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Abstract

We define and compute the continuous orbifold partition function
and a generating function for all n-point correlation functions for the
rank two free fermion vertex operator superalgebra on a genus two Rie-
mann surface formed by self-sewing a torus. The partition function is
proportional to an infinite dimensional determinant with entries aris-
ing from torus Szeg6 kernel and the generating function is proportional
to a finite determinant of genus two Szegd kernels. These results fol-
low from an explicit analysis of all torus n-point correlation functions
for intertwiners of the irreducible modules of the Heisenberg vertex
operator algebra. We prove that the partition and n-point correlation
functions are holomorphic on a suitable domain and describe their
modular properties. We also describe an identity for the genus two
Riemann theta series analogous to the Jacobi triple product identity.

*School of Mathematics, Statistics and Applied Mathematics, National University of
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1 Introduction

This paper is a continuation of the study in the theory of Vertex Operator
Algebras (VOAs) [FLM, FHL, K, MN, MT5] of partition functions and cor-
relation functions on a genus two Riemann surface [T, MT1, MT2, MT3,
MT4, TZ2|. Such a surface can be constructed by sewing two separate tori
together, which we refer to as the e-formalism, or by self-sewing a single
torus, which we refer to as the p—formalism [MT2]. In our approach, we
define the genus two partition and n—point correlation functions in terms of
genus one VOA data combined in accordance with the given sewing scheme.
This is based solely on the properties of the VOA with no assumed analytic or
modular properties for partition or correlation functions. This is in contrast
to other approaches to correlation functions using algebraic geometric meth-
ods in mathematics (e.g. [TUY, Z2]) or other approaches taken in physics
(e.g. [EO, DP, DVPFHLS)).

In the companion paper ref. [TZ2] we studied the continuous orbifold
partition and correlation functions for the rank two free fermion Vertex Op-
erator Superalgebra (VOSA) V(H,Z + 1)®? on a genus two surface in the
e-formalism. The present paper studies this system in the p—formalism where
a genus two Riemann surface is constructed by sewing a handle at two points,
separated by w, to a torus with modular parameter 7 and with sewing pa-
rameter p giving a family of surfaces parametrized by (7, w, p) € D?, a par-
ticular sewing domain. Although there are some features in common with
ref. [TZ2], the present p—formalism approach is more subtle in two important
respects: firstly, we must consider genus one correlation functions for inter-
twining vertex operators associated with g-twisted modules for a continuous
automorphism g and secondly, the genus two partition and n—point functions
obtained are multi-valued on D?. There is no Zhu reduction theory available
for general genus one intertwiner correlation functions unlike the the reduc-
tion theory developed in [MTZ] and used in the e-formalism. Instead, we use
bosonization and compute all torus n—point functions for the Generalized
VOA M = ®pecM ® e* formed by the intertwiners for the rank one Heisen-
berg VOA M and all of its irreducible modules M ® e® for all o € C [TZ3].
This requires an extension of previous results for genus one lattice theory
correlation functions to the Generalized VOA M. We also make repeated
use of an explicit expression of genus two Szeg6 kernel in terms of genus one
data in the p—formalism described in [TZ1]. The genus two partition and n-
point functions are computed explicitly and involve an infinite determinant



whose components arise from genus one Szegé kernel data. The genus two
partition and n-point functions are multi-valued functions on D” that lift to
holomorphic functions on a suitable covering space and are modular invari-
ant under a subgroup of the genus two symplectic group Sp(4,Z). We also
compute the partition function in a bosonic basis and obtain an analogue of
the classic Jacobi triple product formula for the genus two Riemann theta
series.

Section 2 contains a review of the p-formalism for the construction of a
genus two Szegé kernel S@) on D* in terms of elliptic Szegé kernel data and
given multipliers on the four cycles of a genus two Riemann surface formed
by self-sewing a torus [MT2, TZ1]. We introduce a certain infinite matrix 7
constructed from the genus one Szegé data and the multipliers which plays a
central role: (I—7)~! appears explicitly in the formula for S® and det(1—T),
which is holomorphic on D”, appears in our later VOA results.

Section 3 reviews Vertex Operator Superalgebras (VOSA) and g-twisted
modules with particular emphasis on the rank two free fermion VOSA V (H, Z+
%)‘82 for a continuous automorphism g = e~27) for Heisenberg vector a.
We often make use of bosonization whereby V(H,Z + %)‘82 = Vg, the Z—
lattice VOSA with trivial cocycle structure. In particular, we consider the
the interwining operators M = @,ccM ® e that satisfy a Generalized VOA
described in detail in [TZ3]. This leads to generalized notions of locality,
skew-symmetry, associativity, commutivity with respect to the Heisenberg
sub VOA and an invariant linear form on M.

In Section 4 we compute general n-point intertwiner correlation functions
for elements of M in terms of elliptic prime forms and elliptic and quasi-
modular forms. These expressions are natural generalizations of results for
lattice VOAs [MT1] extended to M. This allows us to compute a generating
form for all intertwiner torus n—point functions for V7 expressed in terms of
a finite determinant of genus one Szegd kernels.

Section 5 contains our main results concerning the genus two partition
function and a generating form for all genus two n—point functions. These are
defined in terms of four commuting automorphisms generated by a(0) which
determine the S® multipliers. The partition function which is defined as a
sum over a basis for a g-twisted module of particular genus one intertwin-
ing 2-point functions is explicitly computed in Theorem 5.1. The result is
proportional to det(I —T') but is multivalued on D” due to a separate factor

of (—p/K(w,T)Q)%K2 where g = e 2™ for € (—1,1) and K(w,7) is the



elliptic prime form. In Theorem 5.10 we show that the partition function
lifts to a holomorphic function on a covering space D? and prove that it is
modular invariant under a particular subgroup L C Sp(4,Z), the genus two
symplectic group. We also compute the partition function in an alternative
bosonic basis and obtain an analogue of the Jacobi triple product formula for
the genus two Riemann theta series in Theorem 5.9. Lastly, in Theorem 5.3
a modular invariant generating form for all genus two n-point correlation
functions is computed in terms of the genus two partition function and a
finite determinant of genus two Szegé kernels.

2 The Szeg6 Kernel in the p-Formalism

In this section we consider the construction of a genus two Riemann surface
formed by self-sewing a handle to a torus using an explicit sewing scheme
which we refer to as the p-formalism. In particular, we review the construc-
tion of an explicit formula for the genus two Szeg6 kernel in terms of Szegd
kernel on the torus. Further details can be found in [MT?2] and [TZ1].

2.1 The Szeg6 Kernel on a Riemann Surface

Consider a compact connected Riemann surface X of genus g with canonical
homology cycle basis a;,b; for i = 1,...,g. Let v; be a basis of holomor-
phic 1-forms with normalization fai v; = 2mid;; and period matrix €;; =
ﬁ sz v; € Hy, the Siegel upper half plane. Define the theta function with

real characteristics [M, F, FK]

a . .
9 Q) = ez7r(n+o¢).Q.(n+o¢)+(n+a).(z+27rz,8)’ 1
HEUES )

nez9

for a = (o), 5 = (B;) € RY and z = (z;) € C9 for j = 1,...,g. The Szegd
kernel is defined for ¢ [3](0|Q2) # 0 by [S], [HS], [F]

9 {g] (frvi)

o Lﬂ oD = 9 [g} (0|Q)E(x,y)

, (2)



where 0 = (6;), ¢ = (¢;) € U(1)" for

€~:

= —e B p— e o1 g (3)

(where the —1 factors are included for later convenience) and F(x,y) is the
prime form [M, F|. The Szeg¢ kernel is periodic in = along the a; and b; cycles

with multipliers —¢; and —6; respectively and is a meromorphic (1, 1)-form

272
(and is thus necessarily defined on a double-cover ¥ of the Riemann surface)

satisfying?

dz? dy% for x ~ y,

Sm}@w)N pr—
SM@@=:$ﬁqu,

where 071 = (0;) and ¢~! = (¢; ). The Szegd kernel transforms under the

]

action of the symplectic modular group for [& B] € Sp(2¢,Z) as follows [F]

s L‘ﬂ o) = s|)] @i @)
Q = (AQ+B)(CQ+ D)™, (5)

where 0; = —e 27§, = —e2™i% with
Db A .

where diag(M) denotes the diagonal elements of a matrix M.

