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Abstract. We study a linear system of equations arising from a fluid motion around a moving
rigid body. The aim of the present paper is the proof of the existence of a strong solution
in a weighted Lebesgue space. In particular, we prove the existence of a global pressure
gradient in L2
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1. MATHEMATICAL FORMULATION

In the present paper we study the initial-boundary value problem of the motion of
a viscous fluid around a moving rigid body. First we will give the mathematical
formulation of the problem.

Let B denote an open, connected and bounded C? domain, representing a rigid
body in a fluid motion in D := R3\ B. Clearly, D defines an exterior C? domain in
R3 with boundary ¥ = D = 9B.

The motion of the fluid and the body will be governed by the following system
of equations.
Equations of fluid
divw =0
0 .
(1) 8—1:—1—(10—U)-Vw+w><w: in D x(0,T),
= divT(w,n) + Q" - F(x,t)
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67985840. J.W. was supported by the Grant Agency of the Czech Republic n. P 201/11/1304.



where U = £ + w x y. Here by w we denote the velocity of the fluid and by U
the velocity of the body, where & stands for its translation and w for its rotation.

Furthermore,

T(w,p) = 2vDw — IpY the Cauchy stress tensor,

where the constant v > 0 denotes the viscosity. In addition, the term QT}' rep-
resents a given external force, while the tensor Q' is related to w in the following

way

dQT 0 ws —Ww

(2) el Qw)Q", QT0)=I Quw)=|-ws 0 wi
Wy  —wi 0

The above system will be completed by the following boundary and initial conditions

(3) w=w,+U, on 9D x(0,T),
() i w(y1) =0
(5) w(0) = wy.

Equations of body

(6) mé+mwx&:Q-F—/T(w,w)-n—w(w—U)~ndS,
oD

(M) Jd;—l—waw:QT-Mc—/yx(T(w,7r)-n—w(w—U)~n)dS,
oD

where F' is the external force acting on the body and M ¢ is the external torque,
while n stands for the outward unit normal on dD. Finally, J is the inertial tensor
with respect to the center of mass.

For the sake of simplicity we assume F = 0,F =0, M = 0 and w, = 0. The
above system of equations in a fixed exterior domain are obtained by applying the so-
called global transformation to the equations of the moving body in a fluid motion in
the whole space, which clearly coincides with the classical Navier-Stokes equation in
an time dependent exterior domain combined with appropriate boundary condition
and asymptotic condition as |x| — 4o00. In particular, the conservation of energy
is invariant under this transformation. Thus, using the usual energy method global
existence of weak solutions and local existence of strong solutions to the above system
can be proved similar as in case of the Navier-Stokes equations. There are several
results in this direction. The existence of a global weak solution of the Leray-Hopf
type has been proved by Borchers see [1] (see also [18]). The asymptotic behaviour
in time of such solution was investigated by Chen and Miyakawa in [2]. The first
result of existence for more regular data is due to Hishida [11]. The generalization of
Hishida’s results in L spaces was done by Hieber, Heck and Geissert in [10]. They
proved the existence of a unique local mild solution to the Navier-Stokes problem.
The existence of a global strong solution under a smallness assumption on the data
with respect to the L?-norm has been studied by Galdi and Silvestre [6, 7] and by

1) Here I denotes the identity matrix (035)-



Takahashi and Tucsnak [20] for a rigid body being a disk in the two-dimensional
situation. Local in time existence and uniqueness of the strong solution has been
proved by Cumsille and Tucsnak [3]. The global time existence and uniqueness was
investigated in work of Cumsille and Takahashi [4]. However in three dimensional
case the uniqueness is valid only under a smallness assumption of data.

Alternatively, the problem has been studied in [3, 19, 20, 5] by using the local
transformation introduced by Inue and Wakimoto in [13], and in domains depending
on time in [14, 15, 16, 17].

