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Abstract

We consider a simplified model arising in radiation hydrodynamics
based on the incompressible Navier-Stokes-Fourier system describing the
macroscopic fluid motion, and a transport equation modeling the prop-
agation of radiative intensity. We establish global-in-time existence for
the associated initial-boundary value problem in the framework of weak
solutions.
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1 Introduction

The paper concerns the incompressible heat conduction radiation fluid. We
consider that the motion of the fluid is governed by the standard field equations
of classical continuum fluid mechanics describing the evolution of the velocity
field @ = i(t,x), and the absolute temperature ¥ = ¥(t,x) as functions of the
time ¢ and the Eulerian spatial coordinate z € Q  R3. The effect of radiation,
represented by its quanta - massless particles called photons traveling at the
speed of light ¢ - is incorporated in the radiative intensity I = I(t,z,d,v),
depending on the direction vector & € S2, where S? € R® denotes the unit
sphere, and the frequency v > 0. The collective effect of radiation is then

*The work of S.N. was supported by Grant P201-13-00522S of GA CR in the general
framework of RVO:67985840



expressed in terms of integral means with respect to the variables & and v of
quantities depending on I. In particular, the radiation energy Ep is given as

1 oo
Eg(t,x) = p /52/0 I(t,z,d,v) dd dv. (1.1)

The time evolution of I is described by a transport equation with a source
term depending on the absolute temperature, while the effect of radiation on
the macroscopic motion of the fluid is represented by extra source terms in the
momentum and energy equations evaluated in terms of I.

More specifically, the system of equations to be studied reads as follows:

Equation of continuity:
divy,@=01in (0,T) x (1.2)

Momentum equation:
Ayl + div, (7 ® @) + Vep = div,T — Sp in (0,T) x Q; (1.3)

Energy balance equation:

1 1
o <2|a'|2 + 19) + div, (<2|a'2 + 19) a‘) + div, (pa+ q- m) (1.4)
= —SE in (07T) X Q;
Radiation transport equation:

1
E@J+c§-VzI:Sin (0,T) x Q x (0,00) x S2. (1.5)

Furthermore, T is the viscous stress tensor determined by Newton’s rheolog-

ical law
T =p(Vyti+ Vid), (1.6)

where the shear viscosity coefficient p1 = pu(9) > 0 is effective function of the
absolute temperature. Similarly, ¢ is the heat flux given by Fourier’s law

with the heat conductivity coefficient k = k(1) > 0.
Finally,
S =S4+ Ss, (1.8)
where

Sue = 04 (B(u, 9) — 1), S, = o, (4; /S 1(¢,@) do — 1) . (L9)



and

SEf// 0,@) dv d, Sp == // &S(, v, &) dv do,  (1.10)
82 52

with the absorption coefficient o, = o4(v, 1) > 0, and the scattering coefficient
os = os(v,9) > 0. More restrictions on the structural properties of constitutive
relations will be imposed in Section 2 below.

System (1.2 - 1.5) is supplemented with the boundary conditions:

slip condition, no-flux:

’J'mag =0, (Tﬁ)-r =0, q_'ﬁ|aQ =0 (1.11)
Transparency:
I(t,z,v,&d) =0 for x € 00, & -7 <0, (1.12)

where 77 denotes the outer normal vector to 0f2.

System (1.2 - 1.12) can be viewed as a simplified model in radiation hy-
drodynamics. Concerning physical motivation see works of Pomraning [32] and
Mihalas and Weibel-Mihalas. Similar systems have been investigated more re-
cently in astrophysics and laser applications (in the relativistic and inviscid case)
by Lowrie, Morel and Hittinger [24], Buet and Després [3].

Our goal in the present paper is to show that the existence theory for the
incompressible Navier-Stokes-Fourier system coupled with the radiation.

The paper is organized as follows.In section 2 we list the principal hypothesis,
notation,formulation of the problem and state the main result. Section 3 we
introduce the approximation scheme. Section 4 is devoted to uniform estimates.
In last two sections we are passing to the limits with .psilon and 7.