2.2 Genus Two Riemann Surface Formed from Self-
Sewing a Torus

We now briefly review the construction of a genus two Riemann surface %2
formed by self-sewing a handle to a torus which we refer to this as the p-
formalism [MT2, TZ1]. Let (V) = C/A denote an oriented torus for lattice
A =2mi(ZT & Z) and 7 € H;. Define annuli A,, a = 1, 2 centered at z = 0

1We use the convention E(z,y) ~ (z — y)dz~2dy~2 for x ~ y.



and z = w of ¥ with local coordinates z; = z and 2z, = 2z — w respectively.
Define the following label convention

1=2 2=1. (7)

Take the outer radius of A, to be r, < %D(q) for D(q) = minyea 20 |A| and
the inner radius to be |p|/rg, with |p| < riro, where we introduce a complex
parameter p, |p| < rire. 71, 7o must be sufficiently small to ensure that the
disks do not intersect. Excise the disks

{%a; 74| < |p|rgl} C 2(1)’

to form a twice-punctured surface

£ = 2O\ | {24, |2al < Iplrz -

a=1,2

We define annular regions A, C () with A, = {20, lplrzt < |2a| < 74} and
identify them as a single region A = A; ~ A, via the sewing relation

2122 = P, (8)

to form a compact genus two Riemann surface £ = SO\{4; U Ay} U A,
parameterized by [MT?2]

D’ = {(r,w,p) €Hy x Cx C ,jw— X >2[p|2 >0, Ae A}.  (9)

2.3 The Genus Two Szeg6 Kernel in the p-Formalism

Now we recall the construction of the Szeg6 kernel on a genus two Riemann
surface in the p-formalism [TZ1]. The genus one prime form for z,y € C and
T e Hj is

E(z,y) = K(z—y,71) do™2 dy 2, (10)
where
i 191(2’,7') i %
K(z,1)= 90,(0.1)" Vi(z,7) =10 [%} (z,7). (11)

Let (01,¢1) € U(1) x U(1) with (61, ¢1) # (1,1). The genus one Szegd kernel
is

dy?, (12)

NI

s[4 @ =2 [] - o

6



where

¥ [gj (=7,

e

P m (1) = (13)

where —¢; = exp(2miay) and —60; = exp(—27if3;) are the periodicities of
S [Zi] (x,y|7) in x on the standard a and b cycles respectively.
In [TZ1] we determine the genus two Szeg6 kernel

92
S(Q) (.’L‘, y) = 5(2) [¢(2):| (33', y)a

with periodicities (0(2),¢(2)) = (0;,¢;) for i = 1,2 on a natural homology
basis on the genus two Riemann surface $(? formed by self-sewing the torus
2® in terms of genus one Szegd kernel data S (z,y) = SV It ](x,y) with
(01, ¢1) # (1,1). The S@ multipliers (3) on the cycles a;, b; are determined
by the corresponding multipliers of S so that ¢§2) = ¢; and 6&2) =0 i.e.
oz§2) = oy and BF) = f1. The remaining multipliers ¢, = gbgz) — i’
and 0y = 952) — 287 o the cycles as and by must be specified by the
additional conditions

SOz, y) = —¢5 S (z,,y),
SO (z4,y) = —0577 S (zq,y),

for z, € A, and zz € Az (recalling the label convention (7)).

It is convenient to define k € (3,3) by ¢ = —e*™* ie. k = at? mod 1.

We then find that S is holomorphic in p for |p| < ry7ry with [TZ1]
S®(z,y) = Se(x,y) + O(p),

for z, y € 5D and

dzidy?, (14)

Sl y) = (ﬁlw—wm)m(y,r))“ 19“9 {%ﬂ (2 =y + rw,7)

Vi (z, 7)1 (y —w, 7) [gj (kw,7) K(z —y,7)



for k # —% (with a different expression when x = —1 given in [TZ1]). We
will assume k # —% throughout this paper. Note also that Si—o(z,y) =
S [Zl] (x,y), the genus one Szegd kernel.

S.(z,y) has an expansion in the neighborhood of the punctures at 0, w

in terms of local coordinates 1 = z,y; =y and xr1 = — w,ys = y — w as
follows [TZ3]

K(=1)°
1 1
S(as ) = laa,b (@) + 3 Gl ety | ey, (15)

Lo — Yo \Yb ki>1
where Cyp(k, 1) = Cyp Lil} (k,l|T,w, k) and k, = k+r(—1)* for integer k > 1
1

and a = 1,2. We may invert this to obtain the infinite block moment matrix

1 1 1
k)= —— ) Ra(gy) 7 — ) dx2 dy?. (1
Cab( ) ) (27T7,)2£ féb(yb ($a) (yb) S/i(l'aayb) T3 yb ( 6)

We also define half-order differentials

1 1
dzz k - T —ka r\Ly Ya d 57 1
(z,k) 2mi B Yo Se(T, Ya)dy (17)
_ 1 1
do(y. k) = — —Fe S (a7, y)dx2. 18
(y, k) e A T Sp(Ta,y)dr? (18)

We further define

Gaplk,l) = p%<ka+lb DCuw(k,1), (19)
ha(w,k) = p2teDd,(z,k), (20)
ha(y,k) = /ﬂ““a Dda(y, k), (21)
with associated infinite matrix G = (G (k,1)) and row vectors h(z)
(ha(x,k)) and h(y) = (ha(y, k)). From the sewing relation (8) we have
dad = (-1ye b U (22)

for ¢ € {£+/—1} depending on the branch of the double cover of (! chosen.
Finally define
T =¢GD"%, (23)

8



with an infinite diagonal matrix

DO (e, 1) = {92; _002 } 50k, 1), (24)

Defining det(/ —T') by logdet(I —=T) = Trlog (I —=T) = = >, -, L Tv T, we
find -

Theorem 2.1 ([TZ1]) On the p-sewing domain D? we have:
(i) (I =T)"=3,50T" is convergent.
(11) det(I —T) is holomorphic and non-vanishing.

(11i) The genus two Szegd kernel for x,y € S s given by
S(z,y) = Su(w,y) + Eh(x) D' (I = T) 'R (y), (25)

where ET(y) denotes the transpose of the infinite row vector h(y).

3 The Free Fermion VOSA and its Twisted
Modules

3.1 Vertex Operator Superalgebras

We review some aspects of Vertex Operator Superalgebra theory (e.g. [FHL,
FLM, K, MN, MT5]). We define the standard formal series

5(2) = Y ay, (26)

rez

et = X (3) (27)

s>0

for any formal variables x,y, A where (;\) = w

Definition 3.1 A Vertex Operator Superalgebra (VOSA) is determined by a
quadruple (V,Y,1,w) as follows: V is a superspace V = V5 & Vi with parity
p(u) = 0 or 1 for u € Vg or Vi respectively. V' also has a %Z—gmdmg with



V = @relz V. with dimV, < co. 1 € V) is the vacuum vector and w € V5 is
2

the conformal vector with properties described below.
Y is a linear map Y : V. — End(V)|[z, 27Y]] for formal variable z so that
for any vector u € V- we have a vertex operator

Y(u,2) = Zu(n)z‘”_l. (28)

nez
The linear operators (modes) u(n) : V. — V satisfy creativity
Y(u,2)1 = u+0(z), (29)

and lower truncation

u(n)v =0, (30)

for each u,v € V and n > 0. For the conformal vector w

=> L(n)z "2 (31)

neL

where L(n) satisfies the Virasoro algebra for some central charge c

Z P = m)op_nIdy . (32)

[L(m),L(n)] = (m —n)L(m+n) + 12(

Each vertex operator satisfies the translation property
Y(L(—1)u,2z) = 0.Y (u, z). (33)
The Virasoro operator L(0) provides the $Z-grading with L(0)u = ru for

w €V, and with r € Z + %p(u) Finally, the vertex operators satisfy the
Jacobi identity

15(21 Z2)Y(u,21)Y(U,22)—(—1)( wp() *15(22 ZI)Y(U,Z2)Y<U,21)

= 2,10 <Z1 ZO) Y (Y (u, 20)v, 22) - (34)

(V,Y,1,w) is called a Vertex Operator Algebra (VOA) when Vi = 0.

