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1. Introduction

The evolution of an incompressible mixture of two immiscible fluids can be described through
a diffuse interface model (cf., e.g., [26,31,34,39] and their references). Assuming that the temperature
variations are negligible, taking the density is equal to one, and suppose the viscosity v to be constant,
the model H (see [32]) reduces to the so-called Cahn-Hilliard-Navier-Stokes system

P t+u- Vo=V (kVp),
n=—-Ap+F(p),

ur —vAu+ (u-Viu+ Vr = uVe + h(t),
div(u) =0,

in £ x (0, 00), where 2 C R%, d =2, 3, is a bounded domain. Here u denotes the (average) velocity
and ¢ is the difference of the two fluid concentrations. Moreover, k > 0 is the mobility coefficient,
F is a suitable double well potential density, t the pressure and h a given external (non-gradient)
force.

The existing theoretical literature (see, for instance, [1,2,7,18-20,42,50]) can be summarized by
saying that all the results known for the Navier-Stokes system can be extended to the Cahn-Hilliard-
Navier-Stokes one, with some additional technical difficulties when, for instance, F is a singular (i.e.
logarithmic) potential and/or the mobility « depends on ¢ and vanishes at pure phases (cf. [1,7]).
However, we recall that the Cahn-Hilliard equation has a phenomenological nature (cf. [8]). Instead,
a rigorous derivation from a microscopic model yields a nonlocal equation (see [22,23]). In this case
the chemical potential © has the following form

pw=ap—]x¢+F (@),

where * denotes the convolution product over 2, J: R? — R is a sufficiently smooth interaction
kernel such that J(x) = J(—x) and a(x) = fg J(x — y)dy. Motivated by this fact, in [11] we have
introduced and analyzed the following nonlocal Cahn-Hilliard-Navier-Stokes system

Yr+u-Vo=Apu, (11)
n=ap —Jx¢+F(p), (12)
ur —vAu+ (u-Viu+ Vr = uVe + h(t), (1.3)
div(u) =0, (1.4)

endowed with boundary and initial conditions

9
a_’::o, u=0 onaf x (0,T), (1.5)
u@0 =1y, @0 =g in. (16)

For such a problem we have proven first the existence of a global weak solution satisfying an energy
inequality (equality in dimension two) for a regular potential F (see [11]). Then in [15] we have
established the existence of a global attractor for the generalized semiflow (d = 2) and a trajectory
attractor (d = 3). Similar results have recently been extended to singular potentials of logarithmic
type (cf. [16]). However, an important issue has been left open: the uniqueness of weak solutions in
dimension two. This is well known for the standard local models and it suggests that the present
model is more difficult to handle. The main reason seems to be the poorer regularity of ¢ which
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makes the capillarity term (i.e. the Korteweg force) uV¢ difficult to handle (see [11]). Here we are
not able to address this issue but we come close. More precisely, we prove the existence of a (unique)
strong solution and the regularization in finite time of any weak solution. The latter is uniform with
respect to bounded set of initial data so that, as a by-product, we deduce that the global attractor
we found in [15] is smooth. More precisely, it is the union of all the bounded complete trajectories
which are strong solutions to (1.1)-(1.6). Finally, taking advantage of the regularization property, we
show that any weak trajectory does converge to a unique equilibrium (cf. [21,37,38] for nonlocal
Cahn-Hilliard equations).

2. Notation and known results
We set H:=L2(£2) and V := H'(£2). For every f € V' we denote by f the average of f over £2,

ie, f:=2|71(f,1). Here |£2| is the Lebesgue measure of §2. We assume that 32 is smooth enough.
Then we introduce the Hilbert spaces

Vo:={veV:V=0}, Vii=|{feV f=0},
and the operator A:V — V', Ae L(V, V'), defined by

(Au, v) :=/Vu~Vv, Yu,veV.
Q

We recall that A maps V onto V| and the restriction of A to Vo maps Vo onto V|, isomorphically.
Further, we denote by N : Vi — Vo the inverse map defined by

ANf=Ff, VfeVy and NAu=u, VuceVy.

As is well known, for every f € V), N f is the unique solution with zero mean value of the Neumann
problem

—Au=f, ing2,
a—u=0, onos2.
on
In addition, we have
(Au,Nfy=(f,u), VYueV,VfeV], (2.1)
(f,/\/g):(g,Nf):fV(Nf)-V(Ng), Vf.geV,. (2.2)
Q

We consider the canonical Hilbert spaces for the Navier-Stokes equations with no-slip boundary con-
dition (see, e.g., [44])

Gaw = {u € CP(@)%: divw) =0} @ vy, = {u e Hy(@)% div(u) =0}.

We denote by || - || and (-,-) the norm and the scalar product on both H and Ggj,, respectively. Instead,
Vg4iv is endowed with the scalar product

W, Vv, = (Vu,Vv), Vu,ve Vgy.
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We shall also need to introduce the Stokes operator S with no-slip boundary condition. More
precisely, S: D(S) C Ggiy — Ggiv is defined as S := —PA with domain D(S) = H2(£2)4 N V43, where
P:12(2)? — G, is the Leray projector. Notice that we have

(Su,v) = (U, v)vy, =(Vu,Vv), VYueD(S), Vv e Vg,
and S1: Ggy, — Ggiy is a self-adjoint compact operator in Ggs. Thus, according with classical results,

S possesses a sequence of eigenvalues {A;} with 0 <iq <X <--- and A; — oo, and a family {w;} C
D(S) of eigenfunctions which is orthonormal in Gg;,. Let us also recall Poincaré’s inequality

Mlull> < IVull?,  Yue V.

The trilinear form b which appears in the weak formulation of the Navier-Stokes equations is
defined as follows

b(u,v,w) =/(u -V)v-w, Yu,v,w e Vg,
2

and the associated bilinear operator B from Vg, x Vg, into V(’ﬁv is defined by

(Bu,v),w):=b(u,v,w), Yu,v,we Vg.

We shall set B(u, u) := Bu, for all u € Vg,. We recall that we have

b(u,w,v)=-b(u,v,w), Vu,v,we Vg, (2.3)

and that the following estimates hold in dimension two

b, v, w)| < cllull 2 vu Vv w2 Vw2 Yu, v, we Vgy, (2.4)
b, v, w)| < cllull"2vu Vv ISy lwl,  Vue Vgy, veD(S), weGgy. (25)

If X is a Banach space and t € R, we shall denote by Lfb(r,oo; X), 1 < p < oo, the space of

functions f € Lﬁ)c([r, o0); X) that are translation bounded in Lﬁ)c([f, o0); X), i.e. such that

t+1
p . p
”f”Lfb(T,OO;X) '_f;lf / £ ()] ds < oo. (2.6)
t

We shall use the following lemma. Its simple proof is given below for the reader’s convenience.

Lemma 1. Let X be a reflexive Banach space and 1 < p1 < 00,1 < pp < 00, T € R. Assume f € LP1(t, 00; X)
with f; € Lsz (t, 00; X), where f is the derivative in the sense of distributions with values in X. Then f (t) — 0
in X ast — oo.