2 Hypotheses and main results

The transport coefficients 1 and x are continuously differentiable functions of
the absolute temperature such that

0< e <p(d) < e, (2.1)
0<c <k() <c (2.2)

for any ¥ > 0.
Finally, we assume that o,, o5, B are continuous functions of v, ¢ such that
0< Ua(’/v 19)30—5(’/7 19) <c, 0 Ua(l/a ﬂ)B(Vv 19) < cg, (23)
Ta(1,0), 05(v,0), 00 (v,9)B(v,9) < h(v), h € L*(0,00), (2.4)

and

0o (1,9),05(v,09) < ¥ (2.5)



for all v > 0, ¥ > 0. Relations (2.3 - 2.5) represent a rather crude “cut-off”
hypotheses neglecting the effect of radiation at large frequencies v and low vales
of the temperature 9. Note, however, that relations similar to (2.5) were derived
by Ripoll et al. [33].

2.1 Notation

For arbitrary r» > 0 by L"(2) we denote the usual Lebesgue spaces equipped
with the norm |.||,.. We denote W17 (2) the usual Sobolev spaces with the norm
I, r.

We define
whr = {50 € WHT(Q)4 tr7 - n = 0 on 00}
Wi = B0 € Wir(@)% div 7= 0} (2.6)
L:L = {17 ew, dw}

2.2 Weak formulation

In the weak formulation of the Navier-Stokes-Fourier system, the momentum
equation (1.3) is replaced by

T
/ / (€-0ip+URU: Vo + pdivew) dz dt (2.7)
Q

T
:/ /'JI‘:Vmcp—l—gp'cpdxdt—/(gﬁ)0~<p(0,-) dx
0o Ja Q

for any ¢ € C°([0,T) x Q;R*). As the viscous stress contains first derivatives
of the velocity @, for (2.7) to make sense, the field @ must belong to a certain
Sobolev space with respect to the spatial variable. We will specify it in definitin.

As a matter of fact, the total energy balance (1.4) is not suitable for the
weak formulation since, at least according to the recent state-of-art, the term
T is only weakly lower semicontinuous in V,. Following [12], we replace (1.4)
by the internal energy equation

Ore + div,(ewl) + div,g=T : V.4 — pdiv, @ + @ - Sp — Sg. (2.8)

Furthermore, dividing (2.8) on ¢ , we may rewrite (2.9) as the entropy equation

. . . 7\ 1/, o . q-Vu¥ 1/, =
O¢s + div,(ost) + div, (19> = 5<T.V1u— 3 )—f—g(u-SF—SE). (2.9)

Finally, similarly to [9], equation (2.9) is replaced in the weak formulation by
an inequality, specifically,

T
/ / (sOpp+U-Vyp+ @) -Vyp) do dt (2.10)
o Jo



< —/ s09(0,-) dx
Q

T I RA VY Tr1,, 4
—/0 /Qﬂ(']l‘.vzu— 3 >g0dxdt—/0 /QE(WSF—SE)godxdt

for any ¢ € C°([0,T) x Q), ¢ > 0.

Since replacing equation (1.4) by inequality (2.10) would certainly result in a
formally under-determined problem, system (2.7), (2.10) must be supplemented
with the total energy balance

/Q (;a|2+z9+ER> (r,) da (2.11)

—|—/ // / @-il(t,x,d,v) dv dd dS,, dt
0 00xS2, &7#>0J0

1
:/ <2|L_L'0|2+'190+ER70) diC,
Q

where Ep is given by (1.1), and

ER,O = / / Io(',(ﬁ, l/) da dv.
S2.J0

The transport equation (1.5) can be extended to the whole physical space
R? provided we set

ooz, v,9) = Lo, (v, V), os(x,v,9) = lgos(v, V)

and take the initial distribution Iy(x, d, v) to be zero for z € R*\Q. Accordingly,
for any fixed & € 8%, equation (1.5) can be viewed as a linear transport equation
defined in (0,T) x R®, with a right-hand side S. With the above mentioned
convention, extending u to be zero outside (), we may therefore assume that
both ¢ and I are defined on the whole physical space R?.

