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Abstract. We derive equations for the homogeneous higher grading affine Toda models and
propose corresponding solutions. The main example of the homogeneous higher grading sine—
Gordon equation is discussed.

1. Introduction

The Lie-algebraic way to construct non-linear exactly solvable models in classical regions is
very well known and elaborated [10]. Applying the zero-curvature conditions on elements
of connection containing Lie algebra generators in appropriate grading subspaces, we obtain
systems of equations of motion associated to a specific Lie algebra. In [4] the higher grading
generalization to the conformal affine Toda models was considered. Elements of the higher
(then number one) grading subspaces are taking into account while connection elements are
constructed. The main example of [4] is the principal grading case. In this paper we consider
an alternative, the homogeneous grading case. We derive the systems of equations generalizing
the case of the sine-Gordon equation and provide quantum group solutions.

2. Homogeneous higher grading generalization of the affine Toda model
We start with the equations (23-26) of [4] (see subsection 6.2 in Appendix). Consider the case
[ = 1. In the principal grading we obtain from (23) the sin—-Gordon equation. Recall that In the

homogeneous grading of G the grading subspaces are G, = {H " E:Té} We take
Ey=E}+E', E,=FE'+E. (1)
Consider a particular case when we parameterize the group element b as
b=’ (2)
Then, substituting (1) and (2) into (23-25) we get the following system of equations
0L =€ (6_2‘Z> — €2¢) , Orv = —e (ew + e_2¢’) , 0+m =0,
i.e., in the first equation is again the sine-Gordon equation. The solution to the field ¢ is then
the standard classical solution (28), [12] (see subsection 6.2 of Appendix).

Now consider the case [ = 2. The equgitions corresponding to the principal grading can be
found in [4]. Here again we take b = e?"’" though it this is not the most general choice of the



group element parameterization since it does not contain dependence on the E{ elements from

g, i.e., we have send corresponding fields near those generators to zero. Let us also put
Ffr=rTH' + f{EL + fTEY, Fy =w H'+ ffE'+ fCE-L
Then the system (23-25) gives the following system of equations:

Ordp=e (720 —e2?) + e (fFfre 0 — [ fle?),

O4v = 2e" (€2¢ — e_2¢) + e (—2/{'%_ + f:fiez‘i’ — fjf;e_w) , 0+n =10 (3)
Ok~ = —¢ (fje_% — f_te%) , O_kt =en (f:e_2¢ — f;e%) ,
Opfy =2e"kT, O_fF = —2e"k™, 04 f7 = —2e"kT, O_fT =2e"k", (4)

effkT =rTfD, effh™ =rTf.

The formal general solution to (3-4) age given in [4]:

bt —go_Miluiuo|A)
e ero <A0‘/,L_T>1M_|A0>m1’ (5)

for the ¢ field and for the F li elements
. . (b7 —do; - -1 _ .
(I Jisi) = 5 (0000, ((ilagb (1) ™ Tt lis))
In the homogeneous grading case, taking into account the parameterization of b element, we get
(UFF151) = 290 =), ((1]efo HetH =601yl [151) )

Here we have made use of the properties of the i-th fundamental representation (corresponding
to the homogeneous grading) of the Lie algebra sly. Thus, using (5) we get

(Nolp ! | AG™)
(Ml | A

(1[F|151) = 2% =), <<1ru;1u_|1; 1)

3. Dirac equations _
Let’s switch notations similarly to Dirac field components, i.e., ¥p = fi', Y = f{, Yr = fr,

Y1 = f~. Now use the extra conditions (4), substituting them into (3). Then we see that the
second summands in the first two formulae in (3) vanish, i.e., the final equations are

040_¢=e (e — 62¢) , 040_v=2¢e"(e** — e ) —2e"T KT, 040-n=0, (6)

i.e., equations (6) do not differ much from the corresponding equations with [ = 1.
Now suppose that n = 19 = const. Then substitute the last four equations of (??) on f =
fields into the first two on x* fields. Then we get

D10 _1pp = 2e*1 <1ZR6_2¢ - @Z)R@Qd’) . 010_tpp = 2% <1ZR6_2¢ - %Z)Re%) ; (7)

D4 0_1py, = 2€*m0 (?ZLfi_Q‘ZS — ¢L62¢) . D40_1py, = 210 (@ZLe_Q"ﬁ - 1/JL62¢) , (8)
that can be rewritten as

040_wr =0, 0,.0_Tp = 2e*Mwp (e_2¢ — e2¢) , 040_wp =0, 0,0_11, = 2e*Mwr, (e_2¢ — e2¢) ,

- - (9)

where wr 1, = YR 1, +YR L, TR, = YR, —¥R,1- The upshot is that using such a parametrization
b= e?H’ we arrive at three systems of sine-Gordon like systems when 7 is a constant.



