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Abstract

In this work, we study the linearized Navier-Stokes equations in an exterior domain of R® at the
steady state, that is, the Oseen equations. We are interested in the existence and the uniqueness of
weak, strong and very weak solutions in LP-theory which makes our work more difficult. Our analysis
is based on the principle that linear exterior problems can be solved by combining their properties
in the whole space R® and the properties in bounded domains. Our approach rests on the use of
weighted Sobolev spaces.
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1 Introduction

Let ' be a bounded connected open set in R? with boundary 99’ = I of class C! representing an
obstacle and let Q be the exterior region occupied by the fluid, i.e. Q = R3\ . We consider here the
Oseen equations in {2 obtained formally by linearising the Navier-Stokes equations: For a given vector
field f, a function h and a boundary value g, we are looking for a velocity field u of the fluid and a
pressure 7 which fulfil:

—Au+diviveu)+Va=fFf and divu=h in Q wu=g on T, (1.1)

where, v is a given velocity field belonging to L?’(Q) satisfying the divergence free condition. In fact, the
Oseen approximation is typical for a flow occurring in an exterior region because it describes the physical
properties of a system constituted by an object moving with a small, constant velocity in a viscous liquid,
at least at large distances from the object where the viscous effects become less important. But, in
bounded region, the Oseen approximation loses its physical meaning, while, from the mathematical point
of view, it presents no difficulties and can be handled as a corollary to the theory developed for the Stokes
system. It should be observed, however, that the Oseen problem has different structures, one of them is
given by the following equations:

—Au—l—k;gTu—l—V?T:f and divu=h in Q wu=g on T, (1.2)
1

with & > 0. Problem (1.2) has been studied by many authors, from different points of view and it would
be too long to list them all here so we give some examples. One of the first complete work on (1.2) is
due to Faxén [21] who generalized the method introduced by Odqvist [33] for the Stokes problem. More
recently, Finn [22] used Galerkin’s method to establish existence of solutions of (1.2) including weighted
estimates. For the ) = R3, Babenko [11] used the Lizorkin’s Multiplier Theorem in the investigation
of (1.2). The results proved by Finn and Babenko were generalized and improved by Galdi in [23] and
very expanded in Chapter VII of his book [24]. Galdi approach is based in the functional framework,
homogeneous Sobolev spaces,which is one of possible tools, how to describe the behaviour of solution
in the large distance. In [13], Farwig used anisotropic weighted L? spaces for the investigation of the
exterior problem. Spaces with the weight function n§ are also used in [14] and [15], but the weighted
estimates are only obtained for the derivatives of second order of functions. We also mention [30] or
[34] where the convolution with the fundamental solution of the Oseen problem is studied in LP space

*The work of S.N. was supported by Grant of CR n. 201/10/1920 and by RVO 67985840. Final version was suported
by GACR n. P201/11/1304.



with the anisotropic weight function UrE Also see work of Kra¢mar, Penel for generalized Oseen problem
[31]. Recently, problem (1.2), has been studied by Amrouche and Razafison [9] and more recently by
Amrouche and Nguyen [8]. Note that, in [9] and in [8], problem (1.2) was setted in weighted Sobolev
spaces in order to provide an explicit description of the behavior of the functions and all its derivatives
at infinity.

When (2 is a bounded domain, the existence, uniqueness and regularity properties of the solutions for
the Oseen problem (1.1) and (1.2) are well known in the classical Sobolev spaces WP (Q), see [10] for
example for the problem (1.1). Tt is well known that it is not possible to extend this result to the case of
unbounded domains, for example the whole space R? or the exterior domain, here the classical Sobolev
spaces W™P(Q) are not adequate. Therefore, a specific functional framework is necessary which also
has to take into account the behaviour of the functions at infinity. Our approach is similar to that [9]
and [8], which is the use of the weighted Sobolev spaces W,"?(Q) introduced by Hanouzet [29], Cantor
[12], Kudrjavcev [32] (see Section 2 for the notations and details). Moreover we are interested also in the
very weak solutions. The concept of very weak solutions for Stokes equations was introduced by Giga
in 1981, see [26], by Amrouche and Girault in 1994 in a domain class C1'!, see [4]. More recently this
concept was extended by Amrouche, Rodriguez - Bellido, see [10].

Finally, very weak solution in different spirit was intensively studied by Galdi, Simader, Farwig,
Kozono and Sohr, see [16, 17, 18, 19, 20, 25] to a setting in classical L-spaces. For non-steady case we
can refer to the work of Amann see [2, 3] in the setting of Besov spaces.

2 Basic Concepts on Weighted Sobolev Spaces

Let x = (x1, 29, 23) be a typical point in R? and let r = |x| = (27 4+ 23 + 22)'/? denotes its distance to
the origin. In order to control the behaviour at infinity of our functions and distributions we use for basic
weights the quantity p(x) = (1 4 r2)'/2 which is equivalent to 7 at infinity, and to one on any bounded
subset of R? and the quantity In(2 + 7?). We define D(Q) as the linear space of infinite differentiable
functions with compact support on Q. Now, let D’(Q2) denotes the dual space of D(Q2), often called the
space of distributions on 2. We denote by < .,. > the duality pairing between D’'(Q2) and D(2). For
each p € R and 1 < p < oo, the conjugate exponent p’ is given by the relation % + 1% = 1. Then, for any
nonnegative integers m and real numbers p > 1 and «, setting

-1 it 2 1,...

e 3
m—=>—a, if J+ac {1,...,m},
we define the following space:
WeP(Q) = {u e D'(Q);
VAN 0 <A <k, po ™M (In(2 4 r2)) 71D € LP(Q);
VAEeN: k41 < |\ <m,p* ™D N e LP(Q)}.

It is a reflexive Banach space equipped with its natural norm:

ullwzre = S o™ Man@ +12) " DAull?,
0<|A|<k

1/p

+ Z ||paim+l)\‘D)\u||I£p(Q)
E+1<|A\|<m

For m = 0, we set

WaP(Q) = {u € D'(Q); p*ue LP(Q)}.

3
We note that the logarithmic weight only appears if — + « € {1,...,m} and all the local properties of
p

Wm2(Q) coincide with those of the corresponding classical Sobolev spaces W™ (£2). We set W™P(Q) as
the closure of D(R2) for the norm || . |[yyzr(q). Then, the dual space of WP (), denoting by W (1),



is a space of distributions. When © = R3, we have W/"?(R3) = W2 (R?3). If 0 is a Lipschitz exterior
domain, then we have )
WaP(Q) ={veWiP(Q), v=0 on 09},
and
0o

Vifg’p(ﬂ) - {v c WO%I’(Q)7 v = I = 0 on 89} ,

ov
where — is the normal derivate of v. The spaces W1?(2) or W2P(Q) contain some polynomial functions.

n
In the cases m =1 or m = 2:

j=Im-=@/p+a)] if 3/p+adlZ,

2.1
j=m—-—03B/p+a)—1 if 3/p+acZ, 21)

P; CWmP(Q)  with {

where [s] denotes the integer part of the real number s and P; is the space of polynomials of degree less
then j. We recall the following Sobolev embeddings for any real values o and 1 < p < 3,
3p

Wal’p(ﬂ) s Wg’p*(ﬂ) where pk = T (2.2)
- D

and, by duality, we have

/

3p
3+p

Wo(Q) — W-1*(Q) where ¢=
On the other hand, if % +a ¢ {1,...,m}, we have the following continuous embedding;:
WIP(Q) — WP (Q) < o WP, (). (2.3)
Moreover, the Hardy inequality holds, for 1 < p < oo,
Vue WIPQ), lullwer < CIV Ul i),

where C' = C(p, o, 2) > 0 and when Q = R?, we have

Yu € WhP(R?), ||UHW;W(R3) < HVUHngP(RS»)a if 3/p+.Oz > 1,
ullyrr sy py < IV Ull o sy, otherwise,

where Py stands for the space of constant functions in W!P(R3) when 3/p + o < 1 and C satisfies
C=C(p,a)>0.
We consider the following spaces:
D,(Q) = {v € D(Q); divo =0} and V,(Q) = {ve W,"(Q); divw = 0}.
In addition, we introduce the space
L () = {v € LP(Q); dive = 0}.
Note that these definition will be also used with 2 replaced by R? and for k € N*:
Ap = {xeR% k < |x| < 2k}.