The aim of this paper will be the study of the corresponding linear system
by neglecting the nonlinear term (w - V)w in the momentum equation of (1) and
moving the term —U - Vw + w X w to the right hand side. Our main result will be
the existence of global strong solution to this linear problem in a suitable weighted
Sobolev space together with estimates of the pressure and the pressure gradient as
well. This result will be used for the study of global strong solutions to the full
nonlinear problem which will be the subject of a forthcoming paper. In Section 2 we
introduce the notion of a weak solution belonging to an appropriate weighted Sobolev
space and state our main result (cf. Thm.2.1). The proof of the main theorem will
be divided into two parts. The first part concerns the existence of a strong solution
to the linear problem coupled with a motion of body with a right hand side f in L.
Second part deals with a weighted approach of the heat equation with right hand
side f in weighted L2 space.

2. THE LINEARIZED PROBLEM

In this section we study the following linear problem which describes the movement
of a rigid body inside of a fluid, neglecting the nonlinear term (w - V)w and moving
the term U - Vw 4+ w X w to the right hand side. The equation of the fluid is given
by the following Stokes system

divu=20
(2.1) ou in D x (0,7),

with the boundary and initial conditions

u=U on 9D x (0,7),

(2.3) ‘ llim u(z,t) =0,
(2.4) u(0) = uy,

where U = £ + w x z. The equation of the movement of the body is given by

(2.5) mé=~, — [ T(u,p)-ndS,
l
(2.6) Jo =~y — /x X (T(w,p) - n)dS.
oD

Here f(x,t),uo(x),v,(t) and ~,(t) are given data, while u,p, € and w 2 denote the
unknown quantities.

2) Recall that £ stands for the translation and w stands for the rotation of the body.



Our aim is to study the above system for a right hand side f = rot(rota x b),
where a denotes a smooth vector field such that |a(z)| behaves like |z|? (z € R?).

Remark 2.1 In order to treat the nonlinear system we may move the term (w—U)-
Vw 4+ w X w of equation (1) to the right hand side. Neglecting the convective term
w - Vw we end up with a linearized system with f = U - Vw — w x w. Calculating

wxw:wiwxei:wia—(wxx):w~VU
Z;

1
U=¢+wxxz=roty, where ¢:§(£xx—w|x|2), r € R?,
we see that
(2.7 U Vw—-—wxw=U: -Vw—w- VU =rot(rot ¢ x w),

which has the desired form.
Clearly, for such forces f we cannot expect the existence of weak solutions in the
usual Sobolev spaces rather then in appropriated weighted Sobolev spaces. For the

notion of such weak solutions we will introduce the following weight function
n(z) = (1 +[})7V?, zeR
Then we define the spaces

L;(D) = {v € Li,.(D) | v € L*(D)},

loc

WD) ={veWyp2(D)|nwe WD)}

loc
In addition, by C(D) we denote the space of all solenoidal smooth vector fields ¢ €
C5°,(R?) for which there exist constant vectors ®1 and ®,, such that

@ =®; + P, x x in a neighbourhood of 9D.

Then we define V(D) and V,(D) as closure of C(D) with respect to the norm in
wWh2(D) and W;’Q(D) respectively.

Definition 2.1 (Weak solution) Let ug € V(D) with ug = £+ wo x  on 0D. We
assume f = rot g, where g € L?(0,T; W;Q(D)) A triple (u,&,w) is called a weak
solution to (2.1)-(2.6) if
(i) w € L*(0,T5V,(D)) N Cu([0,T); Ly(D)),
(i) & w e C([0,T]),
(iii) for every ¢ € C*°(0,T;C(D)) there holds the identity
¢

//—u~%—f—|—Du:Dgodzds
0D

+ [ ult) - @ty do + €(6)- #1(0) + Tt - @t
D

¢
:/mﬁoi)lf'yl-1I>1+Jw-'i>2772'<1>2ds
0

t
(2.8) + [ up-p(0)dx + &, - P1(0) + Jwp - P2(0)dz + f-pdxds
/ /1



forall 0 <t <T.
Our main result is the following

Theorem 2.1. Let ug € V(D) with up = &y + wo X © on ID. Let f =rotg, such
that g € L*(0,T; W%Q(D)) Then there exists a weak solution (u, €, w) to (2.1)-(2.6)
according to Def. 2.1, such that

ou  0’u 9 2 .
(2.9) 9 9w, € L*(0,T; L;(D)), (i,j=1,2,3)
and there ezists a pressure p € L*(0,T; L2 (D)) with
(2.10) Vp € L*(0,T; L*(D)).