Proof. We argue by contradiction. Suppose there exist a sequence {t,} with t; — oo and a con-
stant 0 > 0 such that || f(ty)|lx > o, for all n. Set ©, :=t, + 1/n. Since f € LP1(t,00; X) with
1 < p1 < oo, then, by possibly extracting a subsequence, for every n there exists t, € [tn, T;] such
that || f(t;)llx <o /2. We therefore get a contradiction, since, denoting by p), € [1, 00) the conjugate
of py,
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th
o , 1
0< 5 < f () = few ]y < /”ft(s)”de S ”ff”Lbe(r,w;X)nT/2 -0 O
tn
We also report the uniform Gronwall lemma which will be useful in the sequel (see, e.g., [43]).

Lemma 2. Let & be an absolutely continuous nonnegative function on [t, o) and w1, w; two nonnegative
locally summable functions on [T, co) satisfying

d
E(P(t) Sw1()D(t) + wy(t), forae.te[r,o0), (2.7)
and such that
t+1 t+1
/a),-(s)dsgai, i=1,2, / &(s)ds < as, (2.8)
t t

forallt > t, where a1, ay, a3 are some nonnegative constants. Then

D(t+1)<(ap +az)e™, Vvt>t. (2.9)

We now summarize the main results of [11]. They are concerned with the existence of dissipative
weak solutions and the validity of the energy identity and of a dissipative estimate in dimension two.
The assumptions on ] and F are listed below

(H1) J e WLLRY), J(x) = J(—x), a >0 ae. in £2.
(H2) Fe Cz'l(IR{) and there exists cp > 0 such that

loc
F’(s)+a(x) >co, VseR, ae.xe.

(H3) F € C2(R) and there exist ¢; >0, c; > 0 and q > 0 such that

F’(s)+ax) =cils|? 1 —cy, VseR, ae.xe .

(H4) There exist ¢3 >0, c4 >0 and r € (1, 2] such that

|F'(5)|]" <c3|F(s)| +ca, VseR.

Remark 1. Assumption J € W1(R%) can be weakened. Indeed, it can be replaced by | € W1(Bs),
where Bs :={z € RY: |z| < §} with § := diam(s2), or also by (see, e.g., [6])

sug/(|](x—y)|+}V](x—y)|)dy<oo.
Xe
2

The above assumptions allow to prove the following result (see [11])
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Theorem 1. Let h € L2 ([0,00); V), o € Gaiv, @0 € H such that F(go) € L'(2) and suppose that
(H1)-(H4) are satzsﬁed Then for every given T > 0, there exists a weak solution [u, ¢] to (1.1)-(1.6) such
that

uel®O,T;: Ga) NL2O, T3 V), @ € L(0, T L*2(2)) NL*(0, T; V), (210)

u e LY3(0,T;VYy),  @eel*?(0,T;Vv)),  d=3, (2.11)
u € L2(0,T; VYy,),  d=2, (212)
@ el?(0,T;V'), d=2 or d=3 and q>1/2, (213)

and satisfying the energy inequality

t

t
£(u(t), (1) +/ v||Vu||2+||vm|2)dr<5<u0,¢0)+f(h(f>,u)df, (214)
0 0

for every t > 0, where we have set
1 1
eu.9) =5 Juol*+ 5 [ [ 1= (oo - 0.0 dxdy+ [ Few).
Q2 Q Q

If d = 2, then any weak solution satisfies the energy identity

d
7S e+ V[Vull? + |Vrll? = (h(t), u). (2.15)

In particular we have u € C([0, 00); Giy), ¢ € C([0, 00); H) and f_Q F(p) € C([0, 00)). Furthermore, ifd =2
andhel b(O oo; V dw) then any weak solution satisfies also the dissipative estimate

E(u®), p(t)) < E(uo, wo)e ™™ + F(mo)|2| + K, V>0, (2.16)

where mg = (o, 1) and k, K are two positive constants which are independent of the initial data, with K
depending on £2, v, J, F and Hh”LZb(o oV )
tl P T div

3. Strong solutions in two dimensions

In this section we state and prove our main result, namely the existence of a (global) strong
solution to (1.1)-(1.6) and its uniqueness. More precisely, we have

Theorem 2. Let h € Lﬁ)c([o, 00); Ggiy), Uo € Vgiy, 0o € V N L*°(£2) and suppose that (H1)-(H4) are satisfied.

Then, for every given T > 0, there exists a weak solution [u, ¢] such that
uel™0,T; Vgy) NL3(0, T; H*(2)?), @ el™®(2 x (0,T))NL>®(0,T; V), (31)
ur € L*(0,T: Gay). @ €L*(0,T; H). (3.2)

Furthermore, suppose in addition that F € C3(R), a € H>(£2) and that ¢g € H?(82). Then, system (1.1)-(1.4)
admits a unique strong solution on [0, T] satisfying (3.1), (3.2) and also
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pel®(0,T;WhP(2)), 2<p<oo, (3.3)
@ € L0, T; H)NL?*(0, T; V). (3.4)

If | € W21(R?), we have in addition
@ eL>(0,T; H*(2)). (3.5)

Moreover, let [ug;, @oi, hi] € Vgiy x H?(£2) x Lﬁ)c([O, 0); Ggiv), i = 1,2, be two sets of data and denote
by [u;, ¢i] the corresponding solutions. Then, there exists a positive constant A which is a continuous and
increasing function of the norms of the data of two solutions and which also depends on T, F, ], £2, v, such

that the following continuous dependence estimate holds

[u2®) — uy(®) H2 + 20 — 1 (D] %’6

t t
+/”VU2(T)—Vul(f)”zdf+/“§02("f)_(/)1(f)”2df
0 0

< A(lluoz = uor ” + llgoz = @or Y, + llha = hilifa 1.c,0)- (3.6)
foreveryt [0, T].

Remark 2. The regularity properties (3.1)-(3.5) imply that

ueC([0,00); Van), ¢ €C([0,T]; V)N Cy([0, T]; HA(£2)).

We have denoted by Cy, ([0, T]; X) the space of weakly continuous functions from [0, T] with values in
a Banach space X, that is, ¢ € Cy ([0, T]; X) if and only if (X', ¢(-)) € C([0, T]) for all X' € X’. Actually,
we have also ¢ € C([0, T]; H®(£2)) for every § € [0, 2). Recall that the time continuity of the velocity
field into Vg, is a consequence of the fact that u € Cy, ([0, 00); V4;,) and of the following differential
identity

1d
5 g Vul? + viSull® + (Bu, Su) = (uVe, Su) + (h, Su), (37)

which is deduced by testing equation (1.3) by Su.

Remark 3. If the condition g € L°°(£2) in the first part of Theorem 2 is removed, a boundedness
estimate for the order parameter ¢ can still be recovered. In particular, it can be proved (see [21,
Lemma 2.10]) that for every to > 0 there exists a constant Cp, ¢, > 0, where m is such that |@g| <m,
such that

f;uZI?O ” (P(t) ” L®(£2) < EI‘l‘l,t’o .

Moreover, (3.1)-(3.4) still hold provided that the time interval (0, T) is replaced by (2tg, T), for every
T > 2tp.