Finally, we use bold type characters to denote vector distributions or spaces of vector distributions
with 3 components and C' > 0 usually denotes a generic constant the value of which may change from
line to line.

3 Generalized solutions for the Oseen problem

We will prove in this section the existence and the uniqueness of weak solutions for the Oseen problem
in an exterior domain 2. We start by proving the existence and the uniqueness of solution in the Hilbert
case i.e in W2 (Q) x L2(9).



3.1 Generalized solutions in W *()
Theorem 3.1. Let
fe wyb(Q), helL*Q), velLl(Q) and ge WYX(D).

Then, Problem (1.1) has a unique solution (u,m) € Wy>(Q) x L*(Q). Moreover, there exist some
constants C7 > 0 and Cy > 0 such that:

w20y < Cr( 1l F llwer2gq) + At 1o @) (T A D22 ) + 1 g llwarze ) (3.1)
I llz2@< Co( I Fllwrai) + A+ 10 lla@) (2 e + 11 g llwarzary)), (3-2)
where Cy = C(Q) and Cy = C1 (14 || v |3 (0)) -

Proof. In order to prove the existence of solution, first we lift the boundary and the divergence data using
Lemma 3.3 of [28]. Then, there exists ug € W > (Q) such that divaug = h in Q, up = g on I' and:

| wo lw22o)< CUl R llL2@) + 1 g lwirzzr))- (3-3)
Therefore, it remains to find (z,7) = (u — ug, 7) € W(l)Q(Q) x L%(€) such that:
—Az—’u~Vz—|—V7r:f and divz=0 in © =z=0 on T,

being f = f + Aug+ v - Vaug. Observe that v - Vug = div(v ® ug) and ug € W% (Q) — LS(Q) then we
have f € W "*(€). Using the density of Dy (Q) in V() (see Theorem 2.6 of [27]), we deduce that
the previous problem is equivalent to: Find z € V() such that:

\ € Vy(Q), 3.4
Wit @) x Wi (@) p € V) (34)

/QVZ~V<,0dx—b(v,z7(p): <f,<p>

where b = (div(v ® z), ¢) is a trilinear antisymmetric form with respect to the last two

Wo 2 (Q)x Wy (Q)
o 1,2

variables, well-defined for v € L3(Q), z, ¢ € W, (Q). By Lax-Milgram theorem we can deduce the

existence of unique solution z € W(I)Q(Q) and using that W *(Q) < L°(Q), we have

lzlwiz < CUFllw 2@ + 1A% g2 + 1 div (v @) [l -12g)
o () 0o () o (@) o ()

< C(r HWO*LZ(Q) + Il wo ||W(1)’2(Q) + v ®uo [l12(0))

IN

OIS w20y + (1 10 llzsgey) w0 ey )

< CUf lworz) + (1 v 2 0) (|| hille) + 1l g ||W1/212(F)) ,

which added to estimate (3.3) makes (3.1). Now, —Az —v-Vz—f € W () and:

Q), (-Az-v-Vz—f =0
Ve e Vy(Q), < z-v-Vz f"p>w;1’2<sz>xv"Vé’2<ﬂ>

As a consequence to Corollary 3.2 in [28], there exists a unique 7 € L?(£2) such that:
7AZ*’U~VZ+V7T:} in Q

with || 7 [[p2@< C || V7 ||W71,2(Q). Finally, estimate (3.2) follows from the previous equation and
0
estimate for z. O

3.2 Generalized solutions in W;”(1)

We are interested in this subsection in the following class of regularity for data:
fewyl(Q), helLP(Q), veHsQ) and ge WYPP(T),

where
H3(Q) = {v € L3(Q); (v 1, 1)y 100y wisarer) = 0}



Throughout the rest of this work, if we do not say otherwise, we assume that v € H3(Q2). Firstly, we
recall the definition of the kernel S?(2) of the Stokes operator for any real value o and 1 < p < oo:

SP(Q) ={(u,m) € WP(Q) x WOP(Q); ~Au+Vr=0and dive =0in Q, u =0 on r}.

SP(§2) is characterized, see [1] for more details. With the same method as in [1], we want to characterize
the kernel NJ'(Q2) of the Oseen operator with Dirichlet boundary conditions:

N (Q) = {(u,ﬂ) € WiP(Q) x LP(Q); —Au+div(v @ u)+ V7 =0and divu =0in Q, u=0on F}.

We will start by p > 2 and the characterization of the kernel M} () when p < 2 will be done in the end
of this section. We introduce the space of polynomials for each integer k:

Nj, = {(A p) € P x Pr_1, divA =0, —AX+div(v @A)+ V =0}

In particular, recall that N = {(0,0)} whenever k < 0 and that No = R x {0}.

Our analysis is based on the principle that linear exterior problems can be solved by combining their
properties in the whole space R3 and the properties in bounded domains. Let us begin by recalling some
results in R3:

Theorem 3.2. (Amrouche, Meslameni and Necasovd [7]). Let f € Wo_l’p(]R3) satisfying the compatibility
condition:

(fis 1>WO_1,p(R3)XW01,p/(R3) =0 foranyi=1,2,3 if p<3/2 (3.5)
and let h € LP(R3) and v € LX(R®). Then the Oseen problem (1.1) has a unique solution (u,7) €
Wol’p(]RS) x LP(R3) if p < 3 and if p > 3, u is unique up to an additive constant vector. In addition, we
have

[l i v (s Pu_sy T 7]l e ey < C(1+ ||”||L3(R3))2 Al 10 @sy + |12l 2o ) ) - (3.6)
o " (R3)/Pi—3/p] o P(R3)
The second result:

Lemma 3.3. (Amrouche, Meslameni and Necasovd [7]). Supposing that 1 < r < 2 < p. Let f €
W, PR3 N W, T (R3) satisfying the compatibility condition (3.5) if r < 3/2 and h € LP(R3) N L"(R3)
and v e L3(R3). Then the Oseen problem (1.1) has a unique solution (u,m) € (Wy?(R3) N Wy (R?)) x
(LP(R3) N L"(R?)) such that

[l wrr gy + [l ypr.r gay + 7| Lr@s) + 7] |Lr@s) < C(1+ [|v]| g3 rs))? X

(o) + 1My + [y + [l ey ) (3.7)
Finally, we recall:
Theorem 3.4. (Amrouche, Meslameni and Necasovd [7]). Suppose that 1 < p < 3 and p # 3/2. Let
he WP (R3) and f€ WYP(R3) such that

fz)yde=0 if p<3/2 (3.8)
R3

and let v € L3 (R?). Then the Oseen problem (1.1) has a unique solution (u,7) € WP (R3) x WP (R3)
satisfying the following estimate:

] gz gy + 1]y on gy < OO [l sy U o sy + 1Al gay)- (3.9)
Now we can prove the following result:

Theorem 3.5. Suppose that p > 2.
i) If p < 3, then N§(©2) = {(0,0)}.



it) If p > 3, then

NG(Q) = {(z(N) =X n(N) =), (A p) € N_app)} s (3.10)

where (2(X), (X)) denotes the unique solution in [\ Wy (Q)x L"(Q) of the following equations
3/2<r<p

—Az+v-Vz4+Vn=0 and divz=0inQ, z=X on I. (3.11)

Proof. The proof follows the idea of [5]. Let (u, ) be an element of M} (2) and let u and 7 be extended
by zero in €. The extended functions, denoted by & and 7 respectively belongs to Wé’p (R?) and LP(R?).
Now, we extend v in R3 in the following way: We solve the following Neumann problem in ':

AO=0 in € and %:v-n on TI.
on

Owing to the boundary condition, this problem has a solution # € W13(Q'). Let us take
w=V60 in @ and w=wv in Q.

