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Very weak solutions to the rotating Stokes and
Oseen problems in weighted spaces

S. Kraémar * M. Krbec I S. Necasové ¥ P. Penel § K. Schumacher’

Abstract
We consider the linearized problems arising from the motion of fluid
around the rotating rigid body. We are interested in the very weak solution
of these problems.

Acknowlegment: This work is devoted to our friend Miroslav Krbec which
cannot finished with us our paper since he has passed away in June 16, 2012.
We will remember him.

1 Introduction

We shall study the basic systems of equations describing the flow around a
rotating body — the time-periodic Stokes system in an exterior domain or in R?,
and the time-periodic Oseen system in R3. The aim of this paper is to prove
the existence of very weak solutions in weighted L?-spaces.

The definition of very weak solutions is strongly based on duality arguments,
constructing at first strong or sufficiently regular solutions to the linearized
related model. A very weak solution has no differentiability. A very weak
solution is not necessarily a weak solution. Another approach was introduced
by Farwig et all [11] where they assume that their solution belongs to Serrin’s
class of uniqueness. In that sense the very weak solution coincides with a weak
solution. In the very general setting, to define a priori boundary values is
impossible, but it is possible to generalize functionals on the boundary which
give normal and tangential traces.

This work is motivated by the study in weighted L9-spaces of very weak
solutions to the time-periodic incompressible nonlinear Navier-Stokes system.
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The first step concerns its linearized and steady versions, so in the present
paper we will investigate both strong and very weak solutions of the following
modified Stokes and Oseen problems. We will turn later to a consideration of
the nonlinear case, our results will be discussed in a prepared second paper [23].
After transformations in the coordinates attached to the rotating frame, in a
fixed exterior domain D C R? or/and in the whole space R?, the cited linear
systems are
either the modified Stokes systems,

—vAu - (WAX)-VIu+wAu=f—-Vp in D or R?
divu=0org in D or R?,
u=0orh ondD if D#R?

u—0 as |x| — oo,

(1)

or the modified Oseen systems,

—vAu - (WAX)-VIut+wAu+kdgu=f—Vp in D or R?
divu=0org in D or R3,
u=0orh ondD if D#R?

u—0 as |x| — oo.

(2)

See Appendix 1 for a short review on the concept of very weak solution and on
the considered initial nonlinear problem.

The set R? \ D corresponding to the rotating body is assumed to move in
the direction of its axis of rotation, and the angular velocity is assumed to be
w = |w|es; v is the coefficient of viscosity.

Solving the previous systems on an exterior domain D, it is well-known that
the inhomogeneous divergence conditions (1)2, (2)2 with g # 0 appear when we
make use of the localization procedure. Indeed chosen p > pg > 0 such that
R3\ D C B(0, py), by use of the appropriate cut-off function Y, X|B(0,p0) = 1,
one decompose the systems (1) (or (2)) in an inhomogeneous modified Stokes
(or Oseen) system in the whole space coupled with an usual inhomogeneous
Stokes system in D N B(0, p).

Remark 1. The behavior of the solutions at infinity (conditions (1)4,(2)4) can
be precisely specified by the choice of the weights and of the functional spaces.
In particular the weights must control the rate of convergence of the solutions
at infinity.

As a consequence of the model and of the remark, if we denote by v, the
corresponding value at infinity, inhomogeneous boundary conditions in the form
Uy = W A X — Voo can also appear (see (43) in Appendix 1).

The paper is organized as follows. In Section 2 we collect mathematical
preliminaries. Section 3 is devoted to the modified Stokes problem in a 3D-
exterior domain : we recall the know results on the strong solution; we introduce



the definition of a very weak solution and we prove the existence of a very weak
solution in the whole space and in the exterior domain. Last part of Section 3
deals with nonhomogeneous data. Section 4 is devoted to the problem of very
weak solution to the modified Oseen problem in the whole space.

Remark 2. Let us mention that for the rotating Stokes problem in a 2D-exterior
domain, the situation is very different, we cannot treat it in the same functional
frame as in a 3D-exterior domain.

2 Mathematical Preliminaries

2.1 Basic notations and weighted Function Spaces

Let Ay, 1 < g < o0, the classes of Muckenhoupt weights, be given by all functions

w € L}, .(R™), which are almost everywhere positive and for which the numbers

A, (w) have the properties

Ai(w) == sup (|Q'w(Q)) < Cw(xo) for a.a. xg € R”, (3)
Q3x0
Ag(w) == sup (1QI " w(@)) (1QI*w'(Q))*" is finite, (4)
where w’ = w™ 71 and w(Q) = fQ w(z)dz; the supremum is taken over all

cubes @ in R™. We have excluded the case where w vanishes almost everywhere.
It is easily seen from (4) that |Q|~(w(Q))"/4(w'(Q))/9 < C, as a consequence
w' e Ay, % + % = 1. By [31], for 1 < ¢ < 0o and w € A, there exists s such

that 1 < s < g and w € A,.
Let © be an open set in R3. For ¢ € (1,00), w € Ay, we define the weighted
Lebesgue spaces L%(Q) := {f € L}, .(Q) , [, |f|?wdz < oo}, with the norm
1
[ fllgw == (fq |f|?wdz)?, and for k& € N,k > 1, the weighted Sobolev spaces
HEY(Q) = {f € LL.(Q), Vif € L1(Q), j < k}, equipped with the norm

loc

Nulllk,gw = Z?:o [V7ull4w. We also use the homogeneous Sobolev spaces
Hy1(Q) = {f € L},(Q) , V"] € L8,(Q)}, with the norm [[ul| gr.o := ||V ullg,u,

and finally, to take advantage of the denseness properties, the spaces ﬁfj%(Q) =

Coo@) 7 i) = T (@) %5 In all cases, we will add the subscript
o to denote the divergence free counterpart. We also can consider the respective
dual spaces.

If Q2 is a bounded domain, let 1 < s < ¢ < oo and w € A,. It follows
from Holder’s inequality that the weighted Lebesgue spaces are embedded into
unweighted ones as follows : L% (Q) — L"(2) for every r < g/s. On the
other hand, the Sobolev embedding H¥" () < L% () holds under Lipschitz
regularity for 2 and under the condition % < % + ?ks with k < 3. That property
is shown by Frohlich in [13].



Systematically, vector functions and spaces of vector functions will be de-
noted by boldface letters.