Remark 4. In Theorem 2 condition | € W21 (R2) is actually needed to ensure the regularity property
@ € L®(0, T; H>(22)).
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Proof. We shall carry out the proof by providing some formal higher-order estimates. The argument
can be made rigorous by means, e.g., of a Faedo-Galerkin approximation technique (see [11] for de-
tails). An alternative strategy might be the use of semigroup theory to ensure the existence of a
local (in time) solution and then proceed with the energy estimates. However, this approach does
not seem convenient in the present case. First, because we can take advantage of an existing approx-
imation scheme. Second, because the application of a fixed-point like argument does not seem so
straightforward.

We first observe that the property ¢ € L*°(£2 x (0, T)) can be obtained by exploiting the same
argument used in [6, Theorem 2.1]. Indeed, by multiplying (1.1) by ¢|¢|P~! and integrating on £
the resulting equation, the contribution of the convective term vanishes due to the incompressibility
condition (1.4) and the proof of [6, Theorem 2.1] entails

sup @) oo S C, (3.8)
S0P 190, <

where the constant C depends on the initial conditions, in particular on |lug]|, on lgolli=(2) and
on T (see [6, Estimate (2.28)]). Furthermore, if h € Lfb(O,oo; Ggiy) then, thanks to the dissipative
estimate (2.16), we have sup;q |9l 2+20(0) < C, the constant C being dependent on the initial
data and on h only. Hence, due to [6, Estimate (2.28)], the constant C in (3.8) does not depend on T.

As far as the regularity of the velocity u is concerned, notice that, since the Korteweg-force
term uVe € L%(0, T; L2(£2)?), then by applying [44, Theorem 3.10], we immediately obtain (3.1);
and (3.2);.

Henceforth we shall denote by c¢ a positive constant which depends only on J, F and 2, while ¢
will denote a positive constant depending on ], F, £2 and also on the initial conditions ug and @g
(in particular on [|Vugl| and on |l¢gllr>(s)). The values of both ¢ and ¢ may possibly vary from line
to line, even within the same estimate. We shall divide the proof into three main steps.

Step 1. Estimate of ¢, in L*>(0, T; H).
We multiply (1.1) by u; in H and get

/¢tuf+/<u-w>ut+——||vm|

2dt
2
1d
_ f (a+F'@)g? — (@6, ] x 00 + / - Vot 5 g IVRI? =0, (39)
2 2
Now, we have
U(u-wmt =‘/(wV¢)(a<pf—1*¢t+F”(¢)¢t)
2 2

C _
< Z“ngotnz+c||u||%,z||V<p||2, (3.10)
and
[(@e, J % @) =|(—u-Vo+Au, ] =@l
<|W-Vo, x|+ [(Vi. V] % @)

Co
lesﬂtll +clullZ IVl +cll Vil (311)
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Plugging (3.10) and (3.11) into (3.9), using assumption (H2) and integrating the resulting estimate
in time between 0 and t, we obtain

t t
1 co 1 _
;Wuﬁ+~5/ﬂﬁwdr<imwmﬁ+/dwﬁﬁvwﬁw
0 0

t
+e [1vuipdr, (312)
0
and on account of the following
2 2 2
IVul® = ZIW(PII —cliell”, (3.13)

from (3.12) we are led to the differential inequality

t
- 2
HVMW<HVMﬂ2+Cr+/"KﬂHVM@ﬂ\dL Ve [0, T], (314)
0

where m := c(||u||f12 +1)eL'(0, T), for all T > 0. Thus the standard Gronwall lemma gives

Vi el®0,T;H), VT>0, (3.15)

so that, using also (3.12), we infer

@el™®0,T;V), ¢ €l?0,T;H), VT=>0. (3.16)
This concludes the proof of (3.1) and (3.2).

Step 2. Estimate of ¢; in L°°(0, T; H).
We differentiate (1.1) with respect to time and multiply the resulting identity in H by . This
yields

/@mu+/umpvw+/MWWWvaWW=& (317)
2 2 2

and, due to (1.4), we obtain

/%mﬁwwmﬁ=/@va+/wva, (3.18)
2 2 2
which entails
1
/wm+5WmW</@hﬂw%ﬂ (3.19)

2 2
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Observe now that

/Ql)ttﬂt =

2

@ue(ape — ] * @c + F'(@©)¢r)

N|.—A b\

difawt —(J*@,—ur-Vo—u- V(Pt+Alth)+/F”(§0)§0t(ptt
2 2
d 1
5?/ a+ F"(@))@f — (V] x @, urp) — (V] %@, ugy)
2
+ (V] %@, Vit — %/F”’«p)cpr (3.20)

2

On the other hand we have

|(V ] # @ @) | < IV I el el < l||ut||2||<pt||2 +,
|(V] %@ u@)| <V Tl lullze @) < cllull gzl
[(V] * @, Vier)| < antnz + VI Nl
Therefore from (3.19) we get
1d

sa [ @t Fr@)et + —||wt||2
2

1 .
< c(lul +||u||Hz+||uf||2+1)||<pf||2+||<o||%m||ut||2+E/F”’(goxof+c. (321)
2

The integral term containing (pt3 can be estimated by means of Gagliardo-Nirenberg inequality in
dimension two, that is,

1 1
‘5 / F" (@)}

2

2
_ _ C _ _
<Cligdigs (@l + el IVel) < DIVl +ellgel* +¢. (3:22)

We now need to estimate Vg; in terms of V.. In order to do that, let us first control V¢ in terms
of Vi in LP, for every 2 < p < oo. We then take the gradient of u =ag — J * ¢ + F/(p), multiply it
by V|V@|P~2 and integrate the resulting identity on £2. We get

/WIW)IH-Vu=/(a+F”(¢))|V<p|"+/(<pVa—VJ*<p)~V¢|V<p|”‘2,
2 2

and so, by (H2), we find

1 -1
collVell?, <IVelP,  IVilie + (IVallie + 1V Il @l IVl

Co
< 5||V<p||‘zp +ellVrllPy +c(IIValle + 1V )P lel?,
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We therefore obtain

Vol <cllVullr +c, (3.23)
with ¢ depending also on p. We now see that the LP-norm of Vi can be estimated in terms of

the L2-norm of ¢;. Indeed, using once more the two-dimensional Gagliardo-Nirenberg inequality, we
infer

1-2 1-2
IVlie <clVulPP IVl 2P <l Vil?Piul,,”?
cIVRIPP (AP + 1wl 27P) < E(llgel ™2/ + flu - Vo' 72/P + 1)

2 2
<E(lgel P + ull]; 7P Ivel, 2P +1),

where p~! 4+ q~1 =1/2 and where we have taken into account (3.15) and the fact that the H2-norm
of 4 is equivalent to the L2-norm of —A+ i, due to (1.5). By (3.23) we therefore deduce the desired
estimate

IVl < E(1+ llgell'=>P). (3.24)
We now take the gradient of y, and multiply it in L? by V. We get

/Vﬂt'V(pt:/(a+FN(§0))|V§0t|2

2 2

+/(Va<pz—VJ*¢t)-V<pt+/F”’(<p)<ptV¢-V¢t- (3.25)
2 2

Observe that we have

ScllgellsliVellsliVerll

‘ / F" (@)@ Ve - Vo
2

<@l + @21Vl ) (1 + leel*?) Vel
<E(I@ellP2 1Vl + I@el IVl + e 1221V e 1Y + el Veel)

0
IIV(DtII +llgel* +c. (3.26)

Thus from (3.25) and (3.26) and using also (H2), we deduce

1 co Co _
anmnz + va(ptnz > IViell IVl = coll Ve l1? — antnz — ¢llge1?
‘o 2 A4 _ A
= 2 IVel? —cllgd* — ¢,

so that

4 _ _
C—anfnz > | Veel? = cllgell* ¢ (327)
0
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We now go back to (3.21). By combining (3.22) and (3.27) we obtain

| &

1
2

Q

1 _ _

. / (a+ F'@)ef + g IViell® <a®ligel® +Ellgel* + @) +¢, (3.28)
2

where o := c(l[ull?, + llull g2 + l[uell* + 1) and B := [|@]|7~ [luc[|%. We have a, g € L'(0, T). From (3.28)

we can easily infer the desired estimate. Indeed, let us multiply (3.28) by (1 + f.o (a+ F”((p))gotz)*l
and get

E(f.(z §0t2)2
14 [, @+ F'(9)@?