10



These axioms imply locality, skew-symmetry, associativity and commu-
tativity:

(21— )Y (u, 20)Y (0, 25) = (=1)PWPO) (2 — 2)) VY (v, )Y (u, 21)

Y(u,2)v = (=1)PWP@LEDY (4 2,
(20 + 22)NY (u, 20 + 22)Y (v, 2)w = (20 + 22)NY (Y (u, 20)v, 20)w,
u(k)Y (v, 2) — (—1DPOPOY (v, 2)u(k) = Z (j) Y (u(f)v, 2)2F 7,

for u,v,w € V and integers N > 0 [FHL, K, MT5].

We next define the notion of a twisted V-module. Let g be a V-automorphism

g i.e. a linear map preserving 1 and w such that
gY (v,2)g7" =Y (gv, 2),
for all v € V. We assume that V' can be decomposed into g-eigenspaces
V = ®,ecV?,
where V? denotes the eigenspace of g with eigenvalue e*™.

Definition 3.2 A g-twisted V-module for a VOSA V is a pair (W9,Y})

where W9 is a C-graded vector space W9 = @ W9 with dimW, < oo

reC
and where Wi, = 0 for all v and n < 0. Y, is a linear map Yy, : V —

End W9{z}, the vector space of End W9-valued formal series in z with ar-
bitrary complex powers of z. Then for v € VP

Y,(v,2) = Z vy(n)z "1,
nep+7

with vy(p+ 1w = 0 for w € W9 and l € Z sufficiently large. For the vacuum
vector Yy(1, z) = Idwse and for the conformal vector

Yo(w,2) = Ly(n)z"""2, (39)

where Ly(0)w = rw for w € W9. The g-twisted vertex operators satisfy the
twisted Jacobt identity:

210 (252) Yy 20)Y, (v, 22) = (—1)P005708 (222) Y, (0, )Yy (v, 21)

20

_ z;;;o)_” 6 (2220) V(Y (u, 20)0, 22), (40)

11



forue Ve,

This definition is an extension of the standard one for g unitary where p €
R [DLinM]. These axioms imply that L,(n) of (39) satisfies the Virasoro
algebra (32) for the same central charge ¢ and that the translation property
holds:

Yy (L(=1)u,2) = 0.Y,(u, 2). (41)

3.2 The Free Fermion VOSA

We consider in this paper the rank two free fermion VOSA V(H,Z + $)®? of
central charge 1. The weight % space V% is spanned by ¥, ¢~ with vertex
operators

V() z) = dFn)z,

nez

whose modes satisfy the anti-commutation relations
[ (m), 0 (0)] = bty [ (m), 6 ()] = [0 (m), 0~ (m)] = 0. (42)
The VOSA is generated by 1* with V spanned by Fock vectors of the form
Wk, 1) = gt (—hy) 0 (k) U (=) U (<1, (43)
for distinct 0 < k; < ... < ks and 0 <y < ... <;. The Virasoro vector
= S (=20 (~1) + ¥ (-2 (D)L

generates a Virasoro algebra with central charge ¢ = 1 for which the Fock
vectors have weight

Wh(T(k, 1)) = Z; (k; - %) +g (zj - %) | (44)

1=

3.3 Bosonization

The weight 1 space V] is spanned by the Heisenberg vector a = ¢+ (—1)y
whose modes obey the Heisenberg commutation relations

[a(m),a(n)] = mbp, —p.

12



Then w = %a(—l)Ql is the usual conformal vector for the Heisenberg VOA

M with unit central charge. As is well known, we may decompose V into
irreducible M-modules M ® ™ with a(0) eigenvalue m € Z so that V(H,Z+
%)@’2 >V, = OmezM ® €™, the lattice VOSA for the Z-lattice with trivial
cocycle structure. In particular, the generators )", 1~ are given by

T =1®e, Yy =1l (45)

In terms of Heisenberg modes, the vertex operators for u ® ™ € Vy, for
u € M are given by (e.g. [K], [TZ3])

Y(u®e2) = Y- (m,2)Y (u,2)Vo(m,2) 2", (46)
for m € Z where
[a(n),q] = 0np, (47)
and

Yi(m,z) = exp (ZFmZ @z%) : (48)

n>0

3.4 g¢-Twisted Vz-Modules and a Generalized VOA

The mode a(0) generates continuous Vz-automorphisms g = e~27@%() for all
a € C. In particular, we define the fermion number involution

o= eTria(O)7

where ou = (—1)P™y for u of parity p(u). Define for all a € C
Y(u2) =Y (Al 2)u,2), (49)
A(O{, Z) = zaa(O)YJr (CY, _Z> ) (5O>

where

Yi(a,z) = exp (q:az a(i n) sz”) : (51)

n>0

We note the identity

VilwnV-(8.9) = (1-2)" v (8.)Yi(0m). (52)

Then we have (see [Li] for details)

13



Proposition 3.3 (V3,Y)) is a g-twisted Vz-module.

Thus the twisted module is constructed by the action of the twisted vertex
operators Yj(u,z) on the original vector space Vz. In Section 5 of [TZ3]
an isomorphic construction is described whereby the g-twisted module is
determined by the action of the original vertex operators (46) on a twisted
vector space Vi, = eV = BmezM @ €™ where

Y, (u, 2) = e7°TY (u, 2)e°?, (53)

for all w € V7. In particular, for the Virasoro vector, we find Y,(w, z) has
g-twisted modes

L,(n) = L(n) 4+ aa(n) + %aQ(Sn,o. (54)

Thus the g-twisted grading operator is Ly(0) = L(0) + aa(0) + 50 so that
u® e™ € Vg has g-twisted Virasoro weight wt(u) 4+ £(m + @)? equal to the
L(0) Virasoro weight of u ® e™** € Vz,,. Hence, the Fock vector ¥(k,1) €
M ® e*~" has g-twisted Virasoro weight wt(¥(k,1)) + a(s — t) + 30 equal to
the L(0) weight of the Vz, twisted Fock vector

U, (k,1) = e*TW(k,1) € M @ st (55)

In [TZ3] we describe a Generalized VOA formed by the Heisenberg VOA
M extended by vertex operators (creative intertwiners) for all the irreducible
M-modules M ®e®. Choosing a trivial cocycle structure, as per the standard
VOSA V7, we define for all a € C

Vu®e, z) = eY_(a,2)Y (u,2)Yy(a,z) 2240, (56)
Clearly, Y(u® €™, z) =Y (u® e™, z) for all m € Z. We also note [TZ3]
e Y (u® e’ 2)e = Y(A(a, 2)u @ €, 2), (57)
which implies (53).
The vertex operators (56) possess the creativity and translation property

with Heisenberg Virasoro vector and satisfy a generalized Jacobi identity
(with a trivial cocycle structure) as follows:

14



Theorem 3.4 ([TZ3]) (M,Y,1,w) is a Generalized VOA with vertex op-
erators Y(u ® e, z) € Lin(M, M)[[z,27!]] obeying the generalized Jacobi
tdentity

_ —af _
zy! (Zl 22) 5 (zl 2022) Y(u®e®, z) y(v@eﬂ,zg)
_ —af _
—z! (Z2 21) 5(22 f) Ve n) VU, z)
—20

. . aa(0)
— s (21 zo) V(Y (w® e, z) (0® ), 2) <z1 zo) (58)

22

for allu® e*, v ® e’ € M.

We exploit the following features of this Generalized VOA: (i) generalized
locality, skew-symmetry, associativity and Heisenberg commutivity and (ii)
an invariant bilinear form on M which we now describe.