2.2 Some required properties

e Bogowski’s properties: The following lemmas and corollaries are a weighted
analogue to Bogowski’s theorem in various situations (bounded domain, whole
space, exterior domain).

Lemma 1. Let Q CR™ (n > 2) be a bounded Lipschitz domain, and let k € N,
1< g<ooandw e A,. Then for every g € H:E%(Q) with [, g(x)dx =0, there
exists some u € HZJ’Fol’q(Q) such that

diva=g and [Jullii1qw < Cllgllr,quw, (5)

where C = C(Q, k, q,w) > 0.
Proof. This result has been proved in [28]. O

Lemma 2. For every g € H;9(R3) there exists a function u € LI (R3) that
solves
divu=g and [[ulgw < Cllgllg1ags)

with C' independent of g.
Proof. See [24]. O

Corollary 1. Let D be an exterior C**-domain in R3. For every g € ﬁ;l’q(D)
there exists a function u € LY (D) that solves

diva=g and |[ullg < Cllgll 10,

with C' independent of g.

Proof. See [24]. O
Observation:

e Increasing the regularity of g, e.g. in H;’}%(D), we receive u in Hfu’)qo(D)
satisfying the corresponding inequality.

e In Corollary 1. we consider u = 0 on 02. In the case that u = h on 02
then

[ullg.w < Clgllgz1epy + 1Pll7020))-

For definition of T2:4(9D) see Section 2.3.
e Convenient weight functions: We define a subclass of Muckenhoupt weight
functions called g-weights functions.



In the cylindrical coordinates system (p, 8, z3) attached to the axis of revolu-
tion e, it is well known that (e3 Ax)-Vu is expressed by dpu. Then the rotating
term will force us to deal with a more restricted class of weight functions on R3.

Namely, we will consider g-weight functions w(x) defined in R3 that satisfy
the following condition depending on ¢

if2<g<oo, w' €A, forsomerc]ll, o),
if1<g<2, w" €Al forsomere (%,%q}, (6)

and which are independent of the angular variable 6 (after the corresponding
transformation into the cylindrical coordinates).

Examples for g-weight functions on R3 that fulfill (6) were shown in [10] :

(i) radially symmetric weights in the form w,(x) = |x|* or = (1+ |x[)%,
Where—3<a<%if2§q<ooand—32—q<a<3(q—1)if1<q<2.

(ii) anisotropic, axially symmetric weights in the form (1 + |x|)*(1 + p(x))?,
with p(x) = \/x% + 23 provided that

—2<f<q and 3<a+p< if 2<¢g<oo
—q<pB<2q-1) and -L<a+pf<3(g-1) if l<g<2

Lemma 3. Let (T});ec7 be a family of linear operators such that Tj : L1 (R?) —
L4 (R3) is continuous for every q > 2 and every w € Ag and such that || T (13
is uniformly bounded in j. Moreover, we assume for the adjoint operators T}
that, for every j € J,

Tjv="Tjv for every v e LL(R®) N LZ:, (R3). (7)

Then T; : L2 (R3) — L2 (R3) is continuous for p € (1,2) and for every q-weight
w fulfilling (6), and ||T;|| 7Lz, is uniformly bounded in j.

Proof. As in the proof of [10][Prop. 3.1] one uses dualization and (7) to show
that T; : L (R3) — LP (R3) is continuous for p € (1,2), if the weight function

w

w fulfills w73 € A_s_. The constant of continuity of T} is equal to ||Tj] . , o
2—q ‘C(Lw/)

which is uniformly bounded in j.

Now one uses the same interpolation procedure as in the proof of [10] [Theorem
1.2.(1)] to conclude the continuity of T; for an arbitrary g-weight function w
fulfilling (6). Since the complex interpolation does not increase the continuity
constants, we get the statement of the Lemma. O

Corollary 2. Any g-weight function chosen according to (6) belongs to A,.

Proof. Let ¢ be nonnegative, radial and radially decreasing, with ng ¢=1. We
set Pc(x) := % ¢(%) and define the family of operators T, by T.f := f * ¢, with
small parameters € > 0.



By [31, Prop. V.2.1] the operators T, : L” (R®) — L’ (R3) are continuous and
the family (7})c~¢ is uniformly bounded in £(L” (R?)) if and only if w € A,; in
particular, this is true for r > 2 and w € Az C A4,.

Thus by Lemma 3 we obtain that T, : L% (R") — L% (R™) is continuous for all
q € (1,00) and g-weight w according to (6). Thus again by [31, Prop. V.2.1] we
obtain that w € A,. O

2.3 Appropriate extension and trace operators

Let D C R™ be a Lipschitz unbounded domain. In the LY setting, the existence
of a continuous extension operator has been shown by Chua [5] and is stated in
the following theorem

Theorem 1. Let w; € Ay, 1 < ¢ <00 fori=1,...1hqz. Then there exists an
extension operator on D

max max

I I
T: () L% (D)~ () LL R,

i=1 i=1

such that ||[V* Y f|lgiwiirn < Ci| V¥ f

ai,wi;D for all i and for every f

Proof. See [5]. The result holds for an unbounded (€, 00)-domain, see the work
of Jones [21]. Lipschitz domains are a particular example of (€, 00)-domains. [

We shall also need trace operators. We shall work with them in a formal
way rather than considering particular cases. Some important progress has
been done during last thirty years : Let us mention the trace theorem due to
Nikol’skii for weights of type a power of distance to the boundary, followed by
more recent paper [1] with weights equal to a power of distance to a point at
the boundary and also with some weights from A,. Hereafter we will recall the
result of Chua.

For k > 1 one has H%9(D) ¢ H®! (D), hence the restriction u — u|yp is

loc

well defined. Thus we may define TX4(9D) := (HY%(D))|sp equipped with the
norm of the quotient space

Ik inf{u € H*9(D), u|sp = h}.

TH(OD) "7
Then T%%(0D) is also a reflexive Banach space, in which C*°(D)|sp is dense.
Passing to the dual, we set T4 (9D) := (T%(dD)) . In accordance with the
usual notations we can also denote these trace spaces TX4(9D) by HE /0 (0D).