1d,, <1+/(a+F”( ) 2)<1a(t>+ WIGEY:
Zdt g (p ¢t \CO
2

1 _ _
< 2O +pO +llgel® + ¢

Integrating this last inequality between 0 and t € (0, T) and using the second of (3.16) and the fact
that ¢,(0) € H (since g € H%(£2)) we therefore deduce that

@ €L, T;H), VT>O0. (3.29)
In particular, on account of (3.23) and (3.24), we also have
Vi, Vo e L®(0,T; LP(£2)), VT >0, 2<p < oo. (3.30)
Furthermore, by integrating (3.28) between 0 and ¢t € [0, T] and using (3.27) and (3.29), we also get
@ € L0, T; V). (3.31)

By comparison in (1.1) we can finally obtain estimates for 1 and ¢ in L%(0, T; H2(£2)). Indeed, we
have

TARD < ll@ell +clVullllVellre, (3.32)

which implies that Ay € L®(0, T; L2(£2)), thanks to (3.29) and (3.30). Recalling (1.5) and the smooth-
ness of 02, we also have

peL®(0,T; HA(£2)). (3.33)
Apply now the second derivative operator 85. = % to (1.2), multiply the resulting identity

by 35@0 and integrate on £2. Using the assumption | € W21 (R2), we get

" 2
/afjual%(p:/(HF (<p))(a§ ) +/(3,-a3j(p+8ja8,-(p)85g0
2 22 2

+ f(wafja — %] % @) 350 + f F"” ()39 9d}¢.
2 2
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From this identity, by means of (H2) and (3.30) it is easy to obtain
2 12w Bz 12 -
logul™ = 2 1o5e]” —c. (3.34)
Such estimate together with (3.33) entail

@ € L®(0, T; H*(£2)). (3.35)

Step 3. Continuous dependence and uniqueness of strong solutions.

Let us consider two strong solutions zq :=[u1, ¢1] and z, := [uy, ¢,] corresponding to initial data
Zo1 := [uo1, @o1] and zpy := [uo2, @o2] and to external forces hy and hy, respectively. Taking the dif-
ference between the variational formulation of (1.1) and (1.2) written for each solution and setting
u:=uy—uU, =2 —Q1, L= U2 — U1 and h2=h2 —h], we have

(ug, v) +v(Vu, Vv) + b(uy, uz, v) — b(uq, uq, v)
=—(2V2, V) +(@1Vu1,v) + (h,v), (3.36)
(@6, ¥) + (Y, Vi) = (Ua@2, V) — (U101, V), (3.37)

for every v € Vg, and every ¥ € V. Let us choose v =u and ¥ = N¢ and sum the first resulting
identity to the second one multiplied by y, where the positive constant y will be suitably chosen.
After some easy calculations we obtain

1d d
5 eI 4 VIVUI bz, uz,w) = b, ur, w) + LNl + v (@, )
=—(@Vu2.u) = @1V, u) +y U2, 9VN@) + y . 91 VN ) + (h. ). (3.38)

Notice that

@ )=y (p.ap— ]+ ¢+ F (@) —F(en) > coyllel’ - y(¢. ] x¢)
> cov gl = yllelvy I Iviiel > coy el = lel* =yl (3.39)

Furthermore, as far as the first two terms on the right hand side of (3.38) are concerned, we have
|(@V2, w)| <@l Viallalulls < gnwn2 +cllVialZlel?, (3.40)
[(@1 Vi )| = [(uVer, w)| < IlliVerllalulle < znwn2 +lVarllZllel?,  (3.41)

where we have used the bound

Il = [lap — J %@+ F'(g2) = F'(p1) || < 2llalli=llell + clell < cllgll.
The last two terms on the right hand side of (3.38) can be estimated as follows

|y (2, VN Q)| < ylluzlli= 9l IVN @l < cy luallg2 @l @lly,
<llol* +cy?luzlizallely, (3.42)

[y o VNo)| < Ll + Ligr iz ligl?,. (3.43)
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Consider the trilinear forms on the left hand side of (3.38). By (2.4) we have

b(uz,uy, u) —b(uy, ur, u) =bu, uy, u) <clullVur[|Vull

V
< annz + el Vuq [ ull?. (3.44)

Plugging (3.39)-(3.44) into (3.38) we get

1d 2 2 v 2 2
——(llu ’ —||Vu c
S 5 UUl®+vllely,) + g IVul® + yeolll
<c(U+ Vel +1Vi2lEa) el +cy (v luallge + el +v) lely,
2

+e(y +IVul) el + 0. (345)
Thanks to (3.30), we can now choose y = y, such that

Iy=coys — c(1+ Ve lf +Vial? )>0

xR0 Moo, 1:14(2)) 2.ty =

Hence from (3.45) we deduce

| &

v 2
(Iul” + lilly,) + g IVull® + Lol <n@ (1l + v llgliy,) + = hI%, - (346)

N —
Q

t
where
n:=c(IVurl® + velluzll2 + 912 + v4) € 10, T), VT >0.

The standard Gronwall lemma then yields

2 2 t 4
@] +velle®]y, <o ”“)‘“(Huon2 + villgol, + V—Mnhnfz(o,ncdw)) (3.47)

for every t € [0, T], where we have set ug := ugy — up; and @p := @o2 — @o1. By integrating (3.46)
between 0 and t and taking (3.47) into account, we also get

t t
v
2 [1vuizar +ar [ 1o ar
0 0

t

4 t
< (||u0||2 + Vel olly, + V—M”h“fzw,ncm)) (1 +2e2Jo () ds f n(s) ds>, (3.48)
0

for every t € [0, T]. Finally, by combining (3.47) and (3.48), we obtain (3.6). O

Remark 5. If the assumptions of Theorem 2 ensure that ¢ satisfies (3.5), then we have strong conti-
nuity in time, that is,

@ € C([0, 0); H2(£2)). (3.49)
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Indeed, by combining (3.17)-(3.20) and taking into account the regularity properties of the strong
solution, we can see that fﬂ(a + F”((p))got2 is absolutely continuous on [0, c0). Using (H2) and
the fact that ¢ e C([0,00); C(£2)) (see Remark 2) we get |¢]|? € C([0,00)). Now, (3.33) and
Ut € leoc([O, 00); V) imply that u € C([0,00); V) and, by using (3.33) again, we also have u €
Cy ([0, 00); H2(£2)) so that Au € Cy ([0, 00); H). Moreover, since u € C([0, 00); L4(£2)) and V¢ €
Cy ([0, 00); L4(£2)) (cf. Remark 2), then we have u - Vg € Cy, ([0, 00); H). Thus from (1.1) we deduce
that ¢; € Cy ([0, 00); H) and, on account of the continuity of t — || (t)]|, then ¢; € C([0, co); H). Re-
call now that V¢ € C([0, 00); H€ (£2)?), for every € € [0, 1) (cf. Remark 2). Then, choosing € € [1/2, 1),
we have Vg e C([0, 00); L4(£2)?). Thus u - Vg € C([0, 00); H) and so (1.1) yields A € C([0, co); H)
which entails p € C([0, co); H2(£2)). This and the assumption | € W21(R?) allow us to deduce (3.49).