Furthermore, there holds

|2 | vz, T Ielorwse + Vel oo+

(2.11) + [€llwr20.7) + [lwllwr20.1) + VPl 2 0.7.22) < Ko,

where Ko = |luo||w.2 + Hf”L?(o,T;L’;‘,) + lwol + &0l + 71 llz2(0,1) + I72llL2(0,7) and
¢ = const depending on D only.

Remark 2.2 Since f ¢ L* we are not allowed to test equation (2.1); with the
solution u. Therefore an estimate based on the usual energy method is not possible.
To overcome this difficulties we divide the problem into a Stokes like problem in the
whole space with non decaying right hand side and a linear problem (2.1)—(2.6) with
a right hand side belonging to L?(0,T; L*(D)).

3. ESTIMATES FOR AUXILIARY PROBLEMS

Our first result is related to the a-priori estimate of weak solutions of the Stokes like
system in weighted Sobolev space with solenoidal right hand side. As we will see
below such system coincides with the system of heat equations. Therefore it will be
sufficient to consider the case of the heat equation.

Lemma 3.1. Let f € L*(0,T; L2(R%)). Then there exists a weak solution
z € L*(0,T; W, *(R?)) N L>®(0,T; L} (R%))
to the heat equation

(3.1) 5= Az=f in R®x(0,7),

(3.2) z(0) = 0.

d
In addition, there holds d’i, s 396

e L*(0,T; L3 (R?)), (i,j = 1,2,3) together with
the estimate

(3.3) H 3)

L2(0.T:L2) ||ZHL2(O,T;W§’2) < C||f||L2(0,T;L§)



Proof. We divide the proof into two steps. First, we consider the case f €
L?(0,T; L?(R3)) and prove the a-priori estimate (3.3). Secondly, for general f
we get an approximate weak solution z,, for the truncated right hand side f,,, and
pass to the limit m — oo by using a-priori estimate (3.3).

1° Let f € L%(0,T; L?(R?)). Clearly, there exists a weak solution

z € LX(0,T;Wh2(R%) N C([0, T]; L*(R?)),

such that 5 o2
z z
—,——— € L*0,T; L*(R® ,j=1,2,3).
ot 01:07; € L*(0,T5 L*(R?)), (i,j ,2,3)
Setting h(x,t) = z(x, t)n(z) using the product rule the equation (3.1) turns into
Oh ) 3
(3.4) E—Ah:nf—2Vz~V77—zAn in R®x(0,7).

By an elementary calculus, the equation (3.4) can be rewritten as

h
(3.5) % — Ah=nf+2x-7*Vh+ (n* +29*)h in  R®*x (0,7).

Next, we multiply both sides of (3.5) by h, integrate the obtained equation over
R3 x (0,t) (t € (0,7)) and apply integration by parts. This yields

t t t
1
§||h(t)||2L2 +//|Vh|2dxds://nfhda;ds—i—//(nQ—n4)|h|2dxds
0 R3 0 R3 0 R3

for a.e. t € (0,7T). Using Young’s inequality and Gronwall’s lemma we obtain the
following a-priori estimate

(3.6) IAllLos 0, 7:L2) + [IVAl L2(0,7;L2) < cllnfllzz0,1:L2)-
Recalling the definition of A from (3.6) we immediately obtain
(3.7) ||Z||L°°(0,T;L$7) + HVZ||L2(O,T;L$7) < C||77fHL2(o,T;L2)~

On the other hand, multiplying equation (3.5) by %@L and with Ah respectively,
applying integration by parts, observing (3.6) and (3.7) we get

(3.8) H%

L2(0,T5L2) Hllellzzo,rwz 2y < clnfllizzom)-

2° Now, let f € L?(0,T; L2 (R?)). We define
fo(@)= A +elz))71f, z€R3 e>0.

Clearly, f. € L*(0,T;L*(R?)) and ||f6||L2(O,T;L$I) < Hf”L?(O,T;LEI) for all ¢ > 0.
As it has been shown in 1° for each ¢ > 0 there exists a weak solution z. €

3) Here by WWQ’Q(R?’) we denote the space of all v € Wi’f(]l@) such that nD% € L2(R3) for
every multi-index o < 2.