Then we have

Theorem 2. Let k> 1 in N, and w € A;, 1 < g < oo. Then, in the case of
the half-space, there exists a continuous linear operator

k—1
T[] HE7/*(RY)
j=0

re-1 — HyU(RY) (8)



T(9)lanm0 = g5, where g = (9o, ge—1). And in the case of a

Ck-11 domam D C R"”, there exists a continuous linear operator

k—1
c: [T #L7%9(D)lop — Hi"(D) (9)
§=0

such that aNJ E(g) = g;, where g = (go, ..., Jr—1)-
Proof. see [5]. O

Corollary 3. Let k > 1 in N, and w € A;, 1 < q < co. Let Ck=b1-domain
D C R", there exists a continuous linear operator

H Hi9199(D)lon — (D) (10)

such that a?\u L(g) = g;, where g = (go, ..., Jr—1)-

3 The modified Stokes problem

3.1 Strong solutions

Let us briefly recall in this subsection the known results from [10] and [27]
about the strong solvability of the modified Stokes system in an exterior domain
D C R3 of class C1! :

—vAu — |w|(es Ax)-Vu+ jwlesAu =f—Vp in D,
divu =0 in D, (11)
u =0 on 0D.

One solves this system in homogeneous weighted Sobolev spaces, it means that
the asymptotic behaviour of strong solutions is given by some linear polynomial;
the weight function growing as |2| — oo controls the rate of convergence.

Let us denote by R the operator |w|((e3 Ax)-V —e3A) and by S, the operator
—vA —R. Equation (11); can be simply rewritten in the form S,, ,u+ Vp = f.
Moreover we consider the null space K = K, of the same system which is
given by

K = {v € B2 (D), S,,,,v+Vr =0 ,v|gp = 0, for some 7 € ﬁ},;q(D)} (12)

Note that the definition of K do not require any explicit information about the
asymptotic behaviour of v, it is hidden in the framework of function spaces,
(see Proposition 1 below). Similarly we denote by K’ = K/ ,+ the null space
associated to the dual system, S;Wv —Vr=0, divv=0, v|po = 0.



Both null spaces K and K’ with respect to the velocity fields, have the finite
dimension 3, independently on ¢ and w. Let us also define:

K=Kguw={(2,0), ®cK,, and ¥ is the associate pressure to ®} .
The following theorem and propositions summarize the known results :

Theorem 3. Let w be a g-weight function according to (6), and K = K, ,, the
null space defined in (12).

1. For every f € LI (D), and for w = |w|es, there exists a strong solution
{u,p} € H3%(D) x H};9(D) to Problem (11), that satisfies the estimate

IV2ullgw + [Rullgw + VP

|q,w < CHqu,w (13)

with some ¢ > 0.

2. There is not more than one strong solution of Problem (11) in the factor
spaces modulo K and R

H2 (D)/K x Hy'(D)/R

Remark 3. The sign of the angular velocity w plays mo role in the structure
of Problem (11), except that for the dual operator S, , = S—, ., therefore from

Theorem 8 we also receive v € ITIfJ?U(D)/K and = € HL9(D)/R as the unique
strong solution of the equation S_,, ,v—Vm =f wheref € LY (D), withv =20
on 0D.

Proposition 1. Suppose that {u,p} € ITIf,;q(D) X ﬁ},j’q(D) is a strong solution
to Problem (11) with respect to f = 0. Then there exists a polynomial of the
form

Pi(u) = aw + fw A x + y(z1, T2, —223) T,

|x|—00

with a, 8,7 € R, such that u — Py(u) ——— 0. On the other hand, fixing «, 3,
and vy, solution u is uniquely determined in Hf,;?g(D) with this behavior, and
the associated pressure is Vp = =S, ,u.

Remark 4. Another version of the result given by Proposition 1 is the following:
Let f € LY (D) "L (D) where w; is a q;-weight function according to (6), i =
1,2. Let (u;,p;) be strong solutions to Problem (11) that satisfy the respective
estimate (18)q, w,. Then uy coincides with ug up to a polynomial field cw +
Bw Ax +y(x1, 22, —223)T for some a, 3,7 € R.

Proposition 2. Suppose {u,p} € ﬁfuqa(D) x HL9(D) is a strong solution to
Problem (11) with £ € L (D). Then the following estimate holds

{vi%felc(llu + V”ﬁ?w‘q IR+ v)llgw + VP + Valguw) < cllfllgw-

Moreover, at least one representant of {u,p} + K fulfills the estimate (13), let
us denote it by {u+ug, p+ px}.



Remark 5. Propositions 1 and 2 have the following interesting corollary. For
f € LY there exists a strong solution of the problem (11), given by Theorem 3,
which fulfills its decay at infinity, assuming that there exists v > 1 such that
lollr < [[V2llqw for every ¢ € C(D). This holds in particular in the case
w=1andqe€(1,32).

Proof. Let us justify the Remark: Approximate f by a sequence (f,) from
Ci° (D). Then one uses the weighted Poincaré inequality (see Appendix 2) in
D n B,(0), suppf, C B,, to show that f, € ITI*I’Q(D). Thus by [20] there
exist corresponding weak solutions (u,,) to (11). We know that these solutions
also satisfy V?u,, € L4 (D). In particular u, € L"(D). Thus by the esti-
mate from Theorem 3 we find that there exists some u € I/-\I?I;Q(D) such that
u, “> uin ITIfU’q(D)/K. Since K is finite dimensional, there exists v,, with
1V2Villgw = [un|| 2.4 5~ Thus the sequence of solutions v, converges in the

Banach space (H%?(D) NL"(D)) + K, and we obtain that there exists ug € K
such that u — uk € L"(D). Then u — uk is the (strong) solution which decays
at infinity. O

Remark 6. In case of the nonhomogeneous modified Stokes problem with non
zero divergence, div u = g # 0, it is not difficult to prove that the respective
problem is solvable with the estimate

IV*ullgw + 1 VPllgw + [RUllgw < c(If, Vg, (@ AX) - gllgw) (14)

under sufficiently smoothness of g, see [27].

3.2 Very weak solutions

In the lowest regularity context the data are given by functionals which now
are in general no distributions. The corresponding functional spaces must be
precisely defined.

Let D C R? be always an exterior domain of type C':! or the whole space,
and w always a g-weight function according to (6). At first, we note that the
g-property (6) is ”"closed” with respect to the dual weight function w’ = w™ T
if ¢ is replaced by ¢’ (This follows from a straight forward calculation in the
case of radially symmetric weights). Let us introduce the following spaces of
functions and functionals,

H20, (D) == B2 (D) /Ky 0
~ / !
M, (D) = (7 (D))
H_%4(D) := (H*! (D)) = H,>"(D) N K} .

and we will add if necessarily the subscript ¢ in the case of divergence free vector
fields.