Remark 6. Within the framework or Remark 5, the boundary condition for p (see (1.5)) can be ex-
plicitly written in terms of a nonlocal boundary condition for ¢. More precisely, we have (cf. (1.2)
and (H2))

3 3
(ax) + F"(px.1))) %(x, t)+ / a—i(x —V(ex.t) —(y.t))dy =0,
2

for all t > 0 and for almost any x € 352.
4. Uniform estimates and the global attractor
In this section we establish some uniform in time regularization estimates by exploiting the results

proved in the previous section. As a consequence we deduce a regularity property for the global
attractor of the dynamical system generated by (1.1)-(1.5) whose existence has been shown in [15].

Proposition 1. Let h € Ltzb(O, 00; Ggiv), Uo € Vi, 0o € VN L% (§2) and suppose that (H1)-(H4) are satisfied.
Then, the weak solution [u, ¢] of Theorem 2 satisfies
ueL®(0,00; V) N L (0,00; H*(2)?), ¢ eL™®(£2 x (0,00)) NL®(0,00; V), (41)
ur € L7(0,00: Gai). ¢ € LE (0, 00; H). (42)

Furthermore, suppose in addition that F € C3(R) and that ¢o € H?(£2). Then, the unique strong solution of
Theorem 2 satisfies (4.1), (4.2) and, in addition,

@ eL®(0,00; WHP(2)), 2<p<oo, (4.3)
@ € L%(0, 00; H) N L2 (0, 00; V). (4.4)

If ] € W>1(R?), we also have

@ € L®(0, 00; HA(2)). (4.5)

Moreover, there exists a constant A1 = Aq(m), dependingonm (and on F, ], §2, v), such that, for every initial
data zq := [ug, po] € Vg, X H2(£2), with |@g| < m, there exists a time t* := t*(£(zo)) > 0 such that the
strong solution corresponding to zq satisfies

t+1

Vu©] + 10O iy + [ 16| yacae < Mrim), vee (45)
t
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Proof. Let us first notice that, setting z(t) := [u(t), ¢(t)] and zg := [ug, @o], by integrating the energy
identity (2.15) between t and t + 1 we have

t+1 t+1

5(z<r+1))+f(§||Vu||2+||wn2)d £(z(0) +—/||h|| dr. 47)
t

Therefore, using also the dissipative estimate (2.16), we get

t+1

v
/ <5 Vull® + ||vu||2> dt < Ezo)e ™M + F(m)|R2] + K (4.8)
t

where the constant K depends on ”h”LZb(O 00:Gain) and on F, J, £2, v. Notice that the initial energy
7,(0,00;
£(zp) can be estimated as

1

E(z0) < EIIUOIIZ+M||§00|I2+/F(<ﬂo), M := sug/\](x—y)\dy.

Xe
2 2

From (4.8), setting Ag(m) := F(m)|$2| + K + 1, we deduce that there exists a time ty = to(E(zp)) > 0,
given e.g. by tp = ,1—( log(E(zp) + ¢), where £(zp) + ¢ > 1, such that

t+1

/ (§||Vu||2+||wn2)dr<Ao(m>, ve > to (49)
t

We now establish the uniform in time version of estimates (3.1); and (3.2); for the velocity field.
To this aim, notice first that (2.5) implies (see also [44, Lemma 3.8])

IBull < cllul™2IVullISull'/?,  Yu e D(S) = H?(£2)* N V.

Therefore, by splitting the term (Bu, Su) on the left hand side of (3.7) and using the estimate above,
we get the following differential inequality

d 3 3
Enwu2 +v)ISul? < ;nuwnz + ;nhn2 +o|Vull?, (4.10)

where o (t) := ¢, ||lu||?||Vul||2. Now, recalling Remark 3 (see also the proof of [21, Lemma 2.10]), the as-
sumption h € Lfb(O, 00; Ggiy) and the dissipative estimate (2.16), we know that there exists a constant
Co(m) > 0 depending on m, and a time t; =t1(£(zp)) depending on £(zp) such that

sup [ ()| ;oo (o, < Colm). (411)
t>t

Therefore we have sup;s, [[4(t) |1 (@) < C1(m). Then, using also (4.9) and (3.13), we get

t+1 t+1

/ |n@Ve@)|* dr < Cm), / o (v)dT < C3(m), (412)
t

t
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for all t > t; := max{to, t1}. Therefore, (4.8) and (4.12) allow us to apply Lemma 2 to the differential
inequality (4.10) and we deduce that

| Vu®|* < Cam) := = (2C2(m) + 21|h|12 + Ag(m))eS™), (413)

2
V Lfb (0,00; Gaiv)

for all t > t3 :=tp + 1. Furthermore, by integrating (4.10) between t and t + 1, for t > t3, we obtain

t+1
2 4
cv / [u)[[}42 o, ds < C5m) := (1 + C3(m))Ca(m) + - (C2(m) + ||h||fgb<o,oo;cd,.v))’ (4.14)
t

for all t > t3, where we have also used [44, Lemma 3.7]. Estimates (4.13) and (4.14) in particular
imply (4.1);.

Now, let us write (1.3) in the form u; = —Bu — vSu + uV¢ + h and observe that, owing to [44,
Lemma 3.8] (or (2.5)), we have

t+1 t+1

/HBu(s)H4d5</Hu(s)HZHVu(s)”4H5u(s)”2ds<Cs(m) = vihcﬁ(m)cs(m),
t t

for all t > t3, and hence

t+1
2
/ Jue()] " ds < Com) := c(Cg*(m) + vCsm) + Com) + Iy o o). (415)

t

for all t > t3. Note that (4.15) entails (4.2);.

We are now in a position to get uniform in time regularization estimates for ¢; first in
L% (t,00; H) and then in L*(z, co; H), for some 7 > 0.

Let us note first that, by combining (3.9)-(3.11) and taking (4.11) into account, we obtain the
following differential inequality, for all t > tq,

d
anwnz +collgell® < (Csm)flull2, + ) IV l|® + Cotm) ull?, llgll?. (4.16)

Observe that (cf. (4.14))

t+1

1
/ (Cg(m)]|u(s) ||i,2 +¢)ds < Cro(m) == ECs(m)cg(m) +c, (417)
t+1 o
/ Co(m) |us) |3 | 9(5)]* ds < Crr(m) := %C&(m)cs(m)cg(m), (4.18)
t

for all t > t3. Then, using (4.9) and (4.17), (4.18), we can apply the uniform Gronwall lemma to (4.16)
in [t3, 00) and get

|V (t) ”2 < Cra(m) := (Cr1(m) + Ag(m))eC 0™ Ve >t4:=t3+1. (419)
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Now, by integrating (4.16) between t and t + 1, for t > t4, we also deduce

t+1
co / e[ ds < Crzm) := (14 C10Gm)) Cra(m) + Cr1(m), Ve > ta. (4.20)
t

Estimates (4.19) and (4.20) imply, in particular, (4.1); and (4.2);, respectively.
Let us now consider estimate (3.28). Set

1
20 =3 [ @+ Flpo)gio.