L2(0, T; WH2(R3))NC([0,T]; L*(R?)) to (3.1), (3.2) replacing f by f. therein. In ad-

% € L*(0,T; LA(R?)) and 522 € L2(0,T; L*(R%)) (i,j = 1,2,3).

dition, we have
From (3.7) and (3.8) it follows that

(3.9) H %th

L2(0.7:L2) + HZ6HL2(0,T;W}7”2) < C||77fs||L2(o,T;L2) < C||fHL2(0,T;L%’,)-

By means of reflexivity of L?(0,T; W$2) there exists a sequence (gy) with g, — 07
as k — oo and z € L*(0, T} W,?Q) with % € L?(0,T; L,27) such that

Ze, — 2 weakly in  L*(0,T; WiQ) as k — oo.

In the equation for z., taking the passage to the limit e — 0% on both sides we see
that z solves (3.1), (3.2) in weak sense. Finally, by virtue of (3.9) using the lower
semi continuity of the norm we get (3.3). O

Next, let us consider the problem (2.1)-(2.6) with f € L?(0,T; L*(D)). In this
case we have the following existence result.

Lemma 3.2. Let f € L?(0,T; L*(D)) and let ug € V(D) with ug = &, + wo X =
on 0D, where §,,wo € R are given. In addition, let v,,7v4 € L?(0,T). Then there
exists a weak solution (u, &, w) to (2.1)—(2.6), such that

Vullgz + [l oo 0,722y + 1€l L= 0,7y + lwllL=0,1)
(3.10) <clluollgz + [ fllL2 + [€ol + lwol + [V1lL20,7) + [72lL2(0,1)-
In addition, we have

ou *u

et 2 T2 P h 2
at’iaxiaxj’WEL (0,T;L*(D)) (i,5=1,2,3), &weL*0,7)

and there holds

ou . ‘
|5l + 192 ulze + 19022 + 1€ 20 + 10220y
(3.11) < clluollwr2 + 1Fllz2 + €0l + lwol + [11llz201) + 12llz20,m)-

Proof. 1° The existence and uniqueness of a weak solution (u,&,w) can be shown
easily by applying the linear theory of evolutionary equations in Hilbert spaces (e. g.
see in [8]).

2° Assume ug = 0. Let (u,&,w) be a weak solution to (2.1)—(2.6). Firstly, we
assume

ou

(3.12) 5 € L*(0,T; L*(D)), £,& e L*(0,T).

Next, let ¢ € C§°(R?) such that ¢ =1 in a neighborhood of B. Set
U(z,t) = %rot((ﬁ(t) xr—wt)|z*)¢(2)), (x,t) €R®x(0,T).

Since

1
§rot(€><x—w\x|2):£+w><$ Vz e R3



it follows that u — ¥ = 0 on 9D. Thus, for almost all ¢ € (0,7) the function
v:=u(-,t) — U(-,t) is a solution to the Stokes system

divv=0 in D,
ou

—Av = f(t) + AV(t) = -(t) = Vp(t) in D,

v|op =0, ‘ lim wv(x)=0.

x| —o00

By the well-known theory of the Stokes equation one gets Vp(t) € L*(D) together
with the estimate

(313)  IVpOlze < (150 + || 2o

, + D]+ ).

L
where ¢ = const independent of ¢ € (0,7"). Hence, from (3.13), the equation (2.1),

and the assumption 2% € L2(0,T; L*(D)) it follows that Vp, Au € L2(0,T; L*(D)).