Then we consider the nonhomogeneous modified Stokes systems in D C R3 or
in the whole space R3,

Sepu+Vp =f  inDCR3
divau =g¢ inD, (15)
u =0 ondD, if D#R3.

Definition 1. Let f € H29(D) and g € H;}O’Q(D) be given. Then a function
u € LY (D) is called a very weak solution to the system (15), if the equation

(wSL,6-Ve) =(E),+ (50, (16)

w

3 /\27 ’ . ’ /\1, ’
holds for all test functions ¢ € wa{U(D) with R¢ € L1, (D) and ¢ € H" (D).
The pairing (-,-),, denotes convenient dualities (between L% and Ll,, between
ItI;?U’q and I/-\Ifu’f{a, between H;}O"q and I/i\'ilu’,q ).

Setting 1» = 1, it follows that a first necessary condition for the existence of
a very weak solution u is {g,1) = 0. Adding in (16), S;’V‘i — VU = 0, with
{®,9} € K, it follows that two other necessary conditions (the compatibility
conditions) for the existence of a very weak solution are (f,®) = 0 for all
® c K and (g,¥), =0forall ¥ eIl, where I = {¥: V¥ =S/, & ®cK'}.

Let us introduce the space H;,ld?ic(D) = H, WD) NI N R+, where D C R,

w,0

Now we are in a position to prove the existence and uniqueness theorem of
very weak solutions.

Theorem 4. Let 1 < g < oo and w be a radially symmetric q-weight function
according to (6). Then, for every f € H;Q;(D), and g € H;}O’)q,c(D), there
exists an unique very weak solution w € LI (D) in the sense of Definition 1.
Moreover, there exists a pressure functional p € H;}O’q(D) such that (u,p) solves

(u.S,,0) (b div§), = (£.0), for all ¢ € H, (D), Re € L, (D).
u and p fulfill the inequality
[llgan + 2l 0 < € (IEllgrgza + gl ) (17)
Proof. We know that w’ is a radially symmetric ¢’-weight function. For every
v € L!,(D), in accordance with Theorem 3, there exists a couple {¢,%} in
ﬁi;?,a(D) X ﬁi}’,q (D) /R, strong solution to
Suw® =V =v, div ¢ =0, ¢lop = 0. (18)

Thanks to Proposition 2, let {¢,,%,} be a representant of {¢, ¥} + K’ which
satisfies the estimate

V2@ llgrwr + IR By llgrwr + 1Vl r < el Vllgr s

10



we now define u := u(f, g) setting
<u7v>w = <f’ ¢’U>w + <ga’¢)v>wa

where f € ﬁ;2’q(D) and g € H;}O’q(D) are given. Then one has

| {(u, v}, [ < [{E, @y)0 + (9, %0),, |
< HfHﬁ;?’q”V%ﬁqu’,w’ + ||g||H;’16Q||vwv”q’7w’

< (Ilgzza + 1gllpzrio ) ¥l

(D) and fulfills the stated estimate.

Thus u = u(f, g) belongs to (LZJ,, (D)) =LY
It remains to show that this function u(f, g) solves very weakly of our prob-

lem. To see this, let ¢, 1) be the test functions with ¢ & 12 5l (D), R¢p € LZ},, (D)

and 9 € ﬁi}’/q/ (D) independently. We can choose v := S(:)7V¢ -Vy € L‘VE{,//(S'Z)7
then
(ult.g). 8,6 Vv) = (ult.g).v), = (£),+(9.9),-

Therefore u(f, g) is a very weak solution to our problem.

Note that the relation <u(f, 9), S, (¢ +®) — V(v + \I/)> — (£, ¢),, + (0, 0),,

holds for all {®,¥} € K’. The compatibility conditionswbeing satisfied by f
and g, we get (f, @), + (9,¢), = (£, + ®) , + (9,0 + ¥),, , it means that the
previous relation accords to the given definition of the very weak solution.

To prove the uniqueness of u = u(f, g), let U = U(f, g) € L% (D) be another
very weak solution to the system (15). We have

(U.S,,0-V) =), +(9.9), (19)
for all test functions ¢ € H:Y (D) with R¢ € LY, (D) and ¢ € Hy? (D). Thus
<U —u, 5,6 w;> = 0.

Here the quantity Su/“,d) — V1 is an arbitrary element from LZ},,(D)7 it follows
that U —u =0 in LL (D). O

Remark 7. D C R3. The proofs are similar in the case of an exterior domain
and in the case of the whole space. The main idea is only the duality with
the respective strong solution. Two important features of our results are the
required compatibility conditions for the data and on the other hand the role of
the nullspaces K and K'.

11



3.3 The case of nonhomogeneous Dirichlet conditions

We are interested in the case of nonhomogeneous Dirichlet boundary conditions
u|lpp = w x x := h where D C R3 is always an exterior domain of type C1:!.
Let w be always a ¢-weight function according to (6), we consider the modified
Stokes system with v =1

S%lu—&—Vp =f inD
divu =g in D (20)
ulpp =w xx:=h.

It is easily seen that if h € T%9(dD) then the functionals "supported by the
boundary”

ho o — <h» (N ’ V)¢|8D>w,aD
and  gn: ¥ — (h,¢¥lop N), 5p

!

belong to (Iflfu’le (D))" and (ﬁ]i}’,q/(D))/ respectively. In order to solve very
weakly the system (20), we must introduce appropriate functionals F = F(f, h)
and G = G(g,h) with firstly the properties F(f,0) = f and G(g,0) = g, and
secondly such that, for each ¢ € ITIfU’f]/U(D), Ro € LZ:,(D) and 1 € ﬁ;’,q,(D),
the relations 7

(ws,,6) =(E@), and —(u V), =(gv), (21)

w

not only give us a very weak solution, but also generalize Definition 1 for a
nonhomogeneous boundary condition u|sp = h # 0.

Applying formally Green’s formula, we have

(wSL18) = (Suan.¢), = (Won,(N-V)@), op- (22)

Using the boundary condition ” u|gp = h ”, we derive the definition of F

(wSii¢) =(E.¢), = (F—fie) . (23)

w

Note that we took v = 1 in order to have fj, independent on the viscosity.