2

and notice that, on account of (4.11), we have
Co 2 2
S e <2® < Cum e, vizn. (4.21)

Then, by arguing as in the previous section and taking (4.11) into account, we easily see that (3.28)
can be rewritten as follows

d 1
A OR IVell> < o@® @ () + B(E) + Cis(m), Yt >ty, (4.22)

where w(t) := a(t) + C16(m)P(t), and «, B the same as in (3.28). Then, by using (4.21), (4.20), (4.14)
and (4.15), we have

t+1
1
f @(5)ds < Ci7(m) i= - Cia(m)Cra(im), (4.23)
t
t+1 1
/ w(s)ds < Cig(m) := C<;C5(m) + C7(m) + C16(m)Cy7(m) + 1>, (4.24)
t
t+1
f B(s)ds < C1g(m) := C{(m)C7(m), (4.25)

t

for all t > t4. By applying once more the uniform Gronwall lemma to (4.22) in the interval [t4, 00),
we deduce

2
lee®| < Caolm) := o (C15(m) + C17(m) + Crg(m))eC18™ (4.26)

for all t > t5 :=t4 + 1. Then, by integrating (4.22) between t and t + 1, for t > ts5, and using (4.21),
(4.26) and (3.27) (written with a constant C,1(m) in place of ¢, for t > t1, due to (4.11)), we also find

t+1
2 32 2
[V (s)||”ds < Caa(m) := E(CMCZOC]S + C19 + Ci15) + (14 C3)Car, (4.27)
t

for all t > t5, where all C; depend on m. Observe that estimates (4.26) and (4.27) yield (4.4).
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Furthermore, owing to (3.23) and (3.24), we also have

Finally, on account of (3.32), (4.26) and (4.13), we obtain

[1£© ] 2 < | AR + p®) | < Caam) := c(Cram) + Cpp> () + C}/*(M)Ca3(m)),  (4.29)

for all t > ts, and recalling (3.34), provided that | € W21(R2), we get

le® |2 < Casm), Ve >ts. (4.30)
Estimates (4.28) and (4.30) yield (4.3). O

Let us now recall the main result about the existence of the global attractor for weak solutions
to system (1.1)-(1.5) in the autonomous case (cf. [15]). Since the weak solutions to system (1.1)-(1.5)
are not known to be unique but the energy identity holds, the existence of the global attractor is
achieved by using ].M. Ball's approach based on the notion of generalized semiflows (see [5] for the
main definitions and results).

We assume that h is time independent, i.e., h € Gg;,, and, for m > 0 fixed, we introduce the metric
space

Xm = Ggiy X Ym, (4.31)

where

Ym:={peH: F(p)eL'(R2),

(@, | <m}. (4.32)
The space A, is endowed with the metric

1/2
. V21,23 € Ay,

d(z2,21) = luz — w1l + 92 — @1 ||+‘/F<¢z)—/F<qol)
2 2

where z; := [u1, ¢1] and z; := [up, ¢]. It is important to insert the potential difference into the
definition of distance in order to be able to deduce the point dissipativity in the sense of J.M. Ball
(cf. [15]).

Suppose that (H1)-(H4) are satisfied and that h € Gg;,. Let G, be the set of all weak solutions
to system (1.1)-(1.6) from [0, c0) to X, given by Theorem 1 and corresponding to all initial data
Zo € X. Then, in [15, Proposition 3 and Theorem 3] it is proved that G is a generalized semiflow
on X (i.e., Gy satisfies conditions (H1)-(H4) from [5] in the space Xj;) which possesses a (unique)
global attractor Ap,.

Take zp € Ay and consider a weak solution z := [u, ¢] € C([0, 00); A;;) corresponding to zp.
From (2.14), written with t = 7, we know that for every t > 0 there exists t; € (0, 7] such that
z(tr) € Vg, x V. Thanks to Remark 3, we can also assume that ¢(t;) € L*°(£2). We can therefore
write the differential inequality (4.16) in [t;,c0) and, by integrating (4.16) between t; and t > tz,
we can see that there exists s; € (t¢,t] such that ¢;(s;) € H and hence ¢(s;) € H%(£2) (recall that
J € W21(R)). Summing up, introducing the (complete) metric space

XY=V x Vb, Ipi={e e H(2): [(p, D] <m}, (4.33)
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endowed with the metric

di(z2.21) = |Vuz — Vur | + |92 — @1llp2(0). V21,22 € Xy,

then, for every 7 > 0, there exists s; € (0, t] such that z(s;) € X,}q and starting from the time s;
the weak solution corresponding to zo becomes a (unique) strong solution z € C([s7, 00); Xr},) (cf. Re-
marks 2 and 5). Such a solution satisfies the dissipative estimate (4.6) in [s¢, c0). Let us consider a
bounded in X}, subset B C Aj,. Choosing T =1 for every zp € B, then every weak solution z starting
from zyp € B becomes (at a certain time s; € (0, 1] depending on zp and on the weak solution con-
sidered from zg) a strong solution satisfying (4.6) in [1, c0). We therefore deduce that there exists
a time t* =t*(B) > 1 such that

z(t) € Bi(A1(m)), vVt >t*, (4.34)

where Bj(A1(m)) is the closed ball in X;} given by

Bi(A1(m)) := {w € X}: di(w, 0) < A1(m)}.

This fact immediately implies that A, C Bi. Indeed, we have distXr}l(T(t)Am,Bﬂ =

distXr}z (Am, By) =0, which implies A, C 8_1/"331 = BB1. We recall that the multivalued evolution map
T(t) is defined, for every t > 0 and every subset E C X}y, as (cf. [5])

T()E := {z(t): z € Gm, 2(0) € E}. (4.35)
Summing up we have just proven the following regularity result for the global attractor

Theorem 3. Let (H1)-(H4) be satisfied and assume that h € Gg;, is independent of time. Then the global
attractor Ay, of the generalized semiflow Gy, associated with system (1.1)-(1.5) is such that

Am C By (A] (m))

Thus the global attractor is the union of all the bounded complete trajectories which are strong
solutions to (1.1)-(1.6).

5. Convergence to equilibria

In this section we shall prove that every weak solution to system (1.1)-(1.6) converges to a sta-
tionary solution as t — oo, provided that F is real analytic and h = 0.

The main tool is a generalized version of the so-called Lojasiewicz-Simon inequality. We recall
that the convergence to equilibria is a nontrivial issue since, when the dimension of §2 is 2 at least,
then the set of stationary solutions is a continuum (see [28,12]). Therefore, even if the system has a
Lyapunov functional, it might not happen that every trajectory does converge to a single equilibrium.
However, if the nonlinearities are real analytic, then one may take advantage of a suitable inequality:
the Lojasiewicz-Simon inequality (see [41], cf. also [9,10,30,35]). In recent years, taking advantage of
such an inequality, many results for various nonlinear evolution equations have been established (cf.,
e.g., [3,4,12-14,21,24,25,29,33,36-38,40,45-49] and, in particular, for the local Cahn-Hilliard-Navier—
Stokes system [1,18,50]).