3.1. 1 = 2. The general case
Let’s consider such b € Gy that involves all generators of the Gy in the homogenous gradation.
Take for instance b = e%+54e?H’ o9- EE, Then for [ = 2 the equations are

D4 (0-bb1) + 0,0_vC = €*" [E_g,bEob™ | + [Fy,bF{ b7, (10)

O_F = ¢ [Ea, b Fyb], 0y F] = —¢" [E_o,bFb7], 9:0-n=0, (11)

where F)" = ktH '+ fIEL + f*EY Fy =k H'+ fy EZ' + fZE~'. Let us take k't = x_ = 0.
Then we have

04 (0-¢+ ¢10-¢_) = €™ [e720(1 = ¢2) — € — 29,.¢_)]

+en [e7 (1 = T[T + F26%) —2ff f2 o6y — [ f2 e,
040_v =2 [—e20(1 — ¢2) — €* — 2, ¢_)]

e [e720(f5 = L2 (fy + F20%) = 2f L f2-04 — fLF2e*],
04 (04 — 2(0-9)ds — $3(0-¢-)e %) = €™ [20e2%(1 = ¢2) — 2¢_]

el [<2f7 (e (fF — f{62 )by — o-f1],
0+(0-¢—e72%) = 1 [204e720(1 = ¢2) — ¢_] + €7 [2f (e 2(f — {02 )by — o f1],

8+8_77 = 0,
(12)
Orfy = [2(=fLo— +e2(f{2 + [To4], 0nfZ =" [2(=f{ o+ > (6% + [T 4]

e ([ + D)1+ 7)) —2fF -1 — ffe** =0
(13)
O_ff=el[-2(—p_e2(fL — 2 f2) — o f2],0-fF = [2(—p—e2?(fL — 2 f2) — o+ ],

—e ([T — LS+ 2)e [+ G - =0,
(14)
When 7 # 0 and £~ # 0 the system of equations is more complicated.

4. Solitonic solutions from general solutions

In [12] it was shown how to extract solitonic solutions from the formal general solutions of the
affine Toda field equations. Let’s take '735 = 1 in (28) to be a constant function. Then the
mappings p+ are pi = ,uoiezigi with pd being some fixed mappings independent of zx. Next
take £4 in (30) as &+ = E + Zl]\?il cﬁEi ~ where E4 are elements of a Heisenberg subalgebra
of G , namely [E4,E_] = QC. One can consider principal of homogeneous Heisenberg subalgebras
for that purpose. In this paper we only deel with the principal case while the homogeneous case
will be discussed elsewhere. Thus, we arrive at a special solution to (27)

T E 0, z4+E41y.\(1)
—BAi-d — —Bhido DNl ETE p0TEEL|N;)
€ T T W (R [P W0 T EEE [n) (D) (15)

In order to compute these solutions explicitly we have to remove £i-dependence from (15)
moving &4 to the right and £_ to the left . Then we should find such a pg = Hf\; 1 eYi so that



V; would be eigenvectors with respect to the adjoint action of £, i.e., [Ex, V] = wgz)Vi. Then
it turns out [12] that resulting expressions provide us with solitonic solutions to the equations
under considerations while parameters wgz) characterize solitons.
5. Quantum group soliton solution for sine—Gordon in homogeneous grading
As in [11] one can show that the affine Toda models are co-invariant with respect to the light-
cone quantization. Namely, the equation of motion are preserved in form though a standard
normal ordering has to be introduced as well as some infinite constant comming from quantum
versions of Lax pair to generate equations using Lie algebra elements in quantum case. At the
same time infinite constants do not appear in final formal solutions to the light-cone quantized
versions of equations. In order to find quantum solutions, one has to replace [3], [8], [9] group
elements as well as state vectors formal general solutions by their quantum group counterparts.
In this subsection we write examples of quantum group solutions to the quantized affine Toda
model in the specific case of the higher grading sine-Gordon equation (the cases | = 1,2,3).
Recall [13], that the homogeneous grading subspaces of Uq(sAlg) are qé\o = {K,v,zd, 75},
n = {ZL‘;’;,:E;,CL”,R € {Z_O}}