Applying now formally Stokes-Ostrogradski’s formula, we similarly derive the
definition of G

- <ua V@/})w = <d1V u»¢>w - <u|3Da’¢)‘3D N>w76D
= <ng>w = <G_,§hvw>w'

The functionals F and G are a priori so irregular as the given data f and g, it is
difficult to distinguish between their parts which are more regular and consist in
forces and their other parts which characterize a divergence or boundary values.
The following assertion is important

(24)
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Proposition 3. The decompositions f = F — £, and g = G — gy, are uniquely
defined by the data £ € H,*4(D), g € H;}O’q(D) and h € T%9(9D).

Proof. Let us assume that exist two decompositions

<fa ¢>w = <sz ¢>w - <hzv (N : v)¢>w,aD for i = ]-7 2.

So we have
(F1 —F3,¢), — (h —hy, (N - V)o|ap), op =0 for ¢ € HY (D).

The previous functional (Fy —Fs,- ), vanishes on CF(D): it follows that
F,—F,; = 0 as a distribution on the domain D. Consequently, for every ¢,
(hy — h2’(N'V)¢‘BD>w,aD = 0. The mapping defining on dD the normal

trace of V¢, from Iflzj’,ql(D) to TL’?I (0D) is surjective, hence hy — hy = 0.
Similarly, one can verify the uniquely defined decomposition for g. The

functionals F and G can be in smaller spaces, like respectively Hy,9(D) or

maybe L4 (D), and L4 (D) or maybe HL%(D). O

Theorem 5. Let the data £, g and h be regular enough to justify that, in
the decompositions given by Proposition 3, smooth functions F € L4 (D) and
G € HY9(D) exist. Let u be given as a very weak solution to problem (20)
with h € T%49(0D), where £ and g satisfy the compatibility conditions. Then,
this very weak solution u to the nonhomogeneous modified Stokes system which
data are £, g and h coincides with the strong solution of the nonhomogeneous
modified Stokes system which data are F, G and h. In particular u € H%4(D)
and

IV?ullg,w + [Rullgw < c(IFllgw + Gl gra + IRl gz4). (25)

Proof. There exists an extension of h € T2%(dD), say vip, which satisfies
vip € I/-\I%U"J(D)7 vinlop = h and |[vinl|gze < cl[h[/724. Then we can solve
div by = G — div vy, by Corollary 1 and Observation (ii) there exists by €
H% (D) such that [|bi[| 20 < c(|Gll g1.o + Bl 72.0).

By Theorem 3, there exists a strong solution (uy,p1) € HZ%(D) x HL4(D) to
the following homogeneous modified Stokes system

Seau1 +Vpy =-S,1(b1+vi,) inD
divu; =0 in D (26)
uilpp =0,

which satisfies the estimate (13).
It is now clear that

Swi(ug +by+vip)+Vpr =0 in D
div (U1 + by + Vlh) =G inD (27)
(u + by +vip)lop =h,

13



therefore vi :=uy + by + vy € ITIfU’q(D) solves strongly the previous modified
Stokes system (27) and satisfies the inequality

1V2Villgw + IRVl < (1G] yo + [Bllz20)-

Finally, we have another strong solution (v, p2) of the modified Stokes system

Sw)1V2 +Vpy =F inD
divve =0 inD (28)
V2|8D = Oa
with [V2va[lgw + [RV2]lgw < cl|Fllgw-
Thus u := vy + vo and p := p; + p2 solve strongly the system

Seaiu+Vp =F in D

divu =G inD (29)
ulpp =h,
with the estimate
[ul| g2 + [Rullgra < c([Fllgw + 1Gllgra + [[h]l72.40). (30)

By means of Stokes-Ostrogradski’s and Green’s formulas, we can easily verify
that the strong solutions v; and vs are also very weak solutions of related
modified Stokes models: indeed the following relations hold —(vi,V), =

<G - §h7w>w = <g7¢>w7 0= <V17S¢:;’1 ¢>w + <fh7¢>w7 and — <V2uvw>w =
(F,¢), = <V2, S;’l q[)> . Adding the respective formulas, we conclude that

<11, SL,U,l ¢>w = <f7¢>w and — <va¢>w = <9a¢>w .

These equations hold for ¢ € H /U with R € LY I, and ¢ € f[ij,ql. Then u is
also a very weak solution to the initial system (20) O

Remark 8. Under the made assumptions, F € L (D) and G € ﬁ&;q(D), we
have proved a result on the regularz'ty of the obtained very weak solution (which
is unique as soom as f € Hw K( ) and g € 'Hw 0, 9-(D), see Theorem 4).

In agreement with Proposition 3, assuming f € ﬁ;QKq (D), g € H;ldq,c( )
and h € TL9(OD), it is clear that vi and vy as very weak solutions of the related
modified Stokes systems (27) and (28) from the proof of Theorem 5 satisfy the
following estimates

lr=te < elGl=r0 + [Mllpga) < ellgllp=to + Il z0)
IVallgsw + 12l 0 < el =20) < e(lfllro0)-

So we have proved the theorem
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Theorem 6. Let 1 < g < 0o and w a q-weight function that fulfills (6). Assume
that
feH, (D), g€H,i%(D), and he T (D).

Then there exists an unique very weak solution u € L% (D) to problem (20).
The associated pressure is obtained in H;}O’q(D) by

(p,div @), = <u ¢>w —(£,¢),, Voe ITIfU’,q,(D).

These functions u and p satisfy the estimate

lllgw + I2le-1o < € (Il gz + gl o + bl )

4 The modified Oseen problem

We will investigate the modified Oseen problem in the whole space R3. First we
defined new convenient weight functions, then we recall the known results from
[9] about the strong solvability of the problem

Sw,u+kdsu+ Vp =f in R3,

. 31
divu=0org inR> (31

Again the asymptotic behavior of u at infinity will be intrinsic in the chosen
weighted L9-spaces. On the other hand, important here is the asymmetry or
anisotropy of the fields u

4.1 Definition of ”hybrid Muckenhaupt class”

We have to take into account the anisotropic nature of Problem (31) in terms of
weights: g-weight functions chosen according to analogous conditions with (6)
are required to ensure the independence on the angular variable 6, but non only,
their restrictions to the third variable must belong to the one-sided Muckenhoupt
class corresponding to one-sided mazximal operators on the real line.

In order to describe such convenient weight functions, we first modify the
referred set of cubes with edges parallel to the coordinate axes x1, x2, 3 in the
definition of A,. So, denoting by 7 the set of all bounded intervals, (rectangles)
in R? we consider the following subclass of A4, (always denoted by A, in this
section) given by all functions w € L}, .(R?), almost everywhere positive, for
which exists a constant C' > 0 such that the number

Ag(w) = ;1618(|R|*1w(R))(|R|*1w’(R))Q*1 <C, 1<g<oo.