Let us first consider the set of all stationary solutions z., to system (1.1)-(1.5), namely the set of
pairs zo := [0, Yool € Xy (for some m > 0), where ¢, solves the integral equation
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Qo0 — ] * Poo + F'(P0) = oo, (5.1)

with some constant . € R given necessarily by (too = F/(¢). Therefore we introduce

Em={Zoo = [0, 9o : o0 € H, F(po) € L'(2), |@cc| <m,
Qo0 — ] * Yoo + F'(¢0) — F/(¢oc) =0 ace.in 22}. (5.2)

We point out that, by using an easy iteration argument from (5.1), on account that F’ has polynomial
growth, we can deduce that ¢, € L>°(£2). The structure of the stationary set is rather complicated. In
particular, such a set may be a continuum (see [12] for an example and [27] where the author proves
the existence of solutions ¢, to (5.7) with @ = 0 in cylindrical bounded domains). It is also worth
observing that to every stationary solution z, = [0, @] there corresponds a stationary pressure T,
given by 7 = F/(¢oo)®Poo + €, Where c € R is an arbitrary constant (cf. (1.3)).

We begin with the following preliminary but crucial result.

Lemma 3. Assume that (H1)-(H4) are satisfied. Take zg € X, and let z € C([0, 00); Xin) be a weak solution
corresponding to zy. Then, we have

B #w(z) CEn (5.3)
and
u(t) -0 inGgjy, ast — oo. (5.4)

Furthermore, there exists a time t* = t*(zg) depending on zo such that the trajectory U@t* {z(t)} is precom-
pact in Xp,.

Proof. From (2.14), by letting t — co, we obtain that
u € L*(0, 00; V). (5.5)
On the other hand, from (1.3), written as u; = —Bu — vSu + uVg, we get
luelly,, < vivVull +cllullllVull + @l @) IVl

Now, (2.14) also implies that u € L®°(0, o0; Ggi) and that Vu e L2(0, oo; H). Hence, on account
of (4.11) as well, from the previous estimate we infer that

ue € L*(z, 003 Vi, ), (5.6)
for some t > 0. From (5.5) and (5.6) we deduce (5.4). Let us now take Z € w(zp) arbitrary, with

Z:=[1u, 1. Then, there exists a sequence {t,} with t, — oo such that u(t;) — U in Gg;y and @(tp) — @
in H. We get U =0 and, up to a subsequence,

w(ty) — i, ae.in $2, (5.7)

where i :=a@ — | * ¢ + F'(¢). By integrating (4.22) between t and t + 1 we easily deduce that
Ve € L (T, 00; H) for some 7 > 0. Since we also have Vi € L%(0, oo; H), then Lemma 1 yields

Vu(t)—0 in H, ast — oo. (5.8)
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From (5.7) and (5.8) we easily deduce that i = const almost everywhere in §2, where the constant
is necessarily given by F/(@). Therefore Z= [, $]1=[0,3] € En (note that F(@) € L1 (2) is ensured
by Fatou’s lemma), and (5.3) is proven. Finally, the precompactness of the trajectory is an immediate
consequence of (4.34). O

Remark 7. Lemma 3 yields in particular an existence result for Eq. (5.1).

We now recall the generalized Lojasiewicz-Simon inequality established in [17] which is the main
tool for proving our convergence result.

Let V and W be Banach spaces embedded into a Hilbert space H and its dual H’, respectively,
with dense and continuous injections. Assume that the restriction of the Riesz map R € L(H, H')
to V is an isomorphism from V onto W = R(V). Moreover, let H = Hy + Hy, where H; C V is
a finite-dimensional subspace and Hg is its orthogonal complement in H. Introduce the subspace
of H’

HY:={geH": (g,¢)=0forallp € Ho}.

Then let

F:=G1+Ga,
where the functionals G; and G, satisfy the following conditions

e G1:U CV — R is Fréchet differentiable on an open set U such that the Fréchet derivative DG; :
U — W is a real analytic operator which satisfies

(DG1(92) — DG1(91), 92 — @1) = a1 ll92 — 1113, (5.9)
IDG1(@2) — DG1 ()|

e S o2llo2 — @illa, (5.10)
for all @1, ¢, € U and for some constants o/, o > 0. Furthermore, the second Fréchet derivative

D?G1(p) € L(V, W) is assumed to be an isomorphism for all ¢ € U.
e Gy : H— R is assumed to be in the form

1
Ga(p) = §<K¢,<p>+<l,<ﬂ>+p, Yo eH,

where K € L(H, H') is a self-adjoint compact operator such that its restriction to V is a compact
operator in £L(V,W) and l € W, p € R are given.

The inequality we need is given by
Lemma 4. (See [17].) Let the previous assumptions be satisfied for the spaces V, W, H, H' and for the func-

tional F. Let [¢so, hoo] € U X Hg satisfy DF (¢s0) = oo. Then, there exist o, A > 0 and 6 € (0, 1/2] such
that the following inequality holds

| F(9) = Flgoo)|' ™ < xinf{| DF(p) — ]

e W€ HQY (5.11)
forall ¢ € U satisfying ¢ — ¢oo € Ho and ||¢ — ¢oolln < 0.

We can now state the main result of this section.
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Theorem 4. Assume that (H1)-(H4) are satisfied with F real analytic. Take zy € X and let z € C([0, 00); Xm)
be a weak solution corresponding to zo. Then, there exists Zo := [0, Qo] € Em With @ = Po such that

zZ(t) = zoo in Xy, ast — oo. (512)

Moreover, there exist some constants ¥ > 0, 6 € [0, 1/2) and a time t > 0 which depend on zg and z, (and
on the weak solution z originated from zg) such that

0

uc@)] p SYUTT, VE>L (5.13)

v, e® = ¢l

Proof. Our aim is to prove that ¢ € L(t, co; V'), for some T > 0. This, together with (5.4) and with
the precompactness of the trajectory in Gg;, x H, will allow to deduce the convergence in Gy, x H
of a whole trajectory z = [u, ¢] originating from an initial datum zp = [ug, ¢o] € X to a station-
ary solution z, € &y with @ = @o. Observe that if z: [0, 00) — A} is a weak solution, then the
convergence condition z(t) — zo, in A}, is equivalent to the condition z(t) — z in Gg;y X H, since
the convergence fg F(p(t)) — fg F(¢oo) is ensured by (4.11) and Lebesgue’s dominated convergence
theorem.