3.4.1 Generalized Locality, Skew-Symmetry, Associativity and Heisen-
berg Commutivity

The Generalized VOA of (58) leads to a more general notion of locality,
skew-symmetry and associativity (35)—(37). We also note a generalization of
(38) where commutation with respect Heisenberg modes are only considered.

Proposition 3.5 For u® e*, v ® e’,w ® e’ € M and for integer N > 0

(1 —2)V (1 —2) " YVwee, )Y (v®e’, z)

=(z1—2)V (s —2)" " Y (v@e’ 2)Y(u®e, z), (59)
TP Yu@e, )v@e’ = (=) N Y (v e, —2) uw e, (60)
(20+2)V ™ V(u®e®, 29+ 2) Y (v®@el z) w®e

= (20 + ZO)me y (37 (u® e, 2) (v®e), z2) w e, (61)
[u(k), Y(v®@ e’ 2)] = Z (j)y(u(j)v ®e ) we M. (62)

The proof appears in Appendix 6.1.

15



It is convenient to define for formal parameter z and y € C
(—2)% = XX, (63)

where B is an odd integer parametrizing the formal branch cut?. Then gen-
eralized locality and skew-symmetry can be rewritten as

(1 —2) VP Yuee, z)Y (v®@e’, z)
= g~"BaB (5 — zg)N_O‘B v (v ® €’ 22) Vu®e® z), (64)
Vu®e, z)ve el =e BB L=l ) (v@e’, —2)u®e®.  (65)

These reduce to (35) and (36) for o, § € Z.

3.4.2 The Invariant Form on M

In [TZ3] we introduced an invariant bilinear form (-, -) on M associated with
the Mobius map [FHL], [S], [TZ2]

0 A A2
( _eiﬂB/\fl 0 ) P2 _eiﬂ.Bza (66)

for A # 0. We are particularly interested in the Mobius map z — p/z
associated with the sewing condition (8) so that we will later choose

A= pl, (67)
for the odd integer B of (63). Thus we reformulate the sewing relationship
(8) as z; = —2= so that (22) implies dzl = §p2/zg d22 for £ = e2i™B

Define the adjomt vertex operator

Ywses = [0 (AN g XY 6s)
’ emrBZ ’eszZ

A bilinear form (-,-) on M is said to be invariant if for all u ® e, v ® €,
w® e’ € M we have

Yuwee,2) (vee’), wee) =™ e, Y(uee,2) wee’). (69)

“Note some notational changes from [TZ3]

16



(68) reduces to the usual definition for a VOSA when «, 8,7 € Z [S, TZ2].
Choosing the normalization (1,1) = 1 then (-,-) on M is symmetric, unique
and invertible with [TZ3]

(u®e*v®el) = )\_a25a7_5<u®eo,v®eo>. (70)

We call this form the Li-Zamolodchikov (Li-Z) metric on M. Thus the Li-Z
dual of the Fock vector ¥ = ¥(k,1) is

ﬁ(k, 1) _ (_1)st+|_wt(‘l/)J /\QWt(\p)\II(l,k),

where |z] denotes the integer part of x [TZ2]. Applying (67) and (70) it
follows that ¥, = ¥, (k,1) of (55) has Li-Z dual

Tk, D) = (=~ (1K)
(_1)st+Lwt(\II)J eiant(\I/a)pwt(\lla)\Ij_a(L k). (71)

4 Torus Intertwining n—Point Functions

4.1 Torus Intertwining n—Point Functions for M

In this section we compute the torus intertwining n—point functions for M
and then for V7. In the next section we will use these functions to define
and compute the partition and n—point functions on a genus two Riemann
surface in the p formalism. Define the ‘square-bracket’ vertex operator [Z1]

Vu®e*, z] = y(qu(O)(u ®eY),q — 1),

where . = €*. Define the linear operator 7' = exp (3,5, 7:L(i)) associated
with the exponential map z — ¢, —1 = exp (2221 ri2t10,) zforry = 1,1y =

2
1 1

ry = . Then the bracket square vertex operator is given by

_57 @7 ..
Vuwe, 2l =TY (T (u®e*),z) T

Furthermore, as in [Z1] we find that (V, Y[, |,1,©) and (V,Y(, ),1,w) are

isomorphic generalized VOAs with © = w— il, a new conformal vector with

vertex operator

Y@, 2 =) LlnJz

nel

17



We let wtlu ® e*] = wt[u] + o2 denote the weight of an L[0] homogeneous
vector u ® e*.

Let M ® e* be an irreducible M-module for some o € C with torus
partition function

20(6) = Trpgoee "0V =

where (¢) = ¢"/**T],.»1(1 — ¢") is the Dedekind eta for modular parameter
g. We also define the 1-point correlation function for u € M on M ® e“ by

7D (u;q) = Trargen (0(u)g“O~1/2)

where o(u) = u(1 — wt(u)) is the Virasoro level preserving “zero mode” for
u of weight wt(u). In general we define the genus one intertwining n—point
correlation function on M ® e® for n vectors uy ® €',... v, ® e’ € M by

zV (u1 @ 2. Uy ® eﬁn,zn;q)

= Trygeo (y <q1L(0) (uy ® 651), Q1) LY <qﬁ(0)(un ® eﬁn% Qn) qL(O)—1/24> :

(72)

for formal ¢; = e* with i = 1,...,n. Since e’IM @ e* = M ® e**# it follows
that the n—point function vanishes when ). , f; # 0.

We next describe a natural generalization of previous results in [MT1] and

[IMTZ]. Firstly, consider the n—point functions for n highest weight vectors
1 ® e, which we abbreviate below to e, fori =1,...,n.

Proposition 4.1 For Y, 3; =0 then

gz - B.Bs
E i 2 | | K(zs, , (73
) exp (a 2 I5; z) (Zrs, T) (73)

1<r<s<n

ZW0 (P25 e z05q) =

where z.s = z, — z5 and K(z,7T) is the genus one prime form (11).

The proof appears in Appendix 6.2 and is a natural generalization of
results developed in [MT1] and [MTZ].

Remark 4.2 Let FP(2) = A% (651,21; c eﬁn,zn;q) of (73).
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(i) FP(z) is a function of the differences z;; = z;—z;. Thus we may choose
zn = 0 wlog.

(i) FPB(z) is analytic on {z; € C,7 € H: |z1] > ... > |2,]}.
(11i) Note that
(2 — 29) PP Z1) (eﬂl,zl; e’ 2o €Pn 2 q)
= (22— 21) PP ZW (e?, 295™ 215 ™ 2004)

in compliance with (59) and (64) (for N =0). Similar identities hold
under all label permutations. Thus FP(z) can be extended to all z; # z;
for 1 £ j up to branch choices.

We may similarly apply the arguments mutatis mutandis of Proposition 1
of [MT1] to obtain a closed form for the general n—point function (72). In
particular, due to (62), we may apply standard genus one Zhu recursion
theory [Z1] to reduce (72) to an explicit multiple of (73) to find

Proposition 4.3 For > " | 5; =0 then

ZW (wr @ e 25w @ €™, 25)
= QPP (uy, 215 U, 2 q)Zc(Yl) (eﬁl, 2. €0 2 q) ,
where QPvPr(uy, 215 .. Up, 203 q) is an explicit sum of elliptic and quasi-

modular forms (see [MT1] for details).

4.2 Torus Intertwined n—Point Functions for V7

Let g1, h1 be commuting automorphisms of V7 defined by
Ufl — 627ri61a(0)’ og1 = e—?ﬂ'iala(O)’ (74)

where o = ™9 is the fermion number automorphism. We assume that
a1, 81 € R so that
61 _ _6727”,81’ ¢1 _ _6271%0(17

are of unit modulus (to ensure convergence of Szegé kernels below).
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Following Remark 4.2 (i) we consider torus orbifold intertwining n + 2—
point functions for the og;—twisted module V7o, = GmezM @ ™ for V3
defined by:

Z‘(/? Bﬂ (u1 ®e™ 215 Uy @M 201 ® M w; vy ® ™R 0; q)
1

Try,,.,, (Uf1Y <qf(0)(u1 ®e™), q1> Y (qrf(o)(un ® e, qn)> )
V(5O @ e, q0) Y (v @ ™7, 1) gHO712
— Z e%i“mZ/(}) (ug @ €™, 215U, @™ 2p;

WEZ~+a
V1 ® M w; vy ®e™TF0; q) , (75)
where m;, ny,ny € Z for k € (—3,3) and ¢, = €*. The points w, 0 will later

be identified with the centres of the sewn annuli in the genus two p-sewing
scheme described in Section 2.2.