We need to introduce some notations: We take w,. (6, x3) := w(r cosf, rsinf, x3)
for r = |(x1,22)|. We assume w, to be f-independent for a.a. r € [0,00). Let
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M;Fw, and M, w, be defined by M, w,(x3) = h~! ;’;HI wy(t) dt,
M wy(z3) =h~! f;;ih wy(t) dt, and let

A, (wy) := sup sup (M;'wr(xg)) (M,:w;(xg))q_l )
x3€ER h>0

The following definition will be used

Definition 2. (i) An a.e. positive weight function w from L (R3), 1< g < oo
belongs to A, if the following three conditions are satisfied:

w € Ay, wy is independent on 0, and

ess sup A, (wy) < oo.
r>0

(ii) Finally ;1; will be the set of all weight functions satisfying the following
q-conditions
2<g<o00: w"EAT_q/2

1<g<2: wTeA;q/2

for some T € [1,00), (32)

for some T € (%, Q%q]

Any w € gq_ is called anisotropic q-weight function according to (32). Z(‘Z“ will
be the corresponding set changing all signs — by signs + and vice versa.

4.2 Strong solution

We recall the known results from [9] about the strong solvability of the modified
Oseen system in the whole space R? :

Theorem 7. Let w € gq’ be given. We assume g =0 and f € L4 (R?).

(i) There ezists a strong solution u,p € HZI(R3) x HL4(R3) to Problem (31)
that satisfies the estimates

V2

gw T ”Vqu,w < CHqu,w (33)

kS
[kDsullgo + Rl < (1 + /W) 1£1lg. (34)

with both constants ¢ = ¢(q,w) > 0 independent of v, k and w.
(ii) Let f € LI (R*) N L% (R3) where wy € ;L;l and wy € ‘Zq_g’ and let ug,uy
together with associated pressure functions p1,ps be strong solutions to Problem
(81), satisfying (33) for (q1,w1) and (g2, w2) respectively.

Then there are o, f € R such that uy coincides with us up to an affine linear
field aes + fw A x, and p1 coincides with ps up to a constant.
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Let Ko be the nullspace of the system (31), with respect to the velocity field, i.e.
the set of all v € I/-\Ii;’qa(D), SwrkV+VT =0, v|gp = 0, for some 7 € f]&;q(D);
it has the finite dimension 2 independently on ¢ and w. Ko will denote the set
of {®,0},® € Ko, U being the associate pressure to ®. We have also the
property analogous to Proposition 2: Let {u,p} be some strong solution to
system (31), ({u, p} not necessarily satisfying the estimates (33), (34)). Then
at least one representant of {u,p} + Ko, say {u.,p.}, fulfills the estimate

| V2u,

g0 + [[Ru.

|q7w + ||a3u*||q,u) + va*”q,w < C||f

q,w -

Remark 9. Concerning the nonhomogeneous case with g # 0, let us mention
that similarly as in [9] we can get the following estimate

IV, Vpllgw + [Rullgw < clif, Vg, (w A x)g, kg esllq.o- (35)

Remark 10. Let us remark that Theorem 7 was stated in [9] for more general
type of weights which are refereed to cubes and that we need restriction to weights
referred to rectangles only for the estimate (34). Since our aim hereafter is to
introduce the notion of very weak solution for Problem (31), we have to consider
this subclass Z; of weights.

4.3 Very weak solution

Denoting
SUJJ/,’C = Sw,u + ]{?83 (36)

and S;,V’k = S_u v,—k, and denoting the (-, ’>w denotes convenient dualities as

in Section 3, we take the following definition

Definition 3. Let f € H;29(R3) and g € H,, 3%(R®) be given. Then a function

w,0
u € LY (R3) is called a very weak solution to Problem (31), if the equation
<U.7 S:u,u,k(r/) - V¢>w = <f7 ¢>w + <g’ ¢>w (37)

hold for all test functions ¢ € I/:Ii,q;a(Rg) with Re¢ € LZU// (R3), 03¢ € LZ}/, (R3)
and Y € I?Ii;,q/ (R3).

~

The spaces H;,quo (R3) and H;}O’?,CO (R?) being introduced as the spaces
analogous to Subsection 3.2, we have the result

Theorem 8. Let 1 < g < oo and w be an_anisotropic q-weight function ac-
cording to Theorem 7. Then, for every f € H_ %2 (R3), and g € Hf}o’q,co (R3),

w,Ko w
there exists an unique very weak solution u € L% (R3) to Problem (31) in the
sense of Definition 3. Moreover, there exists an associated pressure functional

pE H;}dq(R?’) such that u,p solves, for all ¢ € I/-\IZ)’,QI (R?) with R¢p € LZ:, (R?),
03¢ € LZ, (R3), the equation

(W SLuxd) = (pdiv o), = (£9),.
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The functions u and p fulfill the inequality

lallgw + I2le=e < € (Il gz + gl roqas) ) - (38)
Proof. We know that w’ is an anisotropic ¢’-weight function, which belongs to
A;C, see [9)].
For every v € LZ}// (R3), in accordance with Theorem 7, there exists a couple
{¢,¥} in ﬁi}’ﬂa(R?’) X ﬁllu’,q (R3)/R, strong solution to

Sek®— Vi =v, div ¢ =0. (39)
Let {¢,,, 1} be a representant of {¢, ¢} + Ko which satisfies the estimate
||V2¢w”q’7w’ + Ry llgrwr + 10300 [lgr 0 + IVl < Cllvlgrar

we now define u := u(f, g) setting
<U,V>w = <fa ¢v>w + <9a¢v>w,

where f € IA{;QK‘IO (R3) and g € H;,ld,q)co (R3) are given. Then one has

v | < {0000,
< 180 7220119 Bulgrwr + gl 1V 80 e

< ¢ (Il 7520 + N9l o) IVllgrr
Therefore u = u(f, g) belongs to (LZJI, (R?)) = L4 (R3) and fulfills the stated

estimate.

It remains to show that this function u = u(f, g) solves our problem. To see
this, following the same arguments as for the modified Stokes system, let ¢,y

be the test functions with ¢ € PAI?U,",U (R3), Rep € LZ}/, (R3), 03¢ € LZ:, (R3) and
(DS ﬁ;’,q,(Ria) independently. We can choose v := S, ¢ — Vi € LZ}/,(R?’),
then

(WS kb= Vo) =(uv),=(Ee),+ov),.
Therefore u is a very weak solution of our problem according to the definition.