The key point is the application of Lemma 4 to a suitable functional F which is, in our case, the
energy functional E associated with the ¢ component of the solution, namely,

1 1
E(p) = Ellx/af/)ll2 —5@. =9 +/F(<0)- (5.14)
2

More precisely, we set (cf. Lemma 4)

H:=H =1%(2), Ho:={yeH:¢y=0}, HY={y=const],
V =L%(£), W :=R(V), ||f||w:=HR’1f||V,

1
G1(¥) 12/(1:(!0) + an2)5 U=Up:={y eV: [y®]|<Co(m), ae.xe R},
2

KW)=—=]=*y, 1=p=0, (5.15)

where the positive constant Co(m) is the same as in (4.11).
All the assumptions of Lemma 4 are fulfilled. Indeed, G is Fréchet differentiable on the whole V
with DG () € W, for all ¢ € V given by

(DG ((P),h>:/(F/((p) +ap)h, VheV.
2

Furthermore, DG is a real analytic operator, since F is assumed real analytic, and we have

(DG1(92) — DG1(@1), 92 — 1) = /(F”(’Wz + (1 —me1) +a)lgz — 1l
2

>collg2 — @1, Yer,02€V,

thanks to (H2), where n = n(x) € (0,1). Hence (5.9) is satisfied (with o1 = cg). As far as (5.10) is
concerned, observe that DG, is locally Lipschitz from V to H’. Indeed, we have
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IDG1(¢2) — DG1 (1)

w < IF/(@2) = /(@) + toollgz — @11 < Tnlloz — @111,

for all ¢, ¢y € Up, which yields (5.10) (with ap = I7,). Moreover, the second Fréchet derivative is
given by

(D%G1 (@)1, ha) = / (F"(¢) +a)hihy. Vhi.hye V.,
2

for all ¢ € V. Hence D?G;(p) € L(V, W) is an isomorphism for all ¢ € Up,. Finally, thanks to (H1),
the convolution operator K is compact from H to H and also from V to W (due to the compact
embedding W1 (£2) < C(£2)). The Fréchet derivative of 7 = E is given by

DE(p)=F'(p) +ap — ] xp = pu, (5.16)

and we have that [@so, Uoo] € Un X HS satisfy DE(¢oo) = Uoo iff Zoo := [0, Poo] € Em With ¢ € Uny
and oo = F/(¢oo). Therefore, taking [@so, ool € Um X Hg such that DE(¢x) = oo, Lemma 4 entails
the existence of o, A > 0 and 6 € (0, 1/2] such that

1-60 . ~ ~
|E@) — E@eo)|' ™" < Ainf{lli2 — fll. i = const]
=Ml — Bl < Acpll V. (517)

for all ¢ € Up, satisfying @ = @ (i.e. ¢ — Yoo € Ho) and ||¢ — @oolly < 0, Where ¢y is the Poincaré-
Wirtinger constant.

Now, let zg € A, and z be a weak solution corresponding to zg. Take z», € w(z) and let {t,} be a
sequence such that t, — oo and z(tp) — zo in Xp. Consider the function

B (t) = E(2(D) — E(zo0)-

We have

&' (t) = v Vul? = [Vil? < —co(IVull + I Vull)> <0, forae.t>0, (5.18)

where ¢, = min{1, v}/2. Since @ (t;) — 0 and @ is non-increasing in (0, co), then &(t) — 0,ast — oo
and @ > 0. Now, due to (5.4) and to (5.17) (notice that 2(1 —6) > 1), we have

1 1-6
o' () = (5 |u®| + E(p()) — E(sooo))

<Juo|*? + |E(p®) — E(poo)|' "

<a(Ivul +1vul), (5.19)

for all t > to, for some to > 0, provided that [|@(t) — ¢l < o, where ¢, = max{1/+4/A1, Acp}. Therefore,
by combining (5.18) and (5.19) we get

—%@%) = 60" 100 > 2 (|Vu@) | + [V
Cx

), (5.20)
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provided that ¢(t) € Uy with ||¢(t) — ¢l <0 and @(t) = oo = @o. By means of a classical argu-
ment, together with Egs. (1.1) and (1.2), we can now deduce that ¢ € L'(z, oo; V). Indeed, for every
8 € (0, 1) there exists N = Ng such that for all n > Ns we have |[u(t;)|| <3 and |¢(ty) — ¢ooll < 8. Set

t* =t*(8) ;= sup{t > tn: |u@s)| <1,

@) — P | <0, Vs ety t]}. (5.21)

Then, estimate (5.20) holds for all t € [ty, t*]. By integrating it between ty and t* and possibly choos-
ing a larger N we have

[*
[(vu@] + el de <

N

G w8 (ty) < 5. (5.22)
Ocy

We now claim that there exists 8, > 0 such that t*(§,) = co. Indeed, suppose this is not true, i.e.
t*(8) < oo for all § > 0. Then, we have

t* t*
1wl dr < [@Ivu@] +clu@ | [9u@] + o] g V0] do
tN N
t*
< b /(”Vu(t)” + | V() |) dr < b1s, (5.23)
N

where by = max{v + cAj(m)//A1, Co(m)}, and where Ns is assumed large enough, i.e., such that
tn; = t1(€(20)) (see (4.11)). Furthermore, we have
t* t*
[lexly de < [(9u@] + lo@ | Juco) | dr
tN

tN
[*
<b2/(||Vu(r)|| + V() |) dT < b2s, (5.24)
N

where by = max{1, Co(m)/+/11}. Therefore, we deduce

t*
v+ / ue (o) v, dT <b3s, (5.25)

N

Ju(t)

v, < Juen

lo(t*) = ooy < [ @(EN) — Poo ] v dT < bad, (5.26)

t*
.t / e (z)
N

where b3 =1/4/A1 + by and by =1 + b,. Let us now take a sequence {8} such that §; — 0. Then,
from definition (5.21), for every n at least one of the following two conditions holds

JluEEn) =1, [e(*@n) —¢| =0 (5.27)
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By possibly extracting a subsequence we have, e.g., ||@(t*(6n)) — @ooll = 0. Writing (5.26) with § =6,
and taking into account the precompactness of the trajectory in Gg;, x H we get a contradiction. Thus,
for some 8, > 0 we have (setting { := tNs, )

(o8]
/(”Vu(‘c)“ + V(o)) dr < 8, < oo, (5.28)
t
so that
uell(t,00; Va),  Vuell(t,o0; H). (5.29)

This implies that ¢ € L1(f, co; V'), due (4.1); and to the estimate

llgelly: < IVl +cliglly [IVull.

By using the precompactness of the trajectory in Gy, x H again, we deduce that ¢(t) - ¢ in H
as t — oo. Therefore we have z(t) — zo, in X as t — co. We now provide an estimate for the

convergence rate in Vc/h.v x V’. Indeed, from (5.18) and (5.19) we deduce

C _
d'(t) < —C—;qﬂ(l*”(t), vt > I,
A

which yields by integration

O <PO{1+bs®' 2O} T, Ve, (5:30)

where bs =c¢,(1 — 29)/(:%. On the other hand, by integrating (5.20) from t > f to co we get

(IVu@] + Vi) dr = 20 @), ve=i. (5.31)

Finally, we obtain

uly, < [lu@ly, dz<bi [([vu@]+|vam])dr. (532)
t t
lo® = oy, < /||<pt<r>\ yrdt < bz/(HVU(T)H +[vu@])de. (533)
t t

By combining (5.30)-(5.33) we deduce the convergence rate estimate (5.13) with y =
(b1 +b2)c,0 ¢ ;1)

Remark 8. By using standard interpolation inequalities one can deduce from (5.13) convergence rate
estimates in stronger norms. Of course, the convergence exponent deteriorates.
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