Then w belongs to L*(R?). Let ¢ € D(R?) then we have

< divw, ¢ >DIR3)xD(R3) = , w-Voedr
R

= —/U-Vgodm— Vo -Vedr
Q ol

< > <89 > 0
= vn — R =
y P 2T 8n’('0 r 3

where < .,. >p=<.,. >y ~1/5.3(r)xw 1/3.8/2(r)- Then divew = 0 in R® and thus w belongs to L} (R?). Set
~Au+w-Vu+V7:=F and divu:=e in R (3.12)

Then (F,e) belongs to W(fl’p(R‘g) x LP(R?) and obviously they have a compact support. Since p > 2,
we deduce that (F, e? belongs to W "?(R?) x L2(R3). It follows from Lemma 3.3 that there exists a
solution (z,n) in W5 (R3) x L™(R?) for any r € |3/2,p] such that

~A@—2)+w-V(@—2)+V(F@-n)=0 and div(u—2)=0 in R

If p < 3, we deduce from the argument of uniqueness in Theorem 3.2 that (u — z,7 —n) = (0,0) and
thus & and 7 belongs respectively to Wy (R3) and L"(R3) for any 3/2 < r < p, which implies that
(u, ) belongs to NZ(Q) and so (u,7) = {(0,0)}. If p > 3, using again Theorem 3.2, we necessarily have
(uw—2z,7m—n) = (A p) € Ny_3/py and since u = 0 on T', the restriction of (z,7) to €2 is nothing else but
(z(X),n(X)) which verifies (3.11). Observe that in this case, A is a vector constant of R® and g = 0. O

Remark 3.6.

1. We shall see at the end of this section that in fact N (Q2) = {(0,0)} for 1 < p < 3.
2. Of course, we have seen at the beginning of this section that N (22) = {(0,0)}.

The next lemma solves Problem (1.1) with homogeneous boundary conditions and a right-hand side
f and h with bounded support.

Lemma 3.7. Assume that p > 2 and g =0 on . Let f&€ W, "P(Q) and h € LP(Q) such that f and h
have a compact support. Then, the Oseen Problem (1.1) has a unique solution u € Wg’Q(Q) n Wol’p(Q)
and ™ € L2(2) N LP(Q).

Proof. By virtue of Lemma 2.1 of [5], the right-hand side f belongs also to W "?(Q). Since p > 2

and support of h is compact, we have h € L?(Q). Due to Theorem 3.1, Problem (1.1) has exactly one
solution (u,m) € W{2(Q) x L%(Q). The remainder of the proof is devoted to establish that (u,7) €
W P(Q) x LP(Q). Take Ry sufficiently large so that both the supports of (f,h) are contained in B,
and ' C Bg,. Let A and p be two scalar, nonnegative functions in C°°(R?) that satisfy

VY 2 € Br,, Mx)=1, suppAC Br,11, YV z€R3 \a)+u(z)=1.



Let Qg +1 denotes the intersection 2 N Bg,11 and let Cr, denote the exterior (i.e. the complement) of
Bpr,. Then, we can write
u=Au+pu, T=AT+ pum.

As i is very smooth and vanishes on Bp,, then g f =0 and pph = 0. Let us extend (u, ) by zero in §'.
Then, the extended distributions denoted by (@, 7) belongs to W, *(R3) x L?(R?) and let w € L3 (R?)
such as in Theorem 3.5. After an easy calculation, we obtain that the pair (uwu, u7) satisfies the following
equations in R3:

~A(pw)+w-V(pa)+V(u7):=Ff, and div(pw):=e in R?

with
fi=(ANa—(VNT+2VA-Vu—(w-VANu and e;=-VA-u.

Moreover, owing to the supports of y and A, (f,e1) belongs to L*(R?) x H'(R?). In addition, if O is
a Lipschitzian bounded domain, we have L*(O) < W ~1%(O) and H*(O) — L9(0O) for any 2 < ¢ < 6.
Hence, we shall assume for the time being that 2 < p < 6 and afterward, we shall use a bootstrap
argument. Then (f;, e;) belongs to W "P(R3) N W, "*(R?) x LP(R?) N L2(R?3). Tt follows from Lemma
3.3 that there exists (z,0) € W P(R?) N WEZ(R3) x LP(R3) N L2(R?) such that

~Az+w-Vz+VO=Ff, and divz=e; in R
And thus,
~A(pu—z)+w-V(pu—2z)+V(us—0)=0 and div(ua—2)=0 in R
with u7 — 0 € L*(R?) and pu — z € W{*(R?). Then
(—A(puw—2)+w-V(pu—2)+Vur—0),pu — Z>ng'2(R3)><W(1]’2(R3) =0,

and so
19 (1 — )]l 2(ge) = 0.
Thus p@% — z = 0 and so u7 — 6 = 0. Consequently, (1@, u7) belongs to W 5P (R3) x LP(R3).
In particular, we have pu = w and p 7 = 7w outside Bg,+1, so the restriction of w to 0Bp,+1 belongs
to WP P(9 Bg,,1). Therefore, (u,) satisfies:

—Au+v-Vu+Vr=f and divu=h in Qr,11, ulopg,,, =8 and wulr=0.

Observe that for any ¢ € W12(Qpg,11) we have

/ u-Vgadx:—/ godivudx—f—/ pu - ndzx.
QRrg+1 QRrg+1 OQRry+1

In particular, for ¢ = 1, we have

/ h(:zc)dx:/ u-ndx
QRrg+1 OQRy+1

and thus, according to Theorem 15 see [10], this problem has a unique (u,7) € WP (Qr, 1) X LP(Qpry11)-
This implies that (u,7) € WP (Q) x LP(Q) if 2 < p < 6. Now, suppose that p > 6. The above argument
shows that (u, ) belongs to Wy®(Q) x L(Q) and we can repeat the same argument with p = 6 instead
of p = 2 using the fact that if O is a Lipschitzian bounded domain, we have L°(0) — W ~**(0) for
any real number ¢ > 1. This establishes the existence of solution (u,7) in W ?(Q) x LP(2) of Problem
(1.1) when p > 2. Uniqueness follows from the fact that W *(€2) does not contain the vector constant
functions. O

The next lemma solves Problem (1.1) with non homogeneous boundary conditions and a right-hand
side f and h with bounded support.

Lemma 3.8. Under the assumptions of Lemma 3.7, for each g € Wl/p/’p(I‘), Problem (1.1) has a unique
solution (u,7) € W5P(Q) N W2 (Q) x LP(Q) N L2(Q).



Proof. Let g € Wl/p/’p(l") and take R sufficiently large so that ' C Bg. Set Qr = QN Bg, then there
exists z € Wl’P(QR) solution of the problem —Az = 0in Qr, 2 = gon I and z = 0 on 9Br. We
extend z by zero out of Br. The extended function denoted by z has a compact support in € and
belongs to WP (Q) and once we set w' = w — 2. Then Problem (1.1) is equivalent to the following
problem: Find (w’,7) such that

— / . / — . 1 >3
{ Au' +v -Vu' +Vr=Ff+v-Vz+ Az, (3.13)

div u' = h+div Z in Q, u/|gq = 0,

where data belonging to the space W&l’p(Q) x LP(Q) with the compact support in 2. Then we will
apply Lemma 3.7 . O

Corollary 3.9. Assume thatp > 2 and let g € Wl/f"vp(as)). Then there exists
(u,m) € (Wé’p(Q) N W(I)Q(Q)) x (LP(Q) N L2(Q)) such that

—Au+v-Vu+Vr=0, divu=0 in Q and ulr=g
Proof. Let Ry > 0 such that ' C Bpg,. Take ¢ € D(R?) with support in Qp, and such that
(:E)dx—i—/ g -nds=0.
Qr, a0
According to Theorem 12 [10], there exists (z,1) € W'P(Qg,) x LP(2g,) such that
—Az +v-Vz+Vn=0, divz =9 in Qg,, 2|opy, =0,2[r = g.

