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Continuum Mechanics, part 4

Stress 1

* Engineering and Cauchy
 First and second Piola-Kirchhoff
e Example for 1D strain and stress
 Green-Naghdi stress rate



Stress measures. notation and terminology

°C
°A

reference configuration

Stress vectors

current configuration

Cauchy (true) Engineering
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Cauchy formula provides their relation
to stress tensor
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The elementary force
responsible for the deformation

In deriving a ‘proper’ stress
measure we require its
independence of rigid body
maotion.

The engineering stress does
not posses this property.
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At first assume that

This choice will lead to the first Piola-Kirchhoff stress tensor




Motivation for the definition of a fictive force in reference configuration

In the current configuration we know the applied forces, but
the deformed geometry is unknown. The stress measure is clearly
defined (Cauchy or true stress) but cannot be directly computed.

Inventing a fictive force ‘acting’ in the reference
configuration (related in a systematic way to the actual force in the
current configuration) allows to define a new suitable measure of
stress in the reference configuration, (e.g. Piola-Kirchhoff) to
compute it and relate it back to the the true stress. Such a stress
should be independent of rigid body motion and of the choice of
coordinate system.

The true stress iIs the only measure which is of final interest
from engineering point of view.

Other measures are just useful tools to get the true stress.
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A new measure is introduced here, the second Piola-Kirchhoff
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Example for 1D strain and stress
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The same physical phenomenon — different strain measures?

different 1D strain measures vs. stretch
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Understanding Old stress in global system 9o
corotational stress

Xg

y Rotated stress in global system
¢ g0y = Ry gCiomRjm

1/4 ‘/-?;'/4

< > 3/4

Unrotated (corotational) stress
in a local system rotating with the body

n
15y =4 6y = Ris {OimR

N




Green-Naghdi stress rate tensor

transformation T = R! cR Risfrom F — RU (polar

T is orthogonal decomposition)
Cauchy
T R"R=1
unrotated Cauchy

RT — R—l

rates:

i = RToR+RTSR+RTGR

Itholds: €2 = RRT — R = QR
/

- rate of rotation tensor U
(rate of rigid body

rotation of a material RT = RT QT
particle)



From it follows
it =RTQT6R + RT6R + RTo QR /R” from
right

’tRT=RTQTG+RTfS+RTGQ /R from
left

RTRT =QTo + 6 + oQ

) je antisymmetric => QT = —Q

[8GN} _RiRT = 6 - Qo + 6O

This is Green - Naghdi .If QO is used instead of W then we have so called
Jaumann stress rate spin tensor W is antisymmetric part of L (velocity gradient)
and represents rate of rotation of principal axis of D (rate of deformation)
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