Moreover there holds
VDl L20,m:22) + IVl 2(0,7,22) <

(3.14) < e(If lzoran + |

L2(0,T;L?) Uz + ”w||L°°>'

Then, multiplying both sides of (2.1)2 with %—’t‘, integrating the result over D x
(0,%) (t € (0,T)) and applying integration by parts we are led to

t

ou |2 1 9
//‘E’ dxds+§/|Vu(t)| do =
D D

0

¢ . ¢ .
(3.15) = (T(u,p) -n) - (§+w x x)dSds + f - ——dzds.?)
[ []r

Next, from (2.5) we induce

[ @) 051 = 1,(5) - El) — mlE(9) for ae. s € (0.7).

oD
Moreover, from (2.6) we obtain

/(T(u,p) ‘n)-w(s) x x)dS = /x X (T(w,p) - n)dS - w(s)

oD oD
= (72(s) = Jw(s)) - @(s)

for a.e. s € (0,T). Inserting these identities into (3.15) and applying integration by
parts we see that

t t
2 1 ]
//‘a—"t‘] dxds+§/|Vu(t)|2dx+/m|£|2+|Rd)|2ds
0 D

D 0
t t a
:/é-ql+w.72ds+//f-ait‘dxds
0 0 D

4) Note that by virtue of (3.13) the trace of T(u,p) upon 9D is well defined.



for a.e. t € (0,T). Here R denotes the square root of J, i.e R* =J = J'. By the
aid of Cauchy-Schwarz’s inequality and Young’s inequality one finds

1% 1l 0.m) + 190 p20m + IVl o 2,22 <

(3.16) < 2(HfHLz(o,T;H) +lvi 20,1y + ||'72||L2(0,T))-

L2(0,T;L?)

Finally, combining (3.14) and (3.16) we obtain the a-priori estimate

Vol L2(0,7:22) + HVQUHLz(O,T;L?)
(3.17) < e(Ifllomzs) + Il + 172l20.m) )
Secondly, let us consider the general case, without assuming (3.12). To begin
with we introduce the Steklov mean as follows. Let f € L*(0,T; L*(D)). Define,

t

falz,t) = —% / flz,s)ds, (x,s) e Dx(0,T), A<O.

max{t+X,0}

Applying the Steklov mean to both sides of the equations (2.1)s, (2.5) and (2.6)
recalling that w(0) = 0 we see that (uy,&,,w)) is a weak solution to (2.1)—(2.6)
with f3,71 1720, wa(0),€,(0) instead of f,~,75,wo,&y. In addition, this weak
solution satisfies (3.12). Thus, from (3.16) and (3.17) it follows that

3u,\ 2
H L2(0.T5L2) +IV2uslL2(0,7;22) + Vsl oo (0,7,02)+
+ VoAl L2 (0,7;22) + ||é>\HL2(O,T) +l@allz20,1)
(3.18) < 2(I1f laomzs) + Imllzeom + Ivallzeom) ).

Here ¢ = const > 0 depending on the geometry D only. Thus, by means of reflexivity
of L2(0,T; L*(D)) and L*(0,T) from (3.18) the assertion of the lemma follows.

3° Let up € V(D) N W>2(D). Let (u,&,w) be a weak solution to (2.1)-(2.6).
Clearly, u — ug solves the system (2.1)—(2.6) too, with vanishing initial data and
right hand side in L?(0,T; L*(D)). Hence, applying the result of step 2°, wee see

that
ou

ot
Now, we are in a position to multiply the equation (2.1)2 by %—’t‘ and integrate both

Au,Vp e L?(0,T; L*(D)), & w e L*0,7).

sides over D x (0,t) (t € (0,T)). Then arguing similar as in step 2° by using integra-
tion by parts we achieve the identity

t

//‘ ’ dzds + - /|Vu |dac+/|€|2+|Rw| ds
0
t
/\V’u,o|2dm+//,f —dmds+/é~’71 + W - yyds.

for a.e. t € (0,T). As above from this identity the assertion easily follows.
4° Finally, in case ug € V(D) the proof will be completed by a standard density
argument using the a-priori estimate obtained in 3°. (I



4. PROOF OF MAIN THEOREM

We divide the proof into two steps. First, we prove the assertion for the case when f
belongs to L2(0, T; L*(D)). Then, we will complete the proof by applying a standard
approximation argument, passing to the limit on the basis of the a-priori estimate
obtained by the first step.

1° Let f = rotg, with g € L*(0,T; W"2(D)), uy € V(D) with ug = & +
w X x a.e. on D and v,,7, € L*(0,T). According to Lemma 3.2 there exists a
weak solution (u, &, w) to (2.1)—(2.6) which is strong in the sense that %%Au Vp €
L2(0,T; L*(D)) and &, € L*(0,T).