If we denote the extension by (0,0) of (z,7) outside Bg, by (2,7) then (2,7) € WP(Q) x LP(Q) and

—Az+v-Vz+Vjp = & in
divz = o in Q
z =g on T.

Observe that & belongs to Wo_l’p (€2) with compact support in . From Theorem 3.7 we have a solution
(w,7) € (WgP(Q)n W§?(Q)) x (LP(Q) N L*()) to the problem

—Aw+v-Vw+Vr=—-€ divw=—¢inQ and w|r=0.
Then the pair (u,7) = (2 + w, 7 + 7) has the required properties. O
As consequence, we prove the following result:

Theorem 3.10. Assume that p > 2. Let f€ Wy "P(Q), he LP(Q) and ge W 1/p/”’(l“). Then Problem
(1.1) has a solution (u, ) € WyP(Q) x LP(Q) unique up to an element of N¥(€2).

Proof. i) First case: g = 0.

We would like to extend data (f,h) € Wi "P(9) x LP(R2) to the whole space. According to Corollary
1.3 of [1] there exists a second-tensor F € LP(Q) such that div F = f. Then we extend F (resp. h) by
zero into the whole space and we denote this extension by F (resp. i~z) Set f =div F. It is clear that
(f,h) € Wi 1P(R?) x LP(R®). Now, we consider the following equation:

~Az4+w-Vz+Vi=f and divz=h in R’
with w € Lﬂ’; (R3) introduced in the proof of Theorem 3.5. Applying the theory of Oseen problem in R?,

we deduce that this problem has a unique solution (2,7) € WP (R3) x LP(R3) if p < 3 and if p > 3, 2
is unique solution up to a constant vector. In addition, we have:

2l we®s)/py_s,,, + 17llLr@s) < C (||J~CHW[;LP(R3 + ||}~L||LP(R3)) : (3.14)

Denoting the restriction to Q by (z,7) and by vz € Wl/pl’p(F) the trace of z on I'. According to
Corollary 3.9, we have the existence of (&, v) € (W yP(Q) N W () x LP(Q) N L2(R)) such that

—AE+v-VE+Vr=0,divE=0in Q &r = —v=.



Hence, the pair (u,7) = (z + &, 7+ 1) belongs to W ?(Q) x LP(Q) and satisfies Problem (1.1) with
g=0.
ii) Second case: Nonhomogeneous boundary data. Each g € W/ P(I') has a lifting x € WP(Q)
such that

Xy < Cllgllwssons ony-
Setting ' = uw — x, then Problem (1.1) is equivalent to the following problem: Find (w', 7) such that
—Au'+v-Vu'+Vr = f+Ax—v-Vx in  Q,
dive’ = h-—divy in

u = 0 on TI.

Set fy, =f +Ax —v-Vxand hy = h—divx. Asp > 2, v-Vx € L'(Q), with 71 = %4—% and
L"(Q) — W, "P(Q). Hence, f belongs to W, "P(Q). From previous step we know that this problem
has a solution in I;Vém(ﬂ) x LP(€). Uniqueness follows from the definition of the kernel N7 (Q). O

In particular, it follows from Theorem 3.10 that, for any p > 2, the Oseen operator
O Wt (Q) x LP(Q)/NP(Q) — W P(Q) x LP(9)

defined by : O(u,7) = ( —Au+v-Vu+ Vr,div u) is obviously continuous and since both spaces are
Banach spaces, it is an isomorphism. Thus there exists a constant C'(v) depending on v € L3 (), Q and
p such that

inf Al yrir <C —1.p h . 3.15
(M)lenNg(mllqu lwo + 17+ plle@) < CO)Ifllw 1o + 1lle@) (3.15)

The following existence result can be stated via a dual argument.

Theorem 3.11. Suppose that 1 < p < 2 and g = 0. Let (f,h) € Wy "P(Q) x LP(Q) such that for any
(A n) € NF (), we have

<f) )‘> V[/O—l,p(ﬂ)>< W})»P’(Q) - <ha /"L>LIJ(Q)><LPI(Q) =0. (316)
Then the Oseen problem (1.1) has a unique solution (u,m) € WyP(Q) x LP(Q).

Proof. On one hand, Green formula yields, for all w € VQV(lfp (Q) and (u,m) € V()Vé’p(Q) x LP(£2)

(—Au+diviveu)+ Vm, w>WO*1*”(Q)x17V;’p'(Q) =

<'u'7 -Aw - div(v ® w)> W;»P(Q)X Wo—lvp’(Q) - <7T, div w>LP(Q)><LP’(Q) :
Taking into account that p’ > 2, we have div(v ® w) = v-Vw € L"(Q) with 2 = 1 + ﬁ and L"(Q) —
W(;l’p/(Q). On the other hand, for all € L¥'(12),
(. Vi 1r w1 @) = ~ AV 1) o)L (@)

Then problem (1.1) with g = 0 has the following equivalent variational formulation: find (w,7) €
VQV(l)’p(Q) x LP(Q) such that for all (w,n) € VOV(l)’p (Q) x L¥' (),

(u,—Aw —div(v @ w) + Vn) WP (@)X Wt () T (m, div w)Lp(Q)XLp/(Q) =
= (f w>W0‘“’(Q)>< VV})’P'(Q) - <h»77>Lp(Q)><LP’(Q) : (3.17)

According to Theorem 3.10, for each (f',n') € Wo_l’pl(Q) x LP'(Q) there exists a unique solution
(w,n) € (W (Q) x LP (2))/NZ (Q) such that

—Aw—divivew)+Vn=f, divw=h" in Q@ and w=0 on T,
with the following estimate

inf  Jw + Al| gy + 11+ 2l ) S C@ Iy 10 gy + RN Lo () - (3.18)
A eN?’ () Wo () ©) (N 1 s @)



Let T be a linear form defined from WO_I’p/ (Q) x LP' (€2) onto R by:
T: (f/7 hl) = <.f7 w>W0_1’p(Q)>< VQV(IJ’p/(Q) - <h777>LP(Q)><Lp/(Q) .
Observe that for any pair (f',h') € Wo_l’p/(Q) x LP'(Q) and for any (A, p) € Ng’/ (2) we have

(", 1)

‘ <«f’ w + >\> Woflap(ﬂ)xﬁ/(l)ml(ﬂ) - <h’7 n + IU/>LP(Q)><LP'(Q) |

IN

1wyl + Al o + Bl lln + 1l .-
Using (3.18), we prove that

T 1)) < ) (1w + Lo (W g1 gy + 1)

Thus the linear form T is continuous on the following space W "7 / (Q) x L (Q) and we deduce that
there exists a unique (u, ) € V)V(l)’p(Q) x LP(Q) such that
T(f'. 1) = <“vf'>wé"’<mx we @) (m W) Lo @yxr @)

with
el oy + Nl o) < CO)(IF 100 + IAlloe)- (3.19)
By definition of T', it follows

- / ’
(s 0) gy gyt @)~ B en@yxer @) = (W F ) i ayw 7 @) = () o@yxer @)

which is the variational formulation (3.17). O

Now, let us prove the appropriate estimate for the Oseen problem (1.1) and we start by the case
l<p<2:

Theorem 3.12. Suppose that 1 < p < 2 and let (u,7) € Wé’p(ﬂ) x LP(Q)) be the unique solution of the
Oseen problem (1.1) given by Theorem 3.11 with the following data:

fe wWyP(Q), helLP(Q), and g=0
and for any (€,n) € N¥ (Q), we have
(£.€) WP x W (@) T <hv77>LP(Q)><LP'(Q) =0.
Then (u, ) satisfies the following estimate :
[l wp oy + lIllzoi@) < CL+ ol ) (1| Fllwrogy + (4 o]l @)1l o)) (3.20)

Proof. Since f € Wy "*(Q), then it follows from Corollary 1.3 of [1] that f = divF with F € L?(Q)
and || F || < C|| f ||W81,p(ﬂ) . Let extend F and h by zero in €. The extended functions, denoted

by F and h belong to L”(R?) and set :f = divF belongs to W(;l’p(R:g). Let ¢ be a truncation function:
¢ € D(R?) such that 0 < ¢(t) < 1 for any t € R® and

1ot [t<,
t =
o(t) {0 it | t]>2

Let A be a cut off function, defined on R? by \(x) = ¢(%) for any R sufficiently large so that ' C Bg.

