < C/Q|7TQR,|R’(Vu1 _Vo)|de < 05/Q<1>(R’|vu1 —vU|)dx+5/Q<p*(|mR,|)dx

<(0+ CR’O‘)/ |V(D%)|? dz + 6/ O*(|F|)dz + (6 + C) / O(|u|) de.
Q Q Q
Terms Z; and Z3 can be estimated easily as follows
Ty + Ts| < R’O/ |V(Dﬂ)|2da:+0/ ®(|a]) da.
Q Q
Finally, in the same spirit as before

7, | gc/ |F||Vﬂ17Vv|dz§C’5/ @*(\F\)dz+5/ &(|Duy — Dv|) d
Q Q Q

ga;/ <1>*(|F|)dx+6/ |V (D)) d.
Q Q

Putting these estimates into (4.16) and (4.15), we get (4.8). O

Proof of Theorem 1.4. Let zo € 092 with neighborhoods U,, and V,, such that Uy, C V,,. Let &*(|F]|) €
L(Vy,). The estimate (2.10) is true due to (4.6) and from Lemma 4.1 we get that (2.11) and (2.12) hold true
for sufficiently small R. It also holds that ®*(|F|) € LY(Bj},). Since u € W1 ®(B}), it holds

/ \v<p(|u|)|dz:/ &' (|u) |Vu| dz < c/ CI)*CI)’(|u|)d9:+C’/ &(|Vu|)dz < C. (4.17)
B * B}, Bt

BR R

Thus, from Orlicz-Sobolev embedding we know that ®(|u|) € L71(V,,) and, consequently, also ®(|@|) €
L»-7(Bg). All assumptions of Lemma 2.7 are met (with g = ®(u) and f = ®*(|F|)+®(|n|)) and therefore we get
V(Dw) € Li(Bgr)™*" for § = min{2q, -2 }. Consequently, due to the change of variables V (Du) € Li(Qg)"*"

n—1
and also ®(|Dul) € LY/%(U,,). If 4 = g, we are done, otherwise, we use (4.17) on an N-function ¥ := Pt

in order to get ®(|ul) € L(%f(umo). We may again use Lemma 2.7 with the same setting in order to get
V(Du) € Li(Bg)™ " for § = min{2q, %} Again, if ¢ = 2¢q we are done, otherwise we iterate this process
till § = 2q.

The estimate (1.9) follows easily from (2.13) O
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