Fix 0 < Ry < oo, such that B C Bpg,/2(0). Let ¢ € C§°(R?) denote a cut off
function with supp(¢) C Bg,, such that ( =1 in a neighborhood of B. We write f
as the sum f; + f,, where f; =rot((g), f,=rot((1-¢)g) a.e.in Dx(0,7).
Once more applying Lemma 3.2 there exists a strong solution (u1,&;,w1) to the
system (2.1)—(2.6) with right hand side f; in place of f . In particular, we have the
a-priori estimate

|5

L2(0.T5L?) + ||V2U1||L2(0,T;L2) +[IVpill2 0,2y + [1€1 1122 + @1l

(41 <e(IVuollze + 1 fl2riz2mayy + Iyl + Ivallzz )
Additionally, by means of (3.10) we get
IVl L2 0,7;22) + w1l e o,7;22) + €1l + [[willL=

(42) < c(lluollze + 1Fr20.7:22(0m ) + 1€l + ool + I7allz2 + Ivallr2).
Next, let z € L2(0,T; W*2(R%)) n W' 2(0,T; L*(R?)), such that z; is the strong
solution to the heat equation
== Az;=fo; in R*x(0,7),

zj(0)=0 in R?

( =1,2,3) (cf. Lemma3.1). Owing to div f5 = 0 one sees that div z is a weak
solution to the heat equation with zero data. By a standard uniqueness argument
it follows that divz = 0 a.e. in R? x (0, 7). Furthermore, applying Lemma 3.1 one
gets the estimate

(4.3) H

L2(0,T;L2) +llz ||L2(0T w2 ?) < C||f||L2 0,T5L2)-

Setting uy = u — u; — z and py = p — p; we see that uy € L2(0,T; W' ?(D)) N
L>(0,T; L*(D)) solves the system

div Uy = 0

(4.4) Oy in Dx (0,7T),

2 Ao = —

En uy = —Vpy
fulfilling the following boundary and initial condition
(4.5) uy=€6—&+(w—wy)xx—2z on 9D x(0,T),
(4.6) . 1‘1m uz(x,t) =0,
(4.7) u2(0) = 0.

10



We multiply the equation (4.4)s by ug, integrate both sides over D x (0,¢) (¢t € (0,T))
and apply integration by parts. This leads to

t
1 .
plus®l o~ [ [ divTua,pa) - wacdads
0 D

(4.8) - / / div T(us, p — (p2)r, ) - n(1 — ()dads = 0

0 D

for all ¢t € (0,T). Recalling the definition of T we calculate

(49) —T(’LLg,pg) = —T(u,p) + T(’U,l,pl) + Dz.

Noticing us = u — u1 — z and taking into account divT(u,p) = 2% — f (cf. (2.1)2

for w) the first integral on the left of (4.8) satisfies the following identity

t

—//div’ﬂ‘ U, P2) - ualdxds

0
t
//dlv']T u, p) u§dacds—|—// (uy + z)¢dzds
0
(4.10) + // (diVT(ul,pl) + Az) - us(dxds.
Using integration by parts, observing equations (2.5) and (2.6) assigned to € and w,
we infer
t
- //divT(u,p)~u(dmd8
0D
/ 1
= [ [19ulcdnds + 560F + R0 - &l ~ [Rewo?)
0D
t t
(4.11) —|—//']I‘(u,p—pDR0) cu® V(drds® — /.),1 €+, - wds.
0D 0

On the other hand, integration by parts gives

t t
—//div’ﬂ‘(uz,pg)-uQ(l—()dxds://\VuQ\Q(l—()dxds
0 D 0 D

(4.12) — //T(ug,pg — (P2)Dg,)  u2 ® V(dzds.
D

5) Note that for every v € V(D) there holds Jv-Vidz= [ v-ndS=0.
D oD
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Combining identities (4.10), (4.11), (4.12) and inserting the result into the left hand
side of (4.8) we get

t

5 (Juz)2: + 160 + [Rw(®)) + / / IVl + [Vual? (1 — Qdeds

—_

— 5 (Il + lgoP + [Rewol?) +/7 & 7y s
0

[\

+ // (u2,p2 — Pz)DRO) ~ug — T(u,p —pDRO) . u) - V({dxds

—// U1+z)(dacds—// (divT(us,p1) + Az) - usCdods

1
(4.13) = 5 (llwolif2 + 1€ [ + | Rwol?) + 11 + L + Iy + Ly
for almost all ¢ € (0,T).