We define the functionals

1 o
E(t,p) = (O(t, ) + S|t ) + B, 9), & = (o + 5 |iio(t, )* + Ero, )

2|
Definition 2.1 We say that (4,9, p,I) is a weak solution of problem (1.2 -
1.12) if

9 >0 for a.a. (t,2) x Q, I >0 a.a. in (0,T) x Q x §* x (0, 00),

e C0,T;L2,,. (SR NL20,T;Wh2 (2 R?)),

weak n,div

iy € E3(0,T;Wh3),



p € L3(0,T;L3(%)),
9 € L>(0,T; L*(Q)) N L>®(0, T; Wh™(Q)), for all n € [1,5/4),
IeL™®((0,T) x Qx8%x(0,00)), I(t,-) € L>=(0,T; L* (2 x 8% x (0,00)),

E(t,9) € C(0,T]) and lim E(t0) = Eol),

Jim-l(t) — doll2 = 0,

T
/ / (G- Op+URU: Vap+ pdivyy) do dt (2.12)
0o Ja

T
:/0 /Q']T:VISO'FSF’SOdw dt—/QUO'SO(O") dz
for any ¢ € L>=(0,T; W}1>),
T
/0 (=@, 60) =@, V)+(k(9) V9, Vo)~ () D(@, ) dt-+ (7SS, ) = (90, %(0))

for all ¢ € D(—00,T;C>()).

The total energy balance is satisfied

/QG|17|2+19+ER) (7,-) da (2.13)

T oo
+/ // / &-il(t,z,d,v) dv d& dS, dt
0 20x82, &-1>0Jo

1
=/ (2|Uo|2+190+ER,0> dz,
Q

and I satisfied the integral identity (1.5).

2.3 Main result

The main result of the present paper can be stated as follows.

Theorem 2.1 Let Q C R? be a bounded Lipschitz domain. Assume that the
transport coefficients p, k, 04, and os comply with (2.1 - 2.5). Then there
exists a weak solution to (1.2 - 1.12).



3 Approximation scheme

We consider the quasicompressible approximation

eAp = divad inQx(0,7T),
& = 9 on 09 x (0,T), (3.1)
Jopdx = 0.

We regularized @ by using the mollifying operators v, such that for any
function @ : R®* — R? with compact support

o 7, (i) € C(R?), supp (v,(i)) C supp(@),

e if V-4 =0 then V-, () =0,

e for all p € [1,00), there exists a constant ¢ such that for all 7
V(@) Lo (re) < cllullo(r2),
Yo (W) wrw(rey < cllullwir(rs).

o if u e WHP(R3) with p € [1,00), then
Yy (@) — @ in WHP(R?) as n — 0.

Definition 2.2 We say that (47,97, p", 197) is a weak solution of the
(e,m)-approzimation of problem (1.2 - 1.12) if
9 >0 for a.a. (t,2) x Q, I >0 a.a. in (0,T) x Q x §* x (0,00),

i € C(0,T; L2(R)) N L2(0, T3 W,y (4 RY)),
ﬁt € LQ(OvT; W7172)7
p € L*0,T; Wh2(Q)),
0 € L0, T: L)(),

9 € L2(0, T, WH2(Q)), for all X € (—1,0),

IeL™®((0,T) x Qx 8% x(0,00)), I(t,-) € L>=(0,T; L* (2 x 8% x (0, 00)),

lim_[(t) — dolls = 0 and  lim [[9(t) = dolls =0,



—e(Vp(t), Vo) = (¢, divi(t)), for all p € WH(Q) a.a. t € (0,T), (3.2)

fOT(< Up,p>— < Uy QU Vgp >+ <T,Vyp>)dt =

Jo (9, diva) + (Sp, ) dt — [0 - 9(0,) do (3.3)

for any ¢ € L*(0,T; W}12),

Iy (= W,w0) = (@0, V) + (k(0) V9, V) = (u(@)[D(@)?, ) dt + (- S — S, )

= (00, (0))

for all 1 € D(—o0, T;C>®(£)).
I satisfied the integral identity (1.5).