In Propositions 14 and 15 of [MTZ] all torus orbifold n—point functions
for vectors in V are computed by means of a generating function. In that
analysis we made use of an explicit Zhu reduction formula developed for a
VOSA with real grading. However, in the present case we do not have an
intertwining Zhu reduction formula because of the absence of a commutator
formula generalizing (38) for interwiners [DL]. Instead, here we adopt an
alternative approach for computing the intertwining n—point functions by
exploiting the bosonized formalism. Thus for example, we find

A% Ej (e wie™,0:q) = D mHZD (", wieT, 05q)

MEZ+ay

9| (kw, T)
_ L b (76)
n(g) K(w,7)~
for genus one theta series (1). More generally, we define a generating function
for all n + 2—point functions (75) by the following formal differential form

g7(11) |:f1:| (5C1,y1, e 7:Cn7yn)

g1
:Z(l)fl + R . ol . o= cef w: e " 0: nd%d%
= 4y 0 (1/} y L1; 1/1 » Y13 &D y L w yYns €7, W5 € 7, 7Q>Hi:1 xT;ay;,
(77)
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for V; generators ¥+ = e*! alternatively inserted at z;, y; for i = 1,..., n.

Proposition 4.4 The generating form (77) is given by

gl Bﬂ (T1, Y1, s Ty Yn) = Z‘(,;) {fl} (e",wie™™,05q) det S, (78)

g1

where S, denotes the n x n matriz with components Sy (x;,y;) for i,j =
1,...,n for Szegd kernel (14).

Proof. Proposition 4.1 implies that

gT(ll) |:§1:| (xla Yi,...,Tn, yn)

o (Z< T ‘”)

m=1
K(x, —x;,7)K(yi — vy, 7 .
1§i1;[j§n ( J ) (y Yj ) H K(:L‘Z —w, T)K(yj, 7') d %d 1
I[1 K(z;i—y;,7) L ] K(z;, 7)K(y; —w, ) i 495
1<i,j<n 1<sj<n
Next we recall the Frobenius identity (e.g. [F], [MTZ])
IS @ — )] T Kl —5,7) K(yi — y5,7)
Bi] \ =1 1<i<j<n — det P
9 2] (o [I K(zi—vy;7) v
8 ( 77) 1<i,j<n

where P; denotes the n X n matrix with twisted Weierstrass function compo-
nents P, [le] (z4,y;) of (13) fori,j = 1,...,n. Noting that 9 [ 5 | (z + kw,T) =
0 [ | (2, 7) we obtain

L /on 1<H< K(xi — 2, 7) K(yi — y;,7)
(03] <i<j<n
v T — Ym) + KW, T
] (7;( ) ) II K(z;—y;,7)
1<i,5<n
o 9| (x; —y; + Kw, T)
= 9| (kw, T) det A !
B ’ K(x; —y;,7)

. ¥ {gj (kw, T)
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K(x;—w,m)K(y;,7)

ko1 o1
K@in) Ky, —wr) dx?dy; factors into

The result follows on absorbing the [
the determinant and using (76). O

Finally, we obtain the following generalization of Proposition 15 of [MTZ]
concerning the generating properties of (77).

Proposition 4.5 GV [gﬂ (T1, Y1y -+ oy T, Ym) @S a generating function for
all torus orbifold intertwining n + 2—point functions (75). In particular, for
a pair of square bracket mode twisted Fock vectors (55)

Uulki b = et [~k T [—kig, Jo [—laa] .0 [lag, )1
U_ilko, bi] = e "t [—kat] .. 0T [—hog, | [=la] .. 07 <l )1,

forp =51+ sy =1t1 +ty >0 then

z) [Q (U, [k, b, w; W_ [k, 1], 0; q)

=€ Z\(/? {fl} (e, w; €7%,0;q) det Cop(ka, b) (79)

a1

where

€ = (_1)(t1+$2)t2+|_%pj eiﬁBH(Sg—tl)’

for odd integer B of (64) and

Cll(kb ll) Cl2<k17 LZ)
021(k27 ll) 022<k27 l2)

is a p x p block matriz with components Cop(kaiy, lvj,) for ia =1,..., 5, and
Jo=1,... ty for a,b=1,2 for S, expansion coefficients (16).

Cop (ko b)) = {

Proof. Consider the generating function for ¢ and )~ alternatively inserted
at Ta1 + w, ..., Tas, + W, T11, ..., T1sy, and Yor + W, Yor, + W, Y11, - Yot
respectively. Reordering the vertex operators and using generalized locality
(64) we obtain

EZ\(/;) [fl} (VT o1+ w; T B, Wi Yoy F w07 Yy, + w5 "

a1

1 1
+ . .ot c o™ . . aly— . =K Q). 2 2
w 737117"-71/] 71'181),1/} >y11a"'71/] y Yitg5 € 707Q> | | d$aiadybjba

La,Jb

22
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for € = (—1)®2Flzple=imBr(s2=1)  Generalized associativity (61) implies that

S1

H(«Tzz + w) (y 2j + w)NjJrNy WJF, To1 + U)] s y [?ﬂ*, Yoty + 'UJ] y [eﬁ7 U)]
1,

= H(U} + in)Mi_H(w + ij)Nj—Hiy [y |:¢+7 x?l} B y |:¢_7 y2t2} 657 U)] )

for M;, N; > 0. But using (57) and A(k, 2)y* = 2%%* we find that
Y[W 9521} YT, o Y[ ym] - Y07, Yo"

= HxQzHy 'N[q o] YT 20 [Y [Ty ] Y[ a1

to

— Y T e vk

ki €Z51 15€Zt2 i=1 Jj=1

generates the Fock vector W, [ky, 1] as the coefficient of ;! , x’;;ﬁ’“ ! H] ) y?jj —rol

(and where [a[n], [/gﬂ = 0,0 is the square bracket version of (47)). Similarly

_ lj+r—1
U, [ky,1y] is the coefficient of J[52, 527" 1HJ Ly in

YT an] . YO a1,V [~ y] - Y[y ]e ™.

(79) follows by reading off the coefficient in the corresponding expansion
(16) of the Szegd kernels in the determinant of (78). Finally, interchang-
ing the first ¢; and second t5 columns of the resulting determinant gives
(—1)"%2 det Cyp(ky, 1p). Thus € = (—1)""2 /€ as given. In general, we can ex-
pand (78) in appropriate parameters much as in Proposition 15 of [MTZ] to
obtain any n + 2-point function for Vz-Fock vectors inserted at zq, ..., z, for
z; # 0,w together with the above pair of twisted Fock vectors. [J

5 Genus Two Twisted Partition and n—Point
Functions

We now arrive at the main results of this paper, namely, the computation of
the genus two twisted partition and n—point function for V7 on the genus two
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Riemann surface formed by self-sewing a torus as described in Section 2.2.
Our definitions are a natural extension of those for a VOA introduced in
[IMT3]. In the present case, we consider genus two twisted partition and
n—point function which depend on four Vz-automorphisms:

Jfl _ 627m',81a(0)7 og1 = e—27ria1a(0),

O-fQ _ 627ri52(1(0)7 oGy = 6—27rmob(0)7 (81)
for real aq, 51, B2 and k € (—%, %) We let f = (f1, f2) and g = (g1, go) denote
pairs of automorphisms. We also define unit modulus parameters

91 — _67271'1',81’ ¢1 — _627”'041 ’
02 — _6—27ri52’ ¢2 — _627rif-c’ (82)

later identified with the multipliers (3) of a genus two Szegd kernel below.