(i) Using Cauchy-Schwarz’s inequality and Young’s inequality taking into account
(4.1), (4.2) and (4.3) we easily get

1
I+ 1y < eK§ + §<Hu2||2Loo(o,T;L2) + [wllz e 0,7y + ||€||i°°(O,T)) 0.

(ii) In order to estimate Iy we first notice the following identity

T(u2,p2 — (P2)Dg, ) - U2 — T(u,p —ppy, ) - u
—(Duy 4+ Dz) -us — Dus - (u1 + z) — (Duy + Dz) - (u1 + 2)
+I(p1 — (P1)Dg,) w2 — I(p1 — (P1)Dg,) - (w1 + 2)
—I(p2 — (p2)pg,) - (u1 + 2).

Again using Cauchy-Schwarz’s, Young’s inequality and the Poincaré inequality for
the term involving the pressure p; — (p1)p,, together with (4.2) and (4.3) we get

1
Iy < eK§ + ¢llpa — (p2) Dy | 220,752 (D g ) Ko + 3 ||u2||L°°(O T:L2)"

(iii) For the estimation of I3 we apply integration by parts. This gives

/ / U2y + 2)Cduds

//u2 U1+z)Cda;ds—/u2(t)~(u1(t)+z(t))(dx.

D

6) For the definition of Ko see p. 5.
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By the aid of Cauchy-Schwarz’s inequality and Young’s inequality again observing
(4.1), (4.1) and (4.3) we get

1
I3 < cKg + g”u?H%x(O,T;L?)'
Now, inserting the estimates of I;—I4 into (4.13) we obtain the estimate

Hu2||2L°°(O7T;L2) + Hvu2||2L2(o,T;L2) + ”5”%2(0,T) + ”‘*’”3,2(0,1")

(4.14) < eK§ + cllp2 = (92)Dr, | 22(0.7:12 (D) Ko-

Next, we are going to estimate the L? norm of %. To begin with, we multiply

both sides of the equation (4.4)y with 8[;;2 and integrate the obtained result over

D x (0,t) (t € (0,T)). Then, using integration by parts we are led to

|51,

’U,Q 1 9
L2 0L) //dlv'ﬂ‘ U2, P2) 5 ——Cdxds + 5/\VU2(7§)| (1-=¢)dx
D

(4.15) = //']I‘(uz,pg — (pg)DRU) . % ® V{dxds + %/|Vu0|2(1 —()dx
D

for almost all ¢ € (0,7). By an elementary calculus we see that

t

/dlvT Uz, P2) - —Cdacds = —//dlvT u,p)- Cdxds
D

0

o . o\#

(U1+ )
————(dxds + d T(u1,p1) + A —gd ds.
D/ ot ras // 1v u1 P1 Z)

Observing (2.5) and (2.6) arguing as in the proof of Lemma 3.2 we infer

o\

/le'JI‘ u,p) - Cda:ds —/|E|2 €y, + | RO — & - vqds
D

1
+§/\Vu 2d$7*/‘v’u/0‘ dz+// (u,p — pDRO).aa?@)VCd:cds.n
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Combining the above identities together with (4.15) we obtain

151,

L2(0,4;L2)

t
5 [ TP+ [Vus(P - Qo+ [ &2 + [Rofds
D 0
// Oous ou
= (T(Uzapz — (p2)Dp, ) 5 T(w,p — ppg, ) - E) - V(dzds

0
// . (UIa;_Z)C—’_ (divT(ul,p1)+Az> '%Cdxds
(4.16)

1 . .
+ §HVU0||2LZ +/€"Y1 +w - yads.