To prove its uniqueness, let U = U(f,g) € L% (R3) be another very weak
solution. We have

(U.SLsd = V) = (£0),+(9.0), (40)

for all test functions ¢ € I/-\Ifuflla(]Rg) with R¢ € LZ:, (R3), 3¢ € LZJI, (R?) and
Y e ﬁllu’,q' (R?). Thus

<U —u, S, ¢ v¢>w = 0.

S;Wd) — V4 being an arbitrary element from LZ:, (R3), it follows that U—u =0
in LY (R3). O
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Appendix 1

The concept of very weak solutions for Stokes or Navier—Stokes equations
was introduced by Giga in 1981, see [18], by Amrouche and Girault in 1994
in a domain class C1!, see [4]. More recently this concept was extended by
Amrouche, Rodriguez - Bellido, see [3], Galdi, Simader, Farwig, Kozono and
Sohr, see e.g. [11, 17] to a setting in classical L%-spaces. The only existence
of the inhomogeneous divergence of the velocity in some L"-spaces is required
with convenient choice of exponents r and g. For the non-steady case we can
refer to the work of Amann in 2000-02 in the setting of Besov spaces, see [2].

We recall that, in general, a very weak solution have no differentiability,
neither with respect to the space variable nor the time one, and no finite energy.
So, a very weak solution is not necessarily a weak solution. But in case of Serrin’s
class of uniqueness the very weak solution will coincide with a weak solution.

The notion of very weak solution has been generalized by Schumacher see [29,
30] to a setting in weighted Lebesque and Bessel potential spaces using arbitrary
Muckenhoupt weights. Further, a very weak solution may be generalized so that
traces on the boundary can be defined, see [29].

Let us mention that during last years the problem of flow around rotating
body was studied by several authors and we will just refer some of them see
[7, 15, 8, 9, 20, 22, 27, 16, 25, 6]

Let us explain the problem which arise from the motion of fluid around a
rotating body. Let D(t) C R® be given, the time-dependent exterior domain
past a rotating body. We assume that D(¢) is filled with a viscous incompressible
fluid modelled by the Navier-Stokes equations with the velocity v, at infinity.
So, given the coefficient of viscosity v > 0 and an external force f:=f (y,t), we
are looking for the velocity v := v(y,t) and the pressure ¢ := §(y, t) solving the
nonlinear system

Vi—VAV+ (V-V)V+VG=f in D(t), t >0,
div v = 0 in D(t), t >0, ()
V(y,t) =wAy ondD(t), t>0,
V(y,t) = Voo as |y| — o0.

Due to the rotation of the body with the angular velocity w, we have
D(t) =0,(t)D,

where D C R3? is a fixed exterior domain and O,,(t) denotes the orthogonal
matrix

cos|w|t —sin|w|t 0
O,(t) = [ sin|w|t cos|w|t O (42)
0 0 1

After the change of variables x := O, (t)Ty and passing to the new functions

u(x,t) := OIv(y,t) — voo and p(x,t) := G(y,t), as well as to the force term
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f(x,t) := O, (t)Tf(y, ), we arrive at the modified Navier-Stokes system

u; — vAu+ (u-Viu— ((wAX)-V)u

+(O0u () Voo -V u+wAu+Vp=f in D, t>0,
divu=0 in D, t>0, (43)
ux,t) + 0, (t)"vee =wAx  0ndD, t >0,
u(x,t) — 0 as |x| — 0.

Note that, because of the new coordinate system attached to the rotating body,
equation (43)1 2 contains three new terms, the classical Coriolis force term wAu
(up to a multiplicative constant) and the terms ((w A x)-V)u and (O, (t)Tva -
V)u which are not subordinate to the Laplacian of u in unbounded domains
(even with small values of |w]).

Note that stationary solutions to Problem (43) correspond to time-periodic so-
lutions to the original problem (41) (see e.g. [20] and the cited references there).
Linearizing (43) in u at u = 0 we arrive in the steady situation at the modified
Oseen system of the introduction, with the inhomogeneous boundary condition
on 0D.

Appendix 2
The next Lemma is related to a weighted Poincaré inequality.

A mapping C(.) : A, — Ry is called A,-consistently increasing, if, for all
ceRy,sup {C(w) :we Ay, Ay(w) < ¢} < 0.
It is called Ag4-consistently decreasing, if ﬁ is A4 -consistently increasing.

Lemma 4. Let Q be a bounded Lipschitz domain in R3, and w € A, q € (1,00).
Suppose h(.) is a continuous seminorm on HV1(Q) such that h(C) = 0 implies
C = 0 for constant functions C. There exists an Ag-consistently increasing
constant function C such that

lt]lg.w < Cl|Vullgw for every u € HY9(Q) with h(u) =0 oru € ﬁi]%(Q)
(44)

Proof. This result has been proved by Frohlich in [12]. The following property
is also established : There exists an A,-consistently constant function C' such
that [||ul|2.g.0 < ¢||V2u|lgw, for every u € H%9(Q) with u|p = 0 where T is a
connected component of 9f2. O

Concluding remarks.

For both rotating Stokes and Oseen problems, a rigourous mathematical
treatment is done here by choosing appropriate weighted L?-spaces and using the
concept of very weak solution (definitions in Sections 3.2 and 4.3 with classical
integral formulations). The duality arguments rely on the existence theory
of the respective strong solutions, based on Littlewood-Paley decomposition.
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This leads to the Muckenhaupt class of A,/, weights. Moreover, for the Oseen
operator, the natural anisotropic weights do not belong to A,: it turned out to
be necessary that the weights are also Muckenhaupt type in the direction of the
axis of rotation.

A second group of problems concerns the rotating Oseen and Navier-Stokes
systems in exterior domains: we have to investigate their very weak solutions.
For this purpose, and to get the important estimates, we need continuous em-
bedding properties (generalized weighted results). A forthcoming paper will
collect our results [23].

Acknowlegment:

The work of S. N. supported by the by P201/11/1304 of Grant Agency of
the Czech Republic and by RVO: 67985840. The work of S.K. was supported by
the Grant P201/11/1304 of Grant Agency of the Czech Republic. Part of the
article was prepared during stay of S.N. and S.K. at Université du Sud, Toulon-
Var and they would like to thank for extremely nice hospitality of colleagues in
Toulon and particulary Prof. Patrick Penel.