Following [MT3] we define the continuous orbifold genus two n—point
function for u; ® €™ € Vy inserted at z; on the sewn genus two Riemann
surface in the p sewing scheme as the following infinite sum of genus one
intertwined n + 2 point functions:

Z‘(/z) |:§:| (U1 @™, 215 .., Uy ® €™, 25T, W, p)

= E Z‘(/;) Bl} (ul®em17z1;...,un®em",zn;af2\lf,§,w;@m0;q) , (83)
1
=

where the sum is taken over the square bracket Fock basis ¥, € V5, with
square bracket Li-Z dual U, for A = (¢"™Bp)z of (67) and with o f, acting on
...

5.1 Genus Two Twisted Partition Function

The partition or O—point function is expressible in terms of the basic genus
one twisted 2-point function (76) and the infinite Szegé moment matrix 7" =
T(1,w, p|61,02, ¢1, k) of (23) as follows:

Theorem 5.1 The genus two continuous orbifold partition function for Vy
on a Riemann surface in the p-sewing formalism is convergent on D and is
given by

2 T Bak (T 1,2 1 K —K
i - e [f] o e

“det (I —T). (84)
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In order to prove Theorem 5.1 we first recall Proposition 2 of [TZ2]. Let
R be an P x P matrix and let m = (my, ..., m,) denote p ordered subindices
with 1 <my < ... <m, < P. We refer to m as an P-subindex of length p.
Let
R(mv m) = (R(mra mS)) )

for r,s = 1,...,p denote the p x p submatrix of R. We define R(m, m) = 1
in the degenerate case p = 0 and let I denote the identity matrix. We have

Proposition 5.2

det (I +R) = ZZdetRmm (85)

p=0 m
where the inner sum runs over all P-subindices of length p. [J
Proof of Theorem 5.1. Recall the Fock vector ¥, = "0 with
U =Ulk,1 =T [—k]... 0T [=kJo [-l].. .~ [=1]1,
has Li-Z dual U, [k, 1] = €, p"*¥=W__[1 k]| where
(_1)St+Lwt[\I’]J embt[m]’ (86)

€1 —
for wt[W,] = wt[¥] + k(s — t) + 3x*. Furthermore,
O'fZ\I]n _ (_62)t7562iﬂ52/€\pﬂ7

from (81) and (82). Thus we apply (79) of Proposition (4.5) withk =k; =1
for s =51 =ty and 1 =k, =1, for t = so = t; and p = s + t to obtain

Z‘(/QZ) [g] (t,w,p) = 2“TB?"””Z {fl} (en,w; €_H,O;Q)

Cu(k, k) Cia(k,1)
i _ t s Wt[\If 118, ’
> (=0, dt{()’ﬂ(l,k) Co(L1) |

where
€9 = (_1>t+st+L%pJ eiﬂBH(t—S)' (87)

Noting that (—1)M eimBwil?] — (_1)lsple3imBr we find

2

€1€2< 92>t spwt[\I! ( 69 ) (592)tpwt[\lf}+n(s—t)(ezﬁer)%n ’
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for £ = 2B of (22). We may absorb all but the last of these factors into
the p x p determinant to find

(_ge;l)s<£02)tpwt[\ll}+n(sft) det Cll(lfi, k‘j) Cm(’%, lj,):|

Cor(lir kj)  Coallin, 1)
g | EO BB (ky ky) 66z p2 I (R, Ly
—€03 " p3 im0y (I y) €0 p2 Ut 2D Oy (U, 1)

= det (—7'(m, m)),
for T of (23) with 4,5 = 1,...,s and 7,5’ = 1,...,t and where m = (k,1)
ie. m; = k; and my 4 = ly. But m is a P-subindex of length p for some
sufficiently large P so that we may apply Proposition 5.2 for sufficiently large

P by truncating the partition function to any finite order in p to obtain the
result. Finally, convergence on D? is guaranteed by Theorem 2.1. [J

5.2 The Genus Two n—Point Generating Form

Similarly to the genus one situation (77), we define a genus two continuous
orbifold generating differential form by

g E} (X1, Y15+ s Ty Un)

L !
=7y} m W 207 g T, 2 T g T w, p) [ [ da? dy;

i=1
(88)
Recalling (14), (20), (21) and (25) we define matrices
S® = (5(2)(%’»%‘)) ;o Sk = (Sk(®i,95)) (89)
H = ((h(x) (k.a), H = ((Ry)) (1.b))"-
S®?) and S, are finite matrices indexed by 4,7 = 1,...,n; H is semi-infinite

with n rows indexed by ¢ and columns indexed by £ > 1 and @ = 1,2 and i
is semi-infinite with rows indexed by [ > 1 and b = 1,2 and with n columns
indexed by j.

We can now state the second main result of this paper.
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Theorem 5.3 The generating form (88) is given by

62 1] v sonn) = 28 1] (o) e
(90)
for n x n matriz S@ of (89) and Z‘(/;) [ 7] (7w, p) is the genus two twisted
partition function (84).

Normalized relative to the genus two partition function, the 2-point function
for ¢ and ¢~ is thus given by the Szegd kernel and more generally, the
generating function is a Szeg6 kernel determinant. This agrees with the
assumed form in [R] or as found by string theory methods using a Schottky
parametrization in [DVPFHLS] and in the genus two e-sewing scheme [TZ2].

In order to prove Theorem 5.3 we firstly note that similarly to Proposi-
tion 3 in [TZ2] we have

Proposition 5.4

S, —¢HDY

det | 2
e[HT [-T

} = det S® det(I —1T), (91)

with T, D% of (23) and (24). O

We also note the following generalization of Proposition 5.2. Let S,U,V, R
be nxn,nx P, Pxn and P x P matrices respectively. For m, a P-subindex
of length p, we let

Um) = (U(i,mg)), i=1,...,n; s=1,...p,
Vim) = (Vomeg). r=1L.pij=1l....n

We then find

Proposition 5.5

det {V I PJ ZZdet { S ) R (Iflr)n)} (92)

where the inner sum runs over all P-subindices of length p. [J

27



Proof of Theorem 5.3. Repeating the notation of the proof of Theorem 5.1
B
we find that G\ (1, ..., yn) [T, dz; 2dy; ? is

2NN " ey (— ) p M 2D [Q] (W7 @n 07 g Wk w; UL K, 05)
k,1

with € of (86). The expansion technique described in Proposition 4.5 implies

Zy;) [fl} (6F sy Wl 1w W LK), 0: ) [ e dy?

g1 paiey
f ‘\Sﬁ(xl?yj) dl(wzak) d?(xlal)
= & Z‘(é){l} (e",wie ™, 0;q) det | di(y;. k) Cu(kk) Cnk1l)|,
an do(y;, 1) Con(Lk)  Coa(L])

for €5 of (87) and dy(z, k), dy(y, k) of (17) and (18). Absorbing various factors
as before we find

‘gﬁ(xlayj) dl<w27k) d2($17l)
(_g)p(_1)t9§—spwt[‘1/]+ﬁ(s—t) det 611 (y;, k) Cin(k,k) Cia(k,1)
d2 yj7 l) 021 (1, k) 022(1, ])

S.  —&(HD”)(m)

= det [(ET) (m) —T(m, m) ’

for m = (k, 1) as before. The result follows on applying Proposition 5.5 and
followed by Proposition 5.4. [J

5.3 Bosonization

We may compute the genus two twisted partition and generating functions
in an alternative way by use of a bosonic basis u ® e” € V3, for u € M and
v € Z + k. In particular, we can immediately exploit and extend the results
for lattice VOAs in [MT3] in the light of Section 4 above.