Set = 1—A. Let Qg denote the intersection QN Br. Now, let (u,7) € VDV(l)’p(Q) x LP(€2) be the unique
solution of the Oseen problem (1.1) given by Theorem 3.11 and let us extend (u, ) by zero in Q. Then,
the extended distributions denoted by (%, %) belongs to W J*?(R3) x LP(R3) and let w € L2 (R3) such as
in Theorem 3.5. Then

lullwir )+l < llpallyiegs) + A wllwir@q) + 10Tl e @s) + [ATl[r @ (3:21)
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After an easy calculation, we obtain that the pair (uu, u7) satisfies the following equations in R?:
~A(pw)+diviw @ (pa))+V (u7):=f, and div(ua):=e; in R3,

with
fi=uf+ANu—(VAO)T+2VA-Vu—(w-VNu and e;=ph—-VA-u

From Theorem 3.2, we have

ol oy + e floesy < OO+ ll0llmasy) (IFallwroqes) + 1+ wlls)llerl | )

< OO+ ollz) (IF1llw s ros) + 0+ 19lls@)lerl L) (3.22)

Now, let ¢ € Wé’pl (R?), then we have

[{ANE @) gty wir sy | = C/ |Rz‘P A g)uldx
< CR”;HLP(AR)”SOHW(l),P'(]Rs)a
1 4R2 1/2
where Cgr := Cu, C>0.
R
<

| <(v A)%7 (p> W(J_l’p(R3)>< W(lj‘p/(]R3) | CRH%”LP(AR)H‘PHW[lJyp’(Rs)'
| <QV)\'Vﬁ,go)Wng(R:,.)XWé,p/(R?,) | < CRHVﬂ'le(AR)HQD‘|WévP’(R3)'
| <(w . V)\)’Tl,, 90> WO—1=P(R3)>< W(ljvp'(R:s) | < CR”w ® a||1}”(AR)H‘P”pV[l)»P'(]Rs.)'
(F2) ooy | = | L 001 < CI ] o ey

Now, let ¢ € L?' (R3), then we have

IN

_ ~ u
[ wh-va@edx < ¢ Illalnell + Call o el

IN

u
c [thm) + Gl 1| el ey

Then, we deduce from the previous inequalities that

W illwre sy + (U [[vlls@)llen]|r@s) <

<C |:|-f||WO_1’p(Q) + Cr||V ;LVI’HLP(AR) + CRH%HLP(AR)

+Cr {H%HLP(AR) +[lw® ﬁHLP(AR)}

+ (1+ ||’U||L3(Q)) {CR||Z|LP(AR) + |h|Lp(Q)H . (3.23)
Similarly, the pair (A u, A7) satisfies the following equations in Qg:
~AQu) +div(v ® (Au)) + V(A7) :=f, and div(A\u):=e2 in Qr, (Au)lop,, =0 and (Au)|r =0,

with
fo=Af+(Ap)u—(Vu)r+2Vu-Vu—(v-Vp)u and es=Ah—Vpyu-u.

Using Theorem 15 of [10], we prove that

A ullwirap) + ATl L) < C(1+ ||’U||L3(Q))2 (”fQHW—lvP(QR) +(1+ ||v||L3(Q))H62HLP(QR)> (3.24)

11



As in the beginning of the proof, we show that

1 u
I£llw o0 < € [+ w1000y + Crl 2 lzvcan
1
th {I7lleear) + 11V wlpag) + v e u”LP(AR)}] (3.25)
and that
u
llea||zrap) < C CRH;HLP(AR) + 1P zr )| - (3.26)

Using (3.21)-(3.26) and tending R to co, we prove thanks to dominated convergence theorem the estimate
(3.20). O

Remark 3.13. Under the assumptions of Theorem 3.12 and supposing that 6/5 < p < 2, the solution
(u, ) satisfies the estimate :

lwll ey + 1Tl Loy < CA+ il @) (I1F [l -0 @) + A+ [0l @)lIAl e @)
Indeed, we shall use in the proof of Theorem 3.12 the following estimate
Al wirn + AT Lo n) < CA+[|0llps) (IF2llw-1r@p) + @+ [0l @)lleall Lrn)) »
instead of (3.24), see Proposition 3 of [10].
Now, we study the nonhomogeneous boundary data i.e g # 0 on I'.

Corollary 3.14. Suppose that 1 < p < 2. Let f€ Wy "P(Q), h € LP(Q) and g € Wl/P'»P(aQ) such that
for any (X, p) € N§ (), we have

<f5 )‘> Wofl’p(Q)X Wé’p,(ﬂ) - <ha M>LD(Q)><LP’(Q) + <g7 (/’LI -V }‘) : n>F =0. (327)
Then the Oseen problem (1.1) has a unique solution (u, ) € Wy'*() x LP(Q) such that

2
ol il zoy < €O+ 0lz@)” (Il + (14 10 lLzy) (el ooy + 111w ony))
3.28)

Proof. Let g € Wl/P’»P(aQ)7 then there exists x € Wé’p(Q) such that x = g on I and
HX”W})"’(Q) < C||9||W1/p',p(3g)~ (3.29)

Setting u’ = u — x, then Problem (1.1) is equivalent to the following problem: Find (u', ¢) such that

—Avu' +diviveu)+Vr = f+4+Ax—div(v®x) in  Q
divue’ = h-—divy in
u/‘ag = 0.

Set fo =f +Ax —div(v ® x) and hy = h —divx. As 1 <p <2 then x € LP*(Q) and v ® x € L*(Q).
Thus div(v ® x) € W, "P(Q). Hence, f belongs to W, "P(Q). Tt is clear that (f x> hx) satisfies the
compatibility condition (3.16). Then from Theorem 3.11 we know that this problem has a solution in

Wé’p(ﬂ) x LP(Q). In addition, using Theorem 3.12 we deduce that

2
' Twrr ) + lI7lle@) < C(A+llz0) (I xllw 1o @) + @+ 0]z o) hx]|e@)-
It follows from (3.29) that

15 el m gy + (1 D193 Vel Loy <

C (11w ooy + (1 01l (bl i) + 19w ony)) (3.30)

Then (3.28) is a trivial consequence of the previous inequality. O

12



Remark 3.15. We suppose now that p > 2. As in Theorem 3.11, using a dual argument with the
estimate (3.20) of Theorem 3.12, we prove that if g =0,

3
i f + P + + P gc 1+ : —1,p + h D .
et o 118+ 8l ooy 17+ oy < COH 1o le) (1 ooy + 110 losce)

As in Corollary 3.14, when g € Wl/p,’p(aQ)7 we prove that

n u + + | 3
. f P P gcl %
(5,17)16/\/5(9)” EHW% (2) ] 1l Le (@) ( +HU||L3(Q))

(I1f lw e T 11PlLe@) + (4[]0 z2 @)1 9 |l 1150002)) -

The next theorem summarizes the result of existence and uniqueness of generalized solutions of Prob-
lem (1.1) when 1 < p < co:

Theorem 3.16. Let ) be an exterior domain with CY' boundary. If p > 2, for any f € Wofl’p(ﬂ),
he LP(Q) and g€ W YPP(T'), Problem (1.1) has a unique solution (u, ) € W, P(Q) x LP(Q) /NP (Q)

and there exists a constant C, independent of u, w, f, h, g and v, such that

3
inf lut &l o) + 17+ ullze@) < O+ 0]l
(s,n)e/\fg’(g)” £HWO () | nllze @) ( [ vz (Q))

(11l gy + 11 ooy + (14 11913l gl wesor o o) (3.31)

If1 < p <2 forany f € W(;l’p(Q), h € LP(Q) and g € Wl/p/’p(ﬁﬂ) which satisfy the necessary
compatibility condition (3.27), Problem (1.1) has a unique solution (u,m) € WyP(Q) x LP(Q) and there
exists a constant C, independent of u, w, f, h, g and v, such that

2
llullw e gy + 17l o) < CUHI1z20) " (1 Fllwrr )+ (LT 01lma@)) (TR @)+ 1w o a0)-
(3.32)

4 Strong solutions for the Oseen problem

4.1 Strong solutions in W ”(Q)

We begin by proving the existence and uniqueness of strong solution in W(Q)’p () for 1 < p < 3 in the
following sense.