5.1. The casel =1
From the commutation relations for z;X and a,, (see subsection 7.1 of Appendix) it follows that

in this realization of the quantum group Uq(sAlg), the generators z-, a,, € G, ZL‘(j)E € Go. The
solution

e BNG — o= Bg0 (Agle IRt 1T jAy)
(Aple™ @15+ Q9= 17— |Ag) "

where [Ag) = [1®1), |A;) = |[1®e?) and the homogeneous grading quantum vertex operator is

Tk X 4. 5k a (8 +4)
¢—6mp<2 e ¢ >€xp<_kz ¢ >®62( 7*¢) 2
=1
Using the fact that [5] [ag, -] = q2 Ck d_k >0, [ag, -] = q_%%gfk, ¢_,k >0, we

commute exp(—ajzy) with exp(Q¢-) to the rlght and exp(Q¢_) with exp(a_1z_) to the left.
The commutation of exp(—ajz4) withexp(a_1z_) gives exp(—z4+2_[2])). Thus it follows that

7 _5 _
<Aj|€—a1z+eQ¢7€a1zf|Aj> — <Aj‘egjp (Qe—q2z+4—q 22_¢ 1¢_> exp (—Z+Z_[2]) ‘A].>7

(recall that exp(—ai1z4) and exp(a_12—) act on |A;) and (A;| as identities). Then we

7 -5
expand exp [ Qe 92#+¢—9 22-C 1¢_ as a series and apply the action of powers of operators

o0
exp (z ?Qkkq% ) and exp <— k;l [‘;l’aqszkg“_k), to the left and to the right. Powers of
operators ¢_ act on the second part of tensor product as follows:

(6-)" 1@e?) = (=¢°) ) (0 ) 1@1) = (¢ T 1),

Thus we have

itn a(ntl)

1®e

7 _5 _ n .
(Aj|efz+z,[2] ,.h(Qeq?Z*(q 2. ¢ 1> (—q C) |1 ea(L2+1)>

1

6_B>‘j'¢ — e_ﬁ)‘j'¢0

an

7 _5 “\" 1
H(Qe—q22+<—q e 1) (O™ "7 [1we ¥ )™

)1

7 ~5
<Ao|ez+z—[2]ewp<Qeq7‘z+(q ?“”Z—“(—cﬁo%)( 0¢)' "2 @eap(? ) |A0) ™

18 ﬂMg

<A0‘6_Z+Z*[2]

Il
_

n

7 _5 v (16)
(Aj|e*2+z_[2]ezp <Qeq7 z4C—q 2, ¢ 1 (—‘ISC) i > %@e:ﬂp(e

NR

= e~ BAi¢o




In the limit ¢ — 1 we obtain ordinary soliton solutions.

5.2. The casel =2 _
As in [13], if we put (;5;%1 =0, then F+ = a+s +a+1, and one can integrate the equations for ,u+

to obtain quy(2F) = qui(O)e(“ﬂ*“ﬂ)zi. Then the quantum soliton solution to the quantized
(3) is

-~ -~ a a P a a z-
o—BA(=T.27) .. p—Bdo(zt27) . g(Afelat1ta2)=T g)ela—1ta—2)27 Ay,
a(Aole(@+1Fe42)=T p0)elr—1F9-2)"7 )

where 414(0) should be chosen the same as in [13]. Then we have

9| Ay)q
9| Ao)q

6‘ﬂ$(z+,z_) = 6_550(2+,2_) : altale” Zezp( —bte W2~q<I>(C))e§
¢(Nole™ 2 ezp( —1)%a+1Q VVQ'q‘I’(O)e7

l\.’:\»—‘ w\»—‘

—Bdo(zt z—) . 1+iW- 1
= e ﬁfi)o(z 4 )71t7;w§8€27

2
where Wy = exp (Z %%Ckzﬁ -3 ﬁ“[gc_kz_) Similarly,

AU |151)g = %0 —2)

a a 2t a a z
%, <1‘e(a+1+a+2)z+ M(Q)e(a71+a72)z_’1; 1), X g (Aqfel®+1Fo42) +qﬂ(0)€( —1te—2) 7|A1>q _
! / T g(Aolelritar2)=T yo)ela—1+a—2)27 00,

Thus,
AUF[151) = €20 =9

X 04 <q<1|e(a+1+a+2)z+6_%ea}p (i(—1)3a+1Q Wy - q(I)(C)) 6%4‘%8&6(0]—14’&72)2_ I1; 1>q