Let us firstly recall from [MT2, MT3] the following definitions:

Py(1,2) = p(T,2) + Es(7)

S TN SHEIUR &
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for Weierstrass function p(7, z) and Eisenstein series Ej (7). We define Py (7, 2z) =
—%GZP;C(T, z) for k > 2 and for k,1 > 1

k+1 (k+l_1)!
Cthbr) = GO G gy B ()
L (k+1=1)
D(k,l,7,2) = (=1)"F (k:—l)!(l—l)!PHl(T’z)’
pF2 Dk m,w) Ok, 1, 7)

R l) = === "Cli1.r) Dk, 7 w)

Theorems 5.1 and 5.6 of [MT3] tell us that:

Theorem 5.6 The genus two partition function for the Heisenberg VOA M
in the p sewing scheme is

23 (ryw, p) = Z3 (7) det(1 — R)™V2, (94)

where Zj(\})(T) = 1/n(q) is the genus one partition function. Z](\? (1w, p) is
holomorphic on D?.

Theorem 6.1 of [MT3] concerns the genus two partition function for a lattice
VOA. We obtain a natural generalization for a twisted genus two partition
function defined by

Z0(rw,p)= Y ZM (W, w;9,,05q) (95)
U, eM®e?

for p,v € C where the sum is taken over a M ® e” basis, ¥, is the square
bracket Li-Z dual and the summand is a genus one 2-point function (72) for
M. We find that

Theorem 5.7
Z3) (7w, p) = Um0 70 (7w, p), (96)

where §2 is the genus two period matriz.

Proof. The proof follows precisely that for Theorem 6.1 of [MT3] by use of
a bosonic Fock basis and by applying Propositions 4.1 and 4.3. [J

We are now able to compute the genus two twisted partition function (84)
by use of a bosonic basis to obtain
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Theorem 5.8 The genus two twisted partition function for Vz on a Riemann
surface in the p-sewing formalism is given by

a
7 E } (7,0, p) = 0 { B} (@) 29 (r,w, p), (o7)
for genus two Riemann theta function (1) with characteristics oy, g = K, 1, Po

of (82) and where Zﬁ)(T, w, p) is the genus two Heisenberg partition function.

Proof. Let ¥, = u® e” € V3, with square bracket Li-Z dual W,. Then
Uf2\1]u — 621'7”/52\1]”7

from (81). Furthermore,

Z‘(/IZ) |:f1:| (\I/V’ wj @l’? 07 q) - Z 6271'7"“61 1 \IJV’ w; ‘Ill/’ 0 q)

1
g MEZ+an

Thus altogether we find

Z‘(/ZZ) |:£:| (7', w, p) = Z Z e2m’,u,31 €2iﬂyﬁ2 Z Z,sl) (\I/,,, w; Eua O; Q)

WEZ+a1 VELAK W, eMQe?
_ 20114+ 2uvQ12+12Q 27 +v (2)
— E § 7 (p?Q11+2u0Q 2 22) o 2mi(u1 /32)Z (T, w, p)
WEZA+a1 VEZA+K
(%

= ¥ M Q) 22 (r,w,p). O

Comparing with the fermionic expression (84) and noting that

[

2

inB 3?7 YISl re kL e™Bp 2 1 o

et 2 g e o0 = (5as) e (b))

(98)

we obtain a genus two analogue of the classical Jacobi triple product identity

for the elliptic theta function (separate to a similar identity shown in [TZ2])
as follows:

Theorem 5.9 The genus two Riemann theta function on DP is given by

o[ e ()

2

" {0‘1} (kw,7)det (I — T)det (I — R)?.

=
=

A
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_ 1,2
Since R, T — 0 as p — 0 then 9 [§] (Q) ~ ez~ (;(Z;?T)Q S (51 ] (kw,T)
to leading order in p as discussed in greater detail in [TZ1]. As suggested

in [R], we also remark that Fay’s Trisecant Identity at genus two follows by

comparing the generating function G [g] (1,91, - Tn, Ypn) of (88) to its
form in terms of a bosonic basis. We do not give the details here.

5.4 Modular Invariance

We lastly consider the modular properties of the genus two partition (84)
and n—point generating (90) functions for the rank two fermion VOSA.
In [TZ1] we proved the modular invariance of the genus two Szegé kernel

S [fjfé;] (z,y|T,w,p) of (25) under the action of a particular subgroup
L C Sp(4,Z) and verified that (4) holds. We also showed that det(/ —T) is
modular invariant.

Let us recall the relevant definitions used to describe L [MT2]. Consider
the Heisenberg group HcC Sp(4,7Z) with elements

1 00 b
a 1l b ¢

:u(a’a b7 C) = 00 1 —a (99>
000 1

H is generated by A = 1(1,0,0), B = 1(0,1,0) and C = p(0,0,1) with
relations [A, B|C™2 = [A,C] = [B,C] = 1. We also define I'; C Sp(4,Z)
where I'y = SL(2,Z) with elements

aq 0 b1 0
0 1 0 0

M= ¢ 0 dy 0 , aydy —biep =1 (100)
0 0 0 1

Together these groups generate L = HxT; C Sp(4,7Z) with center Z(L) =
(C) where J = L/Z(L) = Z?xSL(2, Z) is the Jacobi group. From Lemma 15
of [MT2] we find that L acts on z = (1,w, p) € D of (9) as follows:

wla,b,c).x = (1,w+ 2miat + 2mib, p), (101)
a7+ by w p

xT = : 102

e (017+d17 017'+d17 (ClT—f-dl)z) ( )
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Note that the Jacobi group J acts properly on D”.

The genus two partition function Z‘(/Z ) [ch ] (T,w, p) is not single-valued on

; lf‘\'/ . .
D’ due to the (e™5p K(w,7)7?)? " factor in (84). In Section 6 of [MT2] a
detailed description is given of the logarithmic function

I(z) =log (_K(L) , x=(1,w,p) €D’ (103)

T,w)?
In particular, we describe a covering space Dr with projection p : Dr — Dr
where p(Z) = (7, w, p) on which [ lifts to a single-valued holomorphic function
[ : D» — C. Furthermore, L acts on D* with p(v.x) = v.x for all v € L
where [MT2]

~ ~

l(u(a,b,c).z) = I(T)+ 2mia*T + 2aw + 27wi(ab + c), (104)
Tnd) = 1) - e 9 (105)
- N 27TZ'C17'+d1'

Thus, we may lift Z‘(/? [5] (1,w, p) to a holomorphic function 2‘(/22) [5} (Z) on

ey ; le2 . . T~
D? where the factor (¢"Pp K (w,7)7?)> " is lifted to exp <%/@2 l(a:)) and the

remaining single-valued terms of Z‘(,2Z ) [g} (1,w, p) lift trivially.
We next define an action of L on the automorphisms of (81)

AT dhe 1 [A] [
fa ot £ 9045 fo fa
abo). | 2| = AL N LY R IS IO
ulasb,e) 1o 9105 g gl (106)
g2 g2 g2 g2

This action is compatible with (6) and it is straightforward to confirm that
the defining relations for the generators A, B, C' are satisfied. We may also
determine the L action on the multipliers 6;, ¢; of (82) merely by replacing
fi,g: in (106) by 6;' ¢!, respectively, and o by —1.> We thus define a
canonical action of v € L on the genus two partition function as follows

7 [ﬁ } (@) = 2% <7. B D (v.3). (107)

3We note that the action quoted for the C' generator in eqn (112) of [TZ1] contains an
erroneous minus sign

v
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In [TZ1] we showed that det(/ —T') is invariant under the modular group
L (with L acting on the multipliers 6;, ¢; as in (106)) so we need only prove
modularity for the following partition function factor

F E ] (3) = 2P exy (%Fﬁ 7(55)) %79 {%j (k0 7).

We first analyse the action of the I’y = SL(2,Z) generators S = (% {) and
T = (§1). We note that

0[P w-2)-0) = (mimptermenemstetinny |9 o, ),

9 [51 _0;11 B l] (kw, 74+1) = e~ miloitan) g [gj (kw, T).
2

Employing (105) it follows that
IR A g

Y g g
for S, T multipliers

@ =xI|or|l] @,

g g

S T

f} —2mia B |:f:| —mi(a?+a +L)
S) = e [ = 1T I3

Thus it follows that Z(; ) [7] () is invariant under all 4, € I'y up to a multi-
plier x [/] (71) generated by S, T.