Theorem 4.1. For 1 < p < 3, let f € LP(Q), h € WoP(Q) and g € W*™YPP(T'). Then the Oseen
problem (1.1) has a unique solution (u,7) € WaP(Q) x Wy P(Q)/NE*(Q) such that

inf u -+ E 2.p + |lr + - <
(Em)ENT* () | ”Wo (2) I 77HW0 Q)
4
Cltrlivlza) (||ﬂ|Lp(Q) 1Pl oy + (141 'UHLS(Q))||g||W2*1/p,p(F)> : (4.1)

Proof. For all 1 < p < 3, Sobolev embedding holds i.e LP(Q) < W7 ?*(Q). Observe that h €
WP(Q) — LP*(Q), g € W2TVPP(T) s WITVPSPX(D) and f € W, P*(Q). Since px > 3/2 i.e
(p%)" < 3, we deduce that Nép*) (©) = {0,0}. Using Theorem 3.16 (there is no compatibility condition),
we prove that there exists a solution

(u,m) € WP (Q) x LP*(Q)
for the Oseen problem (1.1) with the following estimate
3
||u||wg)«f'*(n) + ||7T\|LP*(Q) < 0(1 +1lv HLB(Q)) X
(Q1F Ny + Wl loe @) + (L 0 L)1 8 1w 11/ 00))) (4.2)

Since (v - V)u € LP(Q), we can apply the Stokes regularity theory see [1] to deduce the existence of
(z,m) € WEP(Q) x W, P(Q) verifying:

—Az+Vnp=f—v-Vu and divz=h in Q z=g onl.
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Moreover, the estimate holds

12l w2 ) + nllwpr @) <

C (If vy + 10l IV wllzoe (@) + Bllypn oy + N9l we-simnry ) (4.3)

with C' denoting a constant only depending on p and 2. Let w = z — u and § = n — 7, then we have
(w, 0) belongs to S§™(€2). Therefore, if 1 < p < 3/24.e 3/2 < px < 3, we deduce from [1] that S§* = (0,0)
and thus (u,7) belongs to WP(Q) x W, P(Q) and we deduce from (4.2) and (4.3) that:

lullwzr o) + I7llwir @) <

4
Cl+]lv ||L3(Q)> <||f||LP(Q) + ||h||w(}vp(9) +(1+]wv HL3(SZ))||9HWQ*I/PW(F) (4.4)

If p > 3/2 id.e px > 3, we deduce from the Stokes regularity theory see [1], that (w,6) belongs to
WP(Q) x WHP(Q) € WiP(Q) x WyP() and thus (u, ) belongs to WP () x WyP(Q2). Now, using
the following embeddings W5 (€2) < W 5P*(2) and WP () < LP*(2) and using (4.2), (4.3) and (4.4),
we deduce that

[

4
O+ 11w llar@)’ (IFlzen + Wrllsray + (1112 s gl wa-ssmaey ) -
Observe that in the finite dimensional case, all norms are equivalent so we have

w2 ) + 10y <

4
O+ llwllm@)" (@ + bl + 0+ 112 o) 19l we-1/mn)

and thus we obtain (4.4). The uniqueness of the solution (u,) follows from WP (Q) x W, P(Q) —
W 7% () x LP*(Q) and also in W yP*(€2) x LP*(2) the solution is unique up to an element of N*(Q). O

4.2 Strong solutions in W3”(Q)

In this subsection, we take f in weighted space LP(2), more precisely f € W?’P (Q), and the data h in
the corresponding weighted Sobolev space VV11 Q).

Theorem 4.2. Suppose that 1 < p < 3 and p # 3/2. Let f€ WXP(Q), h € Wi P(Q), ge W2~YPP(T)
that satisfy the compatibility condition (3.27) if p < 2. Then the Oseen problem (1.1) has a unique
solution (u,7) € WiP(Q) x W'P(Q)/NE(Q) such that

6
inf u+ : + ||+ : <C(1+|lv
(£,n)EN§(Q)|| EHWfP(Q) I 77||W11p(Q)— ( I ||L3(Q))

% (1l ooy + (1 112 llz) (12w + 18l lwamgon)) - (4.5)

Proof. i) Regularity:

Since the following embeddings hold W}*?(Q) — L?(Q), W2 Y/PP(I') — W/PSP(T), resp. for p # 3/2
we have W "P(Q) < W "?(Q), according to Theorem 3.16 it follows the existence of a unique solution
(u,m) € W, P(2) x LP(Q) to the Oseen problem (1.1) if p < 2 and if p > 2 it is unique up to an element
of MJ (). Moreover the following estimate is satisfied

3
inf u + 1,p + || + S C 1+ v )
(e,n)eNgm)H Ellwrr ) +Im+nlle@) < COA+ v ]]13@)
X (||f ||W107P(Q) + || h HWILP(Q) + (1 + || v HL3(Q))|| g ‘|W271/p,p(89)), (4.6)
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The rest of the proof is similar to that of Lemma 3.7, we introduce the same partition of unity as in
Lemma 3.7. With the same notation, we can write

u=Au+pu, T=AT+ um.

Let us extend (p u, ) by zero in . Then, the extended distributions denoted by (1w, 1) belongs to
W, P(R3) x LP(R3) and let w € L2 (R?) such as in Theorem 3.5. A quick computation in D’'(R?), shows
that the pair (uu, 17) satisfies the following equations:

—A(pu)+w-V(pu)+V(pn):=f, and div(zu):=e; in R3
with _ —
fi=pf+AXNu—(VA)T+2VA-Vu—(w-VNu and eg=ph—-VA-u.
Moreover, owing to the supports of z and A, (f,,e1) belongs to WP(R3) x W,"P(R3). It is clear that
f, satisfies (3.8) and thus it follows from Theorem 3.4, that there exists a unique (z,0) € W2*(R3) x
WP (R?) such that
~Az+w-Vz+VO=f, and divz=¢ in R3

and thus,
“Apu—z2)+w-Vipu—2)+V(igm—0)=0 and div(pu—2z)=0 in R3

with (pm—0) € L”(R?’) and (pu— z) € W/P(R3). Then, using the argument of unlqueness in sectlon 4,
we deduce that 7w — z = 0 and g7 — 6 = 0. Consequently, (zrw, i7) belongs to WTP(R3) x W (R3).
In particular, we have pu = w and g7 = 7 outside Bg,11, so the restriction of u to dBg,+1 belongs to
W?21/PP(9 Bp 41). Therefore, (u, ) satisfies:

—Au+v-Vu+Vr=f and divu=h in Qr,11, ulopy,,, =pu and ulr=g.