L alhile” Teap(i(=1)%+1Q Wz-q<1>@>)e‘z‘<%f’a|m>q>
o(Aole™ % eap(i(—1)Pat1QWa-g®(C) e 2% Ag)q

Finally,
JLFT|11), = 2% —Dp,, ((1 +iWLQ2)) - ;%&—;) _
5.3. Case [=8
The states
m+1 m+1 . .
|A0>(m) = | kl:ll A (m—Fk) ® 1>, ’A1> = ‘ H a_(m—k) ®ez> |A0>( ) — |A0>, ’A1>( ) — |A1>’

are annihilated by the action of G,,n > m. Therefore for F%‘ we have

3

3
W (Aqle I Qo 2 Ay (™)

7 =5 3 — 3 agz
= W(Ayfexp (Qeq“*cq all lqﬁ_) exp (—z+z_ > le][k]> e =10 A,



3
— > akz+

Action by the operators e *=1 on ]A1>(m), m =1, 2, 3 we get for instance,

3
T

e TIAD® = [AD® — 24 (Ch + a_z)[AD)D + 22C1Co|A) D)
where C}, = %[l{:] Then we expand e?- again and act on the states. Therefore we get an
infinite series over |A;)®), |A1>§2), |A1)® which contain Cy, (k = 1,2,3), z4 and tensor ®-part

(Oa+i)

due to powers of e%(—q3g) 2

6. Appendix

6.1. Affine Kac—Moody algebras

Here we recall facts about affine Kac-Moody algebras [7], [4]. Consider an untwisted affine Kac-
Moody algebra G endowed with an integral grading G = D, Z gn, and denote gi D=0 gin
By an affine Lie algebra we mean a loop algebra correspondlng to a finite dimensional simple
Lie algebra G of rank r, extended by the center C' and the derivation D. According to Tkac,
integral gradings of G are labelled by a set of co-prime integers s = (s, $1,...5.), and the
grading operators are given by

Tr (Hy)? C. (17)

1
Qs =Hs+ NeD — o

S

Here Hs =Y ! ;8,00 HY, Ny =Y, simzp, Y= m¥a,, mg’ = 1. HY is an element of
Cartan subalgebra of G; a4, a = 1,2,...r, are its simple roots; 1 is its maximal root; mff the
integers in expansion ¢ = Y _, mfoza; and Ay are the fundamental co-weights satisfying the
relation oy - Ay = 0gp-

The principal grading operator Qppa is given by (17) where Ny = h is Coxeter
number. Therefore Gy = {H?Ja = 1,2,...7;C;Qppal } G = {Eg(m),Ela(hfm)}, G =
{Ega(m),E;<Lm>} where 0 < m < h, and o™ are positive roots of height m. The element

B is parameterized as B = e H eV O enQppat — o-H' (7 C e"@rralwhere H? was defined in [4] as
HY = HY — —Tr(H HY) C = HY) - Q—QWC' andu—l/—fé ®, Wlthé—zz 133, and

Aq being the fundamental weights of G. Let us denote by H™ Ei, D, C the Chevalley basis
generators of slg. The commutation relations are

[H™, H"] = 2mC 6myno, [H™, E}] =+2E7"
[ET, E"l = H™"™ +mCépino, [D, T =mT™, Tm=H™ ET.

The grading operator for the principal grading (s = (1,1)) is Q@ = %HO + 2D. Then the
cigensubspaces are Gy = {H?,C, Q}, Gons1 = {E", E"*'}, n € Z, Gop = {H"},n € {Z — 0}.

6.2. Higher grading affine Toda system
In this and the next sections we recall [4] the affine Toda system consrtuction. Consider
a two dimensional manifold M with local coordinates z+. Up to a gauge transformation,

(1,0)- -component lying in (see subsection 6.1 of Appendix) @n 0 Gin and (0,1)- -component in

EBn 0 G_,, of a flat connection A in the trivial holomorphic principal fibre bundle M x G— M
(1 >0 is fixed integer) satisfy the zero curvature condition

Oy A_ —0_A, +[Ay, A_] =0. (18)



The components A are the following (we keep notations of [4])
A, =-BF"B !, A =—-0 BB '+F. (19)

Here B is a mapplng M — Gy (Gg is a group with the Lie algebra go) and F¥ (1<m <1-1)
are mappings to @n 1 Gin

-1
= FEy + Z Fy
m=1

where E4; are some fixed elements of G\il and Ff € Q\im, (1 <m <1—1). Substituting (19)
into (18) one arrives at the equations of motion