(3.4)

Theorem 3.1 Let Q C R? be a bounded Lipschitz domain. Assume that the
transport coefficients p, k, o4, and o5 comply with (2.1 - 2.5). Then there
exists a weak solution to (e,n)-approximation of problem (1.2 - 1.12).

Proof:
We consider a linear mapping F : W12 — W22 which for any & € W12
F (@) = p € W22 solve the problem (3.1). From the regularity theory for the
Neumann problem the mapping is continuous.
Now, we define {w;}52, be an orthogonal basis in W, and orthonornal in
L2 . Then for given Sp(J),Sg(J) we construct the Galerking approximation
{@N} with
@ =N cNtyw; (3.5)
and pV := F (@) where ¢V := (c}...,¢N) solve the system of ordinary differ-
ential equation
g (@, wy) — (@) @ @V, Vywy) + (T(aV), Vowy) =
(3.6)
—(F(aN),div,w;) + (Sp,wj;) dt j =1,...,N.

9N, IV are determined through the system of equations
BN + div, (WNEN) + div,qg = T(aN) : VN — F(@V)div,aN + @ - Sp — Sp.

%@I +& -V I =SWY)
(3.7
We consider the following initial conditions

aN (.,0) =@y, 950,.) =9, 1N 0,.) =1



where @) 1= Ej\;l ¢y w; are the projections of @ onto linear hulls of {w;},.
With 9{Y € C* such that
inf ey zeqdd >0, 9 — 9y in L! (3.8)

By standard argument following the Galerkin method and classical parabolic
equation we can show the uniform estimates independent on N and then pass
to the limit in N.

4 Uniform bounds

We interest in the uniform (a priori) bounds for (@, 9, p, I) = (@=", 91, p&1, I<M).

4.1 Estimates of the radiation intensity
At this stage we focus on the transport equation (1.5). Since the quantity I. is

non-negative, we have

1 1
E&IEJMJVQEIEgas(y,ﬂE)B(u,ﬁs)+aa(y,ﬂ5)ﬂ/ L(@)ds  (4.1)
52

as the coefficients o4, 0, are non-negative. Moreover, making use of the “cut-
off” hypothesis (2.3), we deduce a uniform bound

0< L.(t,z,v,&) < c(T)(1+ sup In.) < e(T)(1+ 1) for any ¢ € [0,T7].
z€eQ, v>0,0€82

(4.2)
Finally, hypothesis (2.4), together with (4.2), yield
1S2.ell e (0,1)x) + |1SFell L (0.1 xR < € (4.3)
4.2 Energy estimates
JFrom (3.2-3.4) we obtain
ess sup ||tllp2qre) < ¢, (4.4)
te(0,7)
ess sup |[9]|pio) < e (4.5)
te(0,T)
ess sup V97T |12 < ¢, (4.6)
te(0,T)

Since the viscosity coefficients satisfy (2.1), we get

T
" _ L2
/ / T. : Vyil. dz dt > ¢y |Vai: + V;UEHIP((O T)x 0 R3%3)
0o Ja ’ ’

> 02||ﬁ€H21;2(0,T:,W01’2(Q;R?’))7



4.3 Pressure estimates

We consider the auxiliary Neumann problem for h = h%":

Ah = |p|5_2p — ﬁ fQ |p|5_2p in Q

Vh-n=0ondQ, [h=0. (47)

Muliplying by VA the momentum equation we are getting by standard ap-
proach see [4]

T s
[ st <c. 48)
0
Moreover, from the momentum equation and the internal energy
||ﬁ;t||L2(O,T;W;1’2) + HetHLl(O,T;W*L(I’) <ent (4.9)
and
175 g gt )+ WOl 0oy < (1.10)