Observe that for any ¢ € W (Qg,41) we have

/ u~Vgadx:f/ gadivuder/ pu - ndzx.
QRrg+1 QRrg+1 0QRy+1

In particular, for ¢ = 1, we have

/ h(:z:)dx:/ u~ndw=/ u-ndw—l—/g-ndw. (4.7)
QRrg+1 OQRg+1 0 BRry+1 r

and thus, according to Theorem 14 and Corollary 7 of [10], this problem has a unique (u,7) in
W2P(Qp,41) X WHP(Qp,41). This implies that (u,m) € Wz’p(Q) x VV1 (). The uniqueness of the
solution (u,7) follows from this inclusion W3?(Q) x W"*(Q) ¢ WP(Q) x LP(Q) which holds for
p#3/2.

ii) A priori Estimate:

First observe that each solution (5, n) € WP(Q) x LP(Q) to the Oseen problem (1.1) with null data
obviously belongs to W27(Q) x W1 P(Q2). In fact the proof is very similar to that of Lemma 3.11 of [6].
Conversly, we have Wz’p(Q) X WP(Q) C WyP(Q) x LP(2). Now, considering the first step of regularity,
it follows that the continuous operator

O+ WIP(Q) x WP(Q)/ANF(Q) — WP(Q) x WP (Q) x W /PP(T)

defined by : O'(u,m) = (= Au+ v -Vu+ Vr,dive,ulr) is an isomorphism. Thus there exists a
constant C'(v) depending on v € L2 (Q), Q and p such that

e o 1 8l 7 iy < CO)I e + Il oy + lgllwe-sims)- (49

Proceeding then as in Theorem 3.12 and Corollary 3.14, we can characterize the constant C'(v) and we
obtain (4.5). O

Remark 4.3. As in the case of the Oseen problem in R?, for p > 3 and a = 0 or « = 1, the hypothesis
of f € WOP(Q), he Wir(Q), g € W2 V/PP(I') and v € H3(Q) is not sufficient to ensure the existence
of strong solutions for problem (1.1) in W2?(Q) x Wlr(Q).
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5 Very weak solutions for the Oseen problem

In this section, we are interested in the existence and the uniqueness of very weak solutions for the Oseen
problem (1.1).

5.1 Preliminary results
We recall some density results and Green formulas proved in [6]. Let us introduce the following space:
o 1,r . o
Xt (9) = {cp e W, (Q); dive € W}’p(Q)} .

According to Poincaré-type inequality (see [5]), this space can be equipped with the following norm:

Op; .
(K% ||X,’iyp(Q): Z | D, ”WB*’"(Q) + [l dive ||W1{1'1“(Q) .
1<i,5<3 J

Note that if £ € (X% ()" with £ =1 or £ = 0 then there exist Fo = (fi;)1<i <3 € W(i’z/(Q) and

i€ W:el’p/(ﬂ) such that:
f=divFy+ Vfi. (51)

Moreover, we can define

H f ||[X£JJ(SZ)]’: max{” fij Hng[’(Q)a 1 S 7".7 S 3a H fl ||W:21YP’(Q)} .

The first result is given by the following lemma:

: 111
Lemma 5.1. (Amrouche and Meslameni [6]). Suppose that 0 < . — & < 3, then
i) For allq e W= "P(Q) and ¢ € X} /(9), we have
(Va, ¢>[Xi,,p,(ﬂ)]’xXi,~p,(Q) = — (g, div <P>W:11”’(Q)><Wll’p/(ﬂ) : (5.2)

i) If in addition p' # 3, then for all g € Wy "*(Q) and ¢ € Xg/’p/(Q), we have

(Va, @) (5.3)

! p!

Q' xx%, (@) =~ (g, div ‘P>W[;1vp(9)xv‘i/01vp’(9) :

Giving a meaning to the trace of a very weak solution of the Oseen problem is not trivial task. We
need to introduce appropriate spaces. First, we consider the space:

Y@ = {¥ € WiP'(@), $lr =0, divy|r = 0},
that can also be described (see [6]) as:
_ 2,p’ _ o 9 _
Y o) =y € WP (Q),4[r =0, oo nlr=0,. (5.4)
Note that if ¢ € Y, (), then divep € W%’p/ (©) and the range space of the normal derivative 7; :
Y, 0(Q) — WYPP(T) is
Z, ()= {z S Wl/”’p,(l“); z-n= O} .
Secondly, we shall use the space:
T;,(@) = {v e WOQ); Ave[X) ()]},
equipped with the norm:
| v HT‘;W(Q): [ v ngvg(g) + || Av ||[ng,=p/(9)]’ .
We also introduce the following space:
HT, ,(div, Q) = {v e WP (Q);divy € W;jl(m}.
This space is equipped with the graph norm. Moreover, we have the following result (see [6] for the

proof):
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Lemma 5.2. (Amrouche and Meslameni [6]). Let 3 < p < oo and % + 1 = L. Then the mapping

Yr v — v-|p on the space D(Q) can be extended by continuity to a linear and continuous mapping,
still denoted by ., from Tf:p(Q) into WY/PP(T) for £ =0 and if p # 3 for £ = 1 and we have the Green
formula: for any v € Tf’p(ﬂ) and Y € Yy (),

0
(Av, 1/’>[Xf,7p,(sz)]’xxf/yp,(ﬂ) = / v- Apdx — <Ur7 8n>r’ (5.5)

Q
where the duality on I' is defined by: (.,.)p = (-, ) w—1/p.0(0)x wi/er’ (1) -
Finally, we have

Lemma 5.3. (Amrouche and Meslameni [6]). Let Q be a Lipschitz open set in R3. Suppose that

0<%—%<%and€:0 orf{=1. Then

i) The space D(Q) is dense in H, ,(div, ).

it) The mapping v, : v — v - n|p on the space D(Q) can be extended by continuity to a linear and
continuous mapping, still denoted by v, from H, ,(div,Q) into W-YPP(D). If in addition 1= % +1

and % < p < 00, we have the following Green formula: for any v € Hj, ,(div,2) and ¢ € Wll’_pé (Q),

/'U~V<pda:—|—/gpdivvd:z:z(v'n,@lﬂ. (5.6)
Q Q

5.2 Very weak solutions in L”((2)

To begin with we introduce the definition of very weak solution.

Let
0 ! —1/p,
felX (], helL"(Q), and g e W /PP(T), (5.7)
with 5 1 1 1
§<p<oo and ];—Fg:;, (Al)

yielding 1 < r < 3.

Definition 5.4. (Very weak solution for the Oseen problem) We suppose that r and p satisfy (A1)
and let f, h and g satisfy (5.7) and let v e L2 (). We say that (u,7) € LP(Q) x Wy "P(Q) is a very weak

solution of problem (1.1) if the following equalities hold: For any ¢ € Y, () and 6 € W(l)’p/(Q),

. Op
/Q u- (~Ap —div(v® @) dz— (T, V- @) )’ ) = (F Pl — <gﬂ an>F . (5:8)

/Qu-VGd:v:—/Qthm+(g~n,9)F, (5.9)
where the duality on € is defined by:
(oo =10 ~>[xfj,,p,(ﬂ)]/xx3,m/(ﬂ) :
Note that if (A1) is satisfied, we have:

W () <= L7(Q) and Y, 0(Q) = X2, (),
and / u - (v-V)dxis well defined , which means that all the brackets and integrals have a sense.
Q

Proposition 5.5. Let p and r satisfy (A1) and let f € [Xg/p,(Q)}/, h e L"(Q), ve LXQ) and g €

WYPP(T). Then the following two statements are equivalent:
i) (u,m) € LP(Q) x Wy "P(Q) is a very weak solution of (1.1)

it) (w, ) satisfies (1.1) in the sense of distributions.
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Proof. i) = ii) Let (u, ) € LP(2) x Wy "P(Q) be a very weak solution of (1.1), then if we take ¢ € D()
and 0 € D(Q2) we can deduce by (5.8) and (5.9) that

—Au+v-Vu+Var=fin Q and V-u=hin Q,

Since v € L2(Q) and % + % = %, we can deduce by Holder that v ® u € L"(2). Moreover, we have
—Au=—diviv@u)-Vr+f¢e [XE,,p, Q)] and u € TgyT(Q). Now, let ¢ € Y,y o(Q2) C Xg,yp,(Q), it
follows

(—Au, ) =(-Vr—divivou)+ f,¢)q .