-1
0. (0-BB™) = [E_,, BEB'|+> [F,,BF B, (20)
n=1
l—m—1
o_Ff = [E,B ' F_ B+ Z [Fr.,., BV E; B, (21)
ot
-
0.F, = —|E_,BF, B Z [Frtm> BES B (22)

Since Qg, C € go then B can be parameterized as B = be" Qs ¢¥C where b is a mapping to Go,
the subgroup of Go generated by all elements of Qg other than Q)5 and C. Substituting B into
the equations of motion (20-22) one has

-1

0y (0-0b7) 4+ 0,0-vC=e"E_, bEDb | +Y e"[F,  bEb], (23)
n=1

l-m—1

O_F = eU"mE b FT b+ > eMELL, b E, b, (24)
n=1

l—m—
6+F7; = _e(l—m)n [E*l ) bF‘l—tm bt Z m+n7 bF+ b~ ] (25)
0+0-1Qs = 0. (26)
Now consider the case [ = 1. Let us parameterize the element B in the homogeneous grading
of G, [4]. From the equations (23-26) for an infinite dimensional Lie algebra G in the principal

grading we obtain the affine Toda field theory systems of equations

0:0-6+ % 3 (32 exp(Bai - 6) — § exp(~5-8)) =0 (27)
The formal general solution to the above equation was introduced in [12]:
e—Bhib — g—BAicho Wil ™ 1#11( Hp- ()Y e—Brirdo__ (DB~
(Dol (vg) =1 (2 )= (2-) (9 ) 1A0) D)™ (DB A0)M)™, (28)

The general solutions to the matter fields FijE may be written in the following form. For m =1
n (23-26) one has [4]

i k(6™ —o);

- (0l o0y
(i ‘F+|z i) = f+ = el= e, (<Z|“+1M—|Z;Z>W> .



Here |i;4) denotes an element of the Verma module which is result of the action of the lowering
generator on the highest state vector. The fact that (28) is indeed a solution to (27) may
be checked by using the representation theory of G. A map g : M — G appearing in the
gradient form of the flat connection Ay = g~ '0+g, may be factorized (according to the Lie
algebra decomposition G = G_ & Gy @ G4) by the modified Gauss decomposition g = pu—_vivy—
or g = pu4v—_yo+ with maps v+ : M — Go, pr,vr : M — G1. The grading condition
provides the holomorphic property of u4, i.e., they satisfy the initial value problem

O+ (24) = pa(24)Ex(21), (29)
M
Ex(zs) =D En(@F),  En(@F) = D ®F™(21)Xuq, (30)
m=1 aeA}t

with arbitrary functions ®2™(z.) determining the general solution to the system. Note that
the summations in (30) are performed over the set of positive roots A, of G =37 7 G, in
the subspace G,,.

7. Soliton solution for the sine—Gordon in homogeneous grading
Another way to construct soliton solutions [13] to the sine-Gordon equation is to consider the
formal general solution (27) in the homogeneous grading and to use vertex operators [7] which are

related to the homogeneous Heisenberg subalgebra of s/l\g Take the general solution (28) to the
affine Toda system (27). In the homogeneous grading the mappings v+ can be parameterized as

= —~
vyt = edPdecPee?o®0 | where d is the grading operator, c is the center of sl and xf are generators

of the subspaces ék corresponding to the homogeneous grading. The mappings p4 satisfy (29)

where k1 (2%) = ax1 + (bixf. In order to obtain a soliton solution we put ¢+ = 0, d)éc = 0.

Then the general solution reduces to
- - _ -1
eI — (A= p(0)e 5 |Ar) ((Bole™ = pu(0)e = [Ao) ) (31)

The following group element p(0) in (31)
N 15
p(0) =2 ] [ewp ((=1)%+1iQue(¢)) e G ] ,

generates an N—soliton solution. Here the action of the operators %8,1 and e? on the highest

vectors |A,) = [1® e2™), n = 0,1 is the same as in the case of Ué(gfg) [7] when ¢ = 1. The
operator ®(() is given by

0= e (e ().
k=1 k=1

and diagonalises the action of ayy, k € IN, i.e., [axy, ®(¢)] = ¢**®(¢). The product of two
vertex operators can be normal ordered as

D(¢1)2(¢2) = X () : ©(C1)P(C2) 1

where X (z) = exp(— Y #*"/n) = exp (log(1 — 2?)). When & = 1, X(z) vanishes which results
n=1
in ®(¢) - ®(¢) = 0. Therefore the exponential of ®({) operator terminates after the first order.