We next consider the action of the Heisenberg group H. From the defi-
nition of the theta series and using (104) we obtain

9 [%1 : Z:j (k(w + 2miaT + 27ib), 7) = e~ (miTa® taw)r® o—2miarfi g [gj (kw, T),
1 —~

1~ R . . R
exp <§/€2 l(u(a, b, C)l’)) — €(7T’L7'a2+aw+ﬂ'lab+7rlc)f§2 exp (5/12 l(l‘)) ]
Furthermore, from (106) we note that

1
p(a, b, c).fe = Po+ aby —boq — ck + §(ab — ).
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These results imply that
7[J
g

X {ﬂ (1(a, b, c)) = e 2mibarrgmilabe)r(ntl)

@ =x ' wan.onr 7] @,

n(a,b,e)

for multiplier

Thus, altogether we have shown that

Theorem 5.10 Z(,Z) [g] (%) is holomorphic on D* and is modular invariant
with respect to v € L with a multiplier system:

22|l @[]zl @.

g )

These modular properties and multiplier system can also be confirmed
by comparison to the modular properties of the genus two Riemann theta
function expression of Theorem 5.8 using results of [MT2]. In particular, the
multiplier x [/ ] (1(a, b, c)) arises from the genus two theta function and can
be easily independently verified.

Finally, in [TZ2] we showed that the Szegé kernel is modular invariant

o

under L so that we conclude that the genus generating function Q7(L2) [5 ] lifts

to a modular invariant form on D? with the same multiplier.

6 Appendix

6.1 Proof of Proposition 3.5

To prove (59) we consider the coefficient of z; ¥ 7 of the Jacobi identity
(58). Using (26) and (27) we have

—af
21— 2 21— 2 —p—
%" ( 12’0 2> 5( 1Zo 2) B Z(zl _ZQ)T_QBZOT trad

rez

Thus the coefficient of z; ¥ '™ arising from the first term on the left hand
side of (58) is

(21— 2)" " V(e e, )Y (v@e’ z).
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A corresponding term arises from the second term on the left hand side
of (58). On the other hand, by lower truncation (30), only finitely many
negative integer powers of zy occur in

Y (u® e, 2) (v e,

so that (59) holds for N > 0.
Apply the operators of (59) to the vacuum vector together with transla-
tion and creativity to find
(21— )Y (21— 22) P2 VY (W@ e, 2 — m)v @ e’
= (21— 2)" (n—2) P el DY (V@€ 2 —z)u®e
Hence (60) follows for z = z; — 2.
To prove (61) we consider the action on w ® e of the vertex operators

appearing in the generalized Jacobi identity (58). The first term on the left
hand side of (58) gives

Vuee,z1)Y (v n)wee = 22D 5 A1) B(2e)w @ TP, (108)

for A(z1) = Y_(a, 21)Y (u, 21) Yy (@, z1) and B(z) = Y_ (3, 20)Y (v, 22) Y (B, 22).
We note that A(z1)B(z)w®@e*™ ™7 =3, - A(k)2y B(22)w®e* P+ for some
operators A(k). Furthermore

—ap
2 — 2 27— 7 r—a _ _
Zol( 120 2> 5( 120 2) ZeraB ZZ( ) B>(_Z2)szo r+af Lyrhes

reZ s>0

_ ~N-1 N+k+
= E 21 T (20 + 29) of,
Nez

Thus the coefficient of z; ¥ "7 of (108) is

(20 + 22)N P20 A(zg + 23) B(22) w @ 0+
= (204+2) " V(e 2+ 2)Y (v® e’ n)wee.

On the other hand, the second term on left hand side of the Jacobi identity
gives

— 2\ —
_Zo—l (22 21) 5(22 21) y(v®eﬂ,22)y(u®6a,21)w®67

20

NG _
s (22 Zl) 5<—22 Zl)ﬁ%ﬁaﬂ) B(2)A(z1) w ® et




The coefficient of z; V™" of this expression vanishes for N > 0 by lower
truncation.

The right hand side of the Jacobi relation gives

B B aa(0)
zgla(zl ZO)y(y<u®ea,zO><v®eﬁ>,z2> ( ) we

%) 29
21—20\" (21— 2
:Zz_l(l O) 5<1 O>y(y(u®e°‘,zo)(v®eﬁ),22)w®67.
Z9 Z9
But
271 (Zl _ Z0>OW5 (Zl — ZO) _ ZZ <T + O‘V)( - >52T75+a’)’z*7”701’7*1
= —Z0
; 2 22 reZ s>0 o ' ?
= ) VT (g 4 )V
NezZ

Taking the coefficient of z; V' of this expression leads to the result.
Finally, (62) follows in the usual way for a VOA an substituting v = 0 into
(58) O

6.2 Proof of Proposition 4.1

We first show that the general intertwining n—point function can be written
in terms of a 1-point function:

(8% [ , Z1n } Vet 2] ) (109)
(V[e™, 2. Y[e™, zl1;q) (110)
[2

where Y[ef, 2] ... V[P, z,]1 € M[[z;, 2] since Y1, B; = 0. Using (47),
(54) and (57) with A(a, ¢;)e? = ¢** Ve we find

Z&l) (eﬁl,zl;...;eﬂn,zn;q) = Z(1
zW

ZW (e, 215 e 21 q)

= Try <e*aqy <q1 e 1,q1) LY (qﬁ(O)eﬁn’ qn) qL(o)—1/24eaa>

= Try, (y (qlL(O)-&-aa(U)eBl’ q1> LY (qFOFee e o) ng(o)—1/24> .
Define the “shifted” conformal vector w, = w — aa(—2)1 with modes [DM]

La(n) = L(n) + a(n + 1)a(n),
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which satisfy the Virasoro algebra with central charge ¢, = 1 — 1202 so that
(M, Y,1,w,) is a Generalized VOA of central charge ¢,. Noting that

1 Co
LQ(O) - ﬂ = LO&(O) - ﬁ?

we thus obtain (cf. Proposition 9 of [MTZ])

ZW (€M, 215 €™ 20q) = Try (J’ (qfa(o)eﬂl,m) V(g0 ) qL“(O)‘C“/24> :

Since we are tracing over M, we may consecutively apply the standard form
of associativity to obtain:

Trus (Y (y (qf“(o)eﬁl, 4 — qn) Y (qﬁa(o)eﬁz, g — qn> -
(P ) )

= Trar (Y (ghe OV [e™, 200] - V[ 2] €™ q) gPeO7c/21) | (111)

on using
g 5OV, 41) g2 = Y(g e g 1q,),
and where
V[ehe], =V (a0 q. ~ 1),

denotes the square bracket vertex operator for the shifted Virasoro system.
But (57) together with the identities

A(=a,g2)gi” = ¢fOA(=a,1),
A(—a, 1)y [eﬁ,z}aA(oz, 1) =Y [eﬂ,z] ;
imply that (111) becomes the 1-point function (109). (110) follows since
o(Y [661, 21} LY [eﬁ”, zn] 1) = oY [651721} LY [65"*1, Zn—1:| eZ"L[_”eﬁ")
= o(ez”L[’l]y [eﬁl,zln] LY [eﬁ”*l, zn,m} 65")
o(Y [6’81, zln] LY [66"_1, Zn—lnj| 6’8"),

and since o( L[—1]u) = 0 for all u € M [Z1].
As in the proof of Proposition 5 of [MT1], by applying the identity (52)
we find that (110) is given by

B a[_m] - m .
H Zfsﬁ Zél) (exp <Z - ;ﬁzzi ) 1,q> .

1<r<s<n m>0
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Proposition 3 of [MT1] gives

Zél) (exp (Z a[;lm] iﬂzzlm> 1;Q>

m>0

73 exp (aZﬁizz) Zy (eXP(Z % Zﬁizim)l; Q> :

i=1 m>0

Finally, Proposition 4 of [MT1] gives

a[-m] < o)\ PP
Zo(eXp(Z [m ] Zﬁizzm>1QQ) — L H (%) .

m>0

The proposition follows. [
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