Clearly, recalling u = u; + us + z one calculates

ou Ju
T(u2,p2 — (P2)Dg, ) - (‘37; —T(u,p — ppg, ) - o
_ duy O(uy + 2) A(u1 + 2)
(Duy + Dz) - ot Dus - 0 (Duy + Dz) - — ot
0 O(uy +
+I(p1 — (P1)Dg,) % —I(p1 — (P1)pg, ) - %
O(ur + 2)

—I(p2—(P2)DRO)' ot

By the aid of this identity using Young’s inequality taking into account estimates
(4.1), (4.2) and (4.3) we obtain

%1,

L2(0.7L?) + ||Vu2||%°°(O,T;L2) + H£||%2(O,T) + H":JH?;Q(O,T)

(4.17) < cK§ + cllp2 — (P2) D, 1220702 (Dgy ) K

For the estimation of the pressure on the right hand side of (4.17) we make use
of (4.4)3. That is

—Vpy = W — Aug a.e.in Dg, x (0,7).

Consulting, [9] (Th. III. 3.1, Th. III. 5.2) we obtain the estimate

Ous
P2 = (P2) L2(0,13L2(D Ry ) lL2(0,75L2(DRy ) < C<H78t + HVWHLZ(O,T;L?))

L2(0,T;L?)
Inserting this estimate into the right hand side of (4.17) using Young’s inequality
taking into account (4.14) we get

(4.18)

(’)uz
[E== + lfuall e o.riwr 2y + €l + lwllwrs < eKo.

L2(0,T;L?)

7) Remark, pp g %—’t‘ - V{¢dz = 0 (cf. also footnote 4).
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Finally, it remains to estimate Vps and V2us. Let t € (0,T) be fixed such that

Pua (1), 522 (t) € L* (i,j = 1,2,3). We define

a(a) = 3 rot (CE (1) x 2~ wr()]a), B i >0,

where &, = € — &; and wo = w — w;. Then v = wua(,t) — ¥ul-,t) — Cz(+,t) solves
the steady problem

dive =—-V(-2(t) in D,

—Av = %(t) + AWy (t) + A(Cz(t)) — Vpe(t) in D,

v=0 on O0D.
Consulting [9] we see that %, Vps € L*(D) together with the estimate
V20l Z + [[Vp2(t)lIZ
@19) < (| B2, + 1A ooy, +IATA0IE:):

Integrating, both sides of (4.19) over (0,7) using (4.18), (4.3) and (4.1) we see that

(4.20) IV2us | L2 0,7;22) + VP2l L2 (0,1:22) < Ko

2° Proof of the theorem for general f = rot(g) for g € L*(0,T; W:] 2(D)). Fore > 0
we define

gc(z,t) = (1 +elz))T'g(x,t), (2,t) €D x(0,T), f.=rot(g.).
Clearly, g. € L?(0,T; W"%(D)) and f. € L*(0,T; L*(D)) for all ¢ > 0. In addition,
we immediately see that for a.e. t € (0,T)
l9-Ollyw 2oy < 219Dl 2y Ve > 0.
By Lebesgue’s theorem of dominated convergence it follows that
f.—f in L*(0,T;L}(D)) as e—0.

As it has been proved above in 1° there exists a strong solution (u.,&.,w.) to
the system (2.1)—(2.6) with f. in place of f. Furthermore, there exists a pressure
p. € L*(0,T; L2 (D)) with Vp. € L*(0,T;L*(D)). Owing to (4.1), (4.2), (4.3),

loc

(4.18) and (4.20) we get the a-priori bound

H ou.
ot llL2(0,1;L2)
(4.21) T lecllwre + lwellwre + 19 200,22 < cKo,

+ HVZUEHLZ(O,T;L%) + lwell Lo 0,712+

where ¢ denotes a constant depending on D only. Hence, by means of reflexivity we
may choose a sequence of positive numbers €; — 0 as j — oo, such that

u., —u weakly in L*(0,T; W,QI’Q(D)),
Ou., Ou

ou ~ 2 T2
% o weakly in  L*(0,T; L; (D)),

€, we; = & w  weakly in wh2(0,T),
Vp-, — Vp weakly in L*(0,T;L*(D)) as j— oo.
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As one easily checks the triple (u, &, w) is a strong solution to the system (2.1)—(2.6)

with pressure p satisfying (2.9), (2.10). [ |
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