In the limit ¢ — 1 soliton—soliton, antisoliton—antisoliton and soliton—
-antisoliton scattering reduce to the classical case, i.e.,

_ 1 X@)

FH(C)F*(¢o) = 2 X (a1 F*(G)F*(¢),

where 2 = (3/(1, a,b denote soliton (antisoliton), and the factor 1/x comes from the

. o laa o laa .
commutation of e2(; = and e2(s; = operators. Therefore the vertex operator generating a
classical soliton solution is

F(O) = Q&(C) ef ¢

Taking into account the properties of the operator F({) we rewrite the solution (31) as

e—B(z27) — (M| (14+(=1)%2+1iQD(¢) )e 2 (27| Ay)

The antisoliton solution can be associated with the vertex operator
— a 15,
F(Q) = -Q ®(() ez ¢2™.

7.1. Quantized universal enveloping algebra U’q(s/l\g)
In the spirit of [2], [5], the quantised enveloping algebra U,(sl) is an associative algebra
generated by X, X, H with g-deformed commutation relations

XTX" =X Xt =(¢" ¢ (¢g—q "), HX* - XTH = +ox+,
It possesses a Hopf algebra structure with the deformed adjoint action
(adx+)qa = X*tagl? — ¢Flg"Pax*, (adp)qa = Ha — aH,

for all a € Uy(slz). Let us recall the second Drinfeld realization of the quantized universal
enveloping algebra Uy (sl2), (i.e., Uy(slz) without grading operator) [2], [6], which is a natural
quantum analogue of the algebra gl\g in the loop realizations. Ué(gfg) is an associative algebra

generated by {x,f,k € Z;an,n € {Z — O};'yi%,K}, where ’yi% belong to the center of the
algebra, satisfying the commutation relations

2k] vk —y—F +7-1 2 +
[K,a] =0, [ak,a] =5k,—lf[kh_7_1 . Koy K1 = ¢,
q—q
+ 2n In| + + _ ,Y(k*TL)/Qw n_,y(nfk)/Q(b "
[an’l‘k] = :l:[n}’}/$ 2 Ttk [‘rk "/En} = k;—q—l - ’

+ 4+ 49 4+ + 19 4 4+ +  +
LTy — @7 Ty =47 Tp Xy — LTy

The generators ¢ and ¢¥_y, k € Z, are related to a; and a_p by means of the expressions

> Ymz ™ = Kexp ((q D> akz"“>, > pmz™ = K teap (—(q -¢hH Y a—kz’“>, ie.,
k=0 k=0 k=1

- k —k
U =0, m < 0; ¢, =0, m > 0. Here [k] = qq:qq_1 :
It is easy to define the grading operators corresponding to the principal and homogeneous

grading of Ué(;l\g) by analogy with the grading of U;(G) where G is a simple Lie algebra. The




principal grading can be realized with the help of the operator D,z = %qK -1 (diq(K K _1)) K+

2)\%56, where x € Uq(s/l\g) and A is an affinization parameter. The power of X is denoted
by the subscript of Uy(sla) generators. Then the grading subspaces are quO = {K,~},
q§2n+1 = {z}, 2z, ,n € Z}, qﬁgn = {an,n € {Z — 0}}. The gradinAg operator for the
homogeneous grading is Dz = 2/\%13, so that the grading subspaces are ;G = {K, 7, xar L Tg }s
¢On ={z}, 2, an,n € {Z —0}}. N

The level one irreducible integrable highest weight representation of Ué(slz) can be
constructed in the following way [6]. Let P = Z§, QQ = Za be the weight/root lattice of sls.
Consider the group algebras F[P], F[Q] of P and Q. The multiplicative basis of F[P] is formed
by e2", n € Z. The F[Q]-module is split into F[P] = F[P]y & F[P]; where F[P], = F[Qle2".
The sly-module structure on the space W = Fla_1,a_2,...] ® F[P] is given by the action of the
ag, k € {Z — 0} and e®, 9, = ag generators in accordance with the rules

a(f@el) = (apf®e), k<0, ap(f®@ef) = (lay, fl®ed), k>0,
e (feed)=(f®e™P), du(f®e) = (a,p)(f®eP),
K=1®¢%, y=q®id

Then W is a Ué(s/\lg)—module. Its submodules are isomorphic to irreducible highest weight
modules V' (A,,) with the highest vectors |A,) = [1®eZ ), n =0, 1.
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