5 Limit in €
i From uniform estimates and using Aubin-Lions lemma we get (fixing 1 and
passing with € — 0)
e i — i, weakly in L*(0,T; W, ?)
e ¢ — @ weakly in L%(0,T; W1?)
o ¢ — @ weakly * in L°°(0,T; L?(Q)3)
e ¢ — u strongly in L(0,T; L?) for q € [1,10/3)
e ¥ — ¥ weakly in L"™(0,T; W) for n [1,5/4)
e ¥ — o strongly in L™(0,T; L™) for m € [1,5/3)
. (196)% — 9% weakly in L2(0,T; W12) for A € (—1,0)
o u(94)D(i€) — p(9)D(@) weakly in L?(0,T; L?)
e p¢ — p weakly in L?(0,T; L?)

| [T (div @, ¢)dt| =lim_o| [ (div @, §)dt| =
limeo | fy Jo Vo Vpidt| < (5.1)

< lime_.o \/E<fQ |ng|2dxdt)%(f9 6|Vp6\2)% = 0.

10



As in [4] we get
[ wyp@) ~ [ pwip@e (52)
Q Q

Our next goal is to establish convergence of the quantities

175~§F75:%ﬁ5-/ 0a(v,9:) (/ 3 (B(v,9.) — I.) dﬁ) dv
0 S2

—I—lﬁa-/ os(v,9:) (/ u‘i((l/ I d@') —IE> d@') dv
C 0 S2 47 S2

1 o0
Sge = f/ oa(V,¥e) (/ (B(v,¥) — I.) d&)’) dv.
CJo S2
Since ¢ — ¢ strongly in L™(0,T; L™(2)) for m € [1,5/3), and

. — @ weakly in L?(0,T; W, (4 R®))

and

the desired result follows from compactness of the velocity averages over the
sphere S? established by Golse et al. [16, 17], see also Bournaveas and Perthame
[2], and hypothesis (2.4). Specifically, we use the following result (see [16]):

Proposition 5.1 Let I € L([0,T] x R x 8§2), 0,1 +w -V, I € LI([0,T] x
R x 8%) for a certain q > 1. In addition, let Iy = 1(0,-) € L (R x §2).

Then
fz/ I(-,v) d&
5‘2

belongs to the space W*4([0,T] x R"*) for any s, 0 < s < inf{1/q,1 —1/q},
and R
[Lllwe.a < c(Lo)([[Ll|lze + |0 +w - VI||La).

As the radiation intensity I. satisfies the transport equation (1.5), by virtue
of the cut - off hypothesis (2.9)-(2.11) where S is bounded in L? N L>®([0,T) x
Qx R! x S?), a direct application of Proposition 5.1 yields the desired conclusion

/IE(~,Z/) do — [ I(-,v) d@ in L*((0,T) x Q)
S2 S2

and
/ GI.(-,v) d& — | &I(-,v) d& in L*((0,T) x Q)
S2 52
for any fixed v.
Consequently,
'Ja'SF,a — - Fy
and, similarly,
Sg.e — SE

as required.
So, we can pass to the limit in the momentum equation and also in the
internal energy equation.

11



6 Limit in 7
We are passing with n — 0. We already have div @, = 0. ;From uniform

estimates and using Aubin-lions lemma we get

5 15
" — i weakly in L3(0,T; W, 1’3)

=

o @ — @ weakly in L2(0,T; W2 )

n,div

o @ — @ weakly * in L>(0,T; L*(Q)?3)

[ ]
R

— 4 strongly in L™(0,T; L") for n € [1,10/3)

e ¥ — ¥ weakly in L*(0,T; Whs) for s € [1,5/4)

e ¥ — ¢ strongly in L™(0,T; L™) for m € [1,5/3)

o (9M)°F — 93 weakly in L2(0,T; W12) for A € (—1,0)
o u(9"MD(i") — u(9)D(@) weakly in L?(0,T; L?)

e p" — p weakly in Lg(O,T; Lg)

Using lower semicontinuity in the L? norm implies that

T T
/0 /Q p(9M)|D(@"*pdadt < liminf, o+ /0 /Q w(9)|D(@)[*pdxdt  (6.1)

Finally as in the previous section we get using [2] [16]
ﬁg . Sz — - SF

and, similarly,
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