References

[1] ABELS, H., KRBEC, M., SCHUMACHER, K. On the trace space of a

Sobolev space with a radial weight. (English summary) J. Funct. Spaces
Appl. 6-3 (2008), 259-276.

[2] AMMAN, H., On the strong solvability of the Navier-Stokes equations.
J. Math. Fluid Mech., 2 (2000), 1-98.

[3] AMROUCHE, C. AND RODRIGUEZ-BELLIDO, M. A. Stationary Stokes,
Oseen and Navier-Stokes Equations with Singular Data. Arch. Rational
Mech. Anal. 199 (2011), 597-651.

[4] C. AMROUCHE AND V. GIRAULT, Decomposition of vector spaces and
application to the Stokes problem in arbitrary dimension, Czechoslovak
Mathematical Journal, 44, 119 (1994), pp. 109-140.

[5] CHUA, S. K. Eztension Theorems on Weighted Sobolev Spaces. Indiana
University Mathematics Journal 41, no.4 (1992), 1027-1075.

[6] DEURING, P., KRACMAR, S., NECASOVA, S. Pointwise decay of sta-
tionary rotational viscous incompressible flows with nonzero velocity at

infinity. J. Differential Equations 255 (2013), no. 7, 1576 — 1606.

[7] FarwiG, R., An Li-analysis of viscous fluid flow past a rotating obsta-
cle. Téhoku Math. J. 58 (2006), 129-147.

21



8]

FARWIG, R., HISHIDA, T. AND MULLER, D., LY-Theory of a singular

“winding” integral operator arising from fluid dynamics. Pacific J. Math.
215 (2004), 297-312.

FARWIG, R., KRBEC, M. AND NECASOVA, S., A weighted L1 - ap-
proach to Oseen flow around a rotating body. Math. Methods Appl. Sci.
31 (2008), 551-574.

FARWIG, R., KRBEC, M. AND NECASOVA, S., A weighted LY - ap-

proach to Stokes flow around a rotating body. Ann. Univ. Ferrara - Sez.
VIL 54 (2008), 61-84.

Farwiq, R., GALDI, G., P. AND SOHR, H., A new class of very weak

solutions of the Navier-Stokes equations with nonhomogeneous data. J.
Math. Fluid Mech., 8 (2006), 423-444.

FROHLICH, A., The Stokes operator in weighted L-spaces II: Weighted
resolvent estimates and mazimal LP-regularity. Math. Ann. 339 (2007),
287-316.

FROHLICH A., Solutions of the Navier-Stokes Initial value problem in
weighted L-spaces, Math. Nachr. 150-166 (2004), 269-270.

GALDI, G. P., An introduction to the mathematical theory of the Navier-

Stokes equations: Linearised steady problems. Springer Tracts in Natural
Philosophy, Vol. 38, 2nd edition, Springer 1998.

GALDI, G. P., On the motion of a rigid body in a viscous liquid: a math-
ematical analysis with applications. Handbook of Mathematical Fluid
Dynamics, Vol. 1, Ed. by S. Friedlander, D. Serre, Elsevier 2002.

GaALDI, G. P., KYED, M., A simple proof of Lg-estimates for the steady-
state Oseen and Stokes equations in a rotating frame. Part I: Strong
solutions, Proc. Amer. Math. Soc. 141 (2013), no. 2, 573 — 583.

GALDI, G. P., SIMADER, C.,AND SOHR, H. A clas s of solutions to sta-

tionary Stokes and Navier-Stokes equations with boundary data W—1/9:4,
Math. Ann., 331 (2005), 41-74.

Y. GiGgaA, Analyticity of the semigroup generated by the Stokes operator
in Ly-spaces, Math. Z. 178 (1981), pp. 287-329.

GARCIA-CUERvVA, J. AND RUBIO DE FRANCIA, J. L., Weighted Norm
Inequalities and Related Topics. North Holland, Amsterdam (1985).

HisHIDA, T., L? estimates of weak solutions to the stationary Stokes
equations around a rotating body. J. Math. Soc. Japan 58 (2006), 743—
767.

JoNEs, P. W. Quasiconformal mappings and extendability of functions
in Sobolev spcas, Acta Math., 147 (1981), 71-88.

22



[22]

[23]

[30]

[31]

KRACMAR, S., NECASOVA, S. AND PENEL, P., L? - approach of weak
solutions of Oseen flow around a rotating body. Quarterly of Applied
Mathematics LXVIII, 3 (2010), 421-437.

KRACMAR, S., NEGASOVA, S. AND PENEL, P., Very weak solutions to
the rotating Oseen and Navier-Stokes problems in weighted spaces ( In
preparation.)

KRACMAR, S., KRBEC, M., NECASOVA, S. AND PENEL, P., ScHU-
MACHER, K. An L% approach with generalized anisotropic weights of
the weak solution of the Oseen flow around a rotating body in the whole
space. Nonlinear Analysis 2009, €2940-e2957.

KYED, M. On a mapping property of the Oseen operator with rotation.
Discrete Contin. Dyn. Syst. Ser. S 6 (2013), no. 5, 1315 — 1322.

Kurrz, D.S., Littlewood-Paley and multiplier theorems on weighted
L? spaces. Trans. Amer. Math. Soc. 259 (1980), 235-254.

NECASOVA, S., SCHUMACHER, K. Strong solution of the Stokes Flow
Around a Rotating Body in weighted L2-spaces Math. Nachr. 284-
13(2011), 1701-1714.

SCHUMACHER, K. Solutions to the equation divu = f in weighted
Sobolev spaces. Banach Center Publ. 81 (2008), 433-440.

SCHUMACHER, K. Very weak solutions to the Stokes and Stokes- Resol-

vent problem in weighted function spaces, Ann. Univ. Ferrara Sez. VII
Sci. Mat. 54 (2008), 1, 123-144

SCHUMACHER, K. Stationary Stokes and Navier-Stokes equations in
weighted Bessel-Potential spaces, J. Math. Soc. Japan, 61, 1, (2009),
1-38.

STEIN, E. M., Harmonic Analysis: Real-Variable Methods, Orthogonal-
ity, and Oscillatory Integrals. Princeton University Press, Princeton,
N.J., (1993).

SAWYER, E. WHEEDEN, R. L. Weighted inequalities for fractional

integrals on Fucleidan and homogenous spaces. Amer. J. Math. (1992),
114, 813-874.

23


http://www.tcpdf.org