Lemma 5.2 implies that

_ Op
(—Au, @), = /Q u-Apdx — <uT, 8n>r

(Vm, @lg = =TV @)y 1o 0y it ()

and from (5.3) that

On the other hand, we have V¢ € LT/(Q) and diviv®@ ) =v -V € LPI(Q). Then we obtain
<diV(’U ® u)790>9 = <le(’U ® ‘U),LP> ng’r(ﬂ)xﬁ/é'r/(ﬂ)
= —(v@u, Vo) @

—/ u - div(v ® @) dx.
Q

Thus we have

Op .
/QuAsodx - <uT, 8n>r =V @) iy wir () T Pla t+ /Q u - div(v ® @) dx.,

and we can deduce that for any ¢ € Y,/ o(Q2)

dp\ (4%
<’U,7-7 87'L>F - <g7-7 8n>r .

Now let € W'/P?(T), then we have (u, — 9. ) = (Ur — g,, )1t is clear that p. € Z,/(Q) and
0
it implies that there exists ¢ € Y, () such that ai = p, on I'. We can deduce that u, = g, in
n

W_l/p’p(F). From the equation V - u = h, we deduce that u € H}, ,(div,(2), then it follows from (5.6),
that for any 6 € Wol’p/(Q),

<’U,- n50>1" = <g : na9>]_“'
Consequently w-n = g -n in W~Y/??(T) and finally u = g on T.
i1) = i) The converse is a simple consequence of (5.6), (5.3) and Lemma 5.2. O
Theorem 5.6. Let Q be an exterior domain with C11 boundary and let p and r satisfy (A1) and let f,
h, and g satisfy (5.7), v € H3(2). Then the Oseen problem (1.1) has a unique solution w € LP(2) and
e Wy 'P(Q) if and only if for any (A, p) € Nép *(Q):

(FLX) = (h,pm) + (g, (ud =V X) - n), = 0.

Moreover, there exists a constant C > 0 depending only on p, r and € such that:

4
I iy + 7 iy < O+ ollas@)* (1 e,y + 1 ey + 1 lw-smnry) - (5:10)

s P

Proof. Tt remains to consider the equivalent problem: Find (u, ) € LP(Q) x W, "?(Q) such that for any
we Y, () and § € WP () it holds:

/Q u-(—Aw+v-Vw+ V)dx — (m,divw) el @) W (@) =

0
(f w)g — gT’i'w +(g-n,0)p— [ hbdx.
on [ Q
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Let T be a linear form defined by:

T: LP(Q)x WH(Q) — R
ow
on F

with (w, 0) € W(Q)’p,(Q) X Wol’p/ () is a solution of the following Oseen problem:
—Aw+v-Vw+V#=F and divw=¢ in{), w=0 onl
and satisfying the following estimate: (see Theorem 4.1)
inf €l ) 10 1l o) <

(€meN " (@)

4
O+ 0ll@) " (1Pl @) + 19y o) - (5.11)

Then we have for any pair (F,¢) € Lp/(Q) X Wol’p’ (Q) and for any (&,7n) € No(pl)*(Q)

T = | oo+ Oq— (9. D5 ) gm0t~ [ 16+ nix]
r

<C(If lxo, @ + 119 lw-ver@ + 17 @)
x (|| w+€ gy + 1047 s ) -

Using (5.11), we prove that

4
| T, ) | < C(L+ 110 llz3@)* (Pl o + el o o)

x (I llixo, o +119llw-17m5() + Bl ) -

It implies that the linear form 7' is continuous on Lp/(Q) x WyP ’(Q) and moreover there exists a unique
solution(u, ) € LP(Q) x Wy "?(€) solution of the Oseen problem (1.1) satisfying estimate (5.10). [

5.3 Very weak solutions in W"?(()

Here, we are interested in the case of the following assumptions:
felXy (), he Wo{(Q) and g€ W/PP(D), (5.12)

with

1

r

1 1
%<p<007 p7é3 and ];+§: y (AQ)

yielding 1 < r < 3.

Definition 5.7. (Very weak solution for the Oseen problem) Suppose that (As) is satisfied and let
f, h and g satisfying (5.12) and let v € L2(Q). We say that (u,7) € WP(Q) x W_1P(Q) is a very weak

solution of (1.1) if the following equalities hold: For any ¢ € Y,y 1(Q) and 6 € Wi’p/(Q),
/ (—Ap — div(v® ) dx — (7, div ) = (i) — 9o (5.13)
LY ¥ AVER) GE AL AV @y (@) T Pl T\ I gy ) '

/u-V0d$:—/h9dw+<g-n,(9>F (5.14)
Q Q

where the duality on ) is defined by:

Ghe=0x, @rxx, @
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Note that if % < p< oo and % + % = %, we have:

WP (Q) = WP (Q), and Y () = X1 ,(9),

and / u - div(v ® @) dx is well defined which means that all the brackets and integrals have a sense.
Q

As previously we prove under the assumption (As), that if f, h, g satisfy (5.12) and v € Li(Q)7 then
(u,m) € W2P(Q) x W-"P(Q) is a very weak solution of (1.1) if and only if (u,7) satisfy (1.1) in the
sense of distributions.

Theorem 5.8. Let ) be an exterior domain with C11 boundary. Suppose that (As) is satisfied and let
f, h, g satisfy (5.12) and let v e Hs(Q). Then the Oseen problem (1.1) has a solution u € WP (Q) and

WEW:E’ () if and only if for any (X, )e/\/’p( ):
(fA) = (h,p) + (g, (n] = VA) - n)p. = 0.

In WP2(Q) x W "P(Q), each solution is unique up to an element of N¥(Q) and there exists a constant
C > 0 depending only on p, r and 0 such that:

inf u+ SR [ .
(€,n)6N§(Q)<H £HW‘11<9> ] ”"W,l @)

<C(1+vllmw) (flx L@y Flllwer @) +llgllw-mew))- (5.15)

Proof. It remains to consider the equivalent problem: Find (u,7) € W?(Q) x W~"?(Q) such that for
any w € Y, () and 0 € Wll’p/ (Q) the following equality holds:

. ow
/Q'u,(—Aw+va—|—V9)dx—<7T,dlvw> 1P(Q)><WIP(Q) <f7 > <g7-7a,n>r
+<g~n79>r—/h0dx.
Q

Let T be a linear form defined from (W?’p,(Q) X Vifll’pl Q) L Ng(Q)) onto R by:

T(F,so)=<f,w>g—<gf,?:> +<g~n79>F—/§2h9dx,
T

with (w, 0) € W?’p,(Q) X Wll’p/ () is a solution of the following Oseen problem:
—Aw+v-Vw+VO=F and divw=¢ inQ, w=0 onl,
and satisfying the following estimate: (see Theorem 4.2)

inf  ([lw+ &l 20 oy F 10+ 010 ) <C
EmeN? (@) REN Wit (@)

6
(1 +|v ||L3(Q)) (HFHW?,p’(Q) + (1 + | v ||L3(Q))H60||W11,p’(m> . (5.16)
Then for any pair (F, ) € (W (Q) x Wi (Q)) LN, P(Q) and for any (£,7) € Ngl(Q)
Nw+ €
T = [+ g~ (9. 25 tigenoae [ no+max]
r

< (I lix, @ + 119 lw-rmo@ + 1 7 lwor )
(Il 4 & gz oy 100 ) -

Using (5.16), we prove that
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6
ITE, Q) < C(1+ [ l3(0)" (IFllor g + 0+ 1101z Il q))
% (I1F iy + 11 9 Irw=r/mney + 1o lor ey ) -

From this we can deduce that the linear form 7T is continuous on the following space
WP (Q) x WP () L NP(92) and we deduce that there exists (u,7) € (W>?(Q) x W~"?(Q)) solution
of the Oseen problem (1.1), which is unique up to an element of NJ'(2), satisfying the estimate (5.15). [

Remark 5.9. Observe that each solution (£,7) € W2?(€) x W~ "*(Q) to the Oseen problem (1.1) with
null data obviously belongs to M (Q2), in fact the proof is very similar to that of Lemma 3.11 of [6].
Moreover, if p # 3, we have () ¢ WY2(Q) x W~ "*(Q).
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