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Numerical analysis — Finite Element Method
» Mesh adaptivity
> A posteriori error estimates

» Discrete maximum principles

Mathematical biology
» Circadian rhythms

» Skin patterns formation
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Mesh adaptivity



UNIVERSITY OF

Mesh adaptivity



UNIVERSITY OF

Mesh adaptivity — hp version
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A posteriori error estimates = OXFORD

Error indicators x Error estimators

Properties Approaches
» Efficiency and reliability » Explicit residual
» Guaranteed upper bound » Implicit residual — Dirichlet
» Guaranteed lower bound » Implicit residual — Neumann
> Asymptotic exactness » Hierarchical
» Robustness » Postprocessing
> Locality » Complementarity

» Quantity of interest
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Discrete maximum principles OXFORD
—Au=1finQ=(0,4) x(0,2), u=0o0n0Q

Conservation of nonnegativity: f >0 = u>0
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Discrete maximum principles
—Au=1finQ=(0,4) x(0,2), u=0o0n0Q

Conservation of nonnegativity: f >0 = u>0

f(xi,x) = { (1) 1{2: j: ; i up by linear FEM
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Brandts, Korotov, K¥izek, Solc, SIAM Review 51 (2009), 317-335
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Discrete maximum principles
—Au=1finQ=(0,4) x(0,2), u=0o0n0Q

Conservation of nonnegativity: f >0 = u>0
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Negative values 10x magnified.
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Project StochDetBioModel

Marie Curie Intra-European Fellowship for Career Development

Scope:

» Analytical and computational methods for reaction-diffusion
systems [Cotter, Vejchodsky, Erban, 2013]

» Models with and without stochastic effects
[Erban, Chapman, Kevrekidis, Vejchodsky, 2009]

» Circadian rhythms — spatial aspects

» Skin pattern formation — unilateral regulation
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Circadian rhythms — chemical reactions %’ OXFORD
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Circadian rhythms — equations
Law of mass action:

dDa/dt = 04Dy — YyADAA

dDy/dt = —0aD)s + YADAA

dDgr/dt = 0rD — YRDRA

dDg/dt = — OgDk + YRDRA

AMa/dt = a/sD)s + aaDa — by, Ma

dMg/dt = Dk + arDg — dm, Mg
dA/dt = BaMa + 04D + OgrDr

— A(7aDa+YrDg +7cR + 64)

dR/dt = BRMg — ycAR + 54C — 0gR
dC/dt = vcAR — 64C

Initial conditions:
DA = DR =1 mol
DA—DR—I\/IA—I\/IR—A R=C =0 mol

UNIVERSITY OF




Circadian rhythms — equations
Law of mass action:
dEA/dt =04 — (0,4 + ’)/AZ)EA

D)y=1-Dg,
dER/dt =0r — (QR + ’}/RZ)ER
Dy =1-Dg

dMa/dt = o/y + (aa — &a)Da — Sp,Ma
dMg/dt = o + (ar — ag)Dr — M Mg
dA/dt = BaMp + 04(1 — Da) + 0r(1 — DR)
— A(vaDa + YrDRg +vcR + 6a)
dR/dt = BrMgr — 7cAR + 64C — 6rR
dC/dt = vcAR — 64C




@\ UNIVERSITY OF

Circadian rhythms — equations
Law of mass action:
dDA/dt =04 — (9,4 + ’)/AA)DA

D, =1—-Da
dDR/dt =0r — (GR + ’YRA)DR
DL =1- Dg

OMa/0t = oy + (aa — &a)Da — SpyuMa + diy, 0° Ma/Ox?
OMRg/0t = ag + (ar — Ar)DR — SpmMR + di,0° Mg /Ox?
A0t = BaMa + 04(1 — Da) + 0r(1 — DR)
— A(vaDa +YRDR + YcR + 6a) + dad?A/0x?
OR /0t = BrMg — YcAR + 64C — R + drd’ R /0x°
OC/Ot = ~vcAR — 6AC + dcd?C /Ox?

No flux boundary conditions
Concentration: Dy = Da/v, Dr = Dr/v, ... v =1 cell
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Spatial setting OXFORD

Cytoplasm Nucleus Cytoplasm
l l l |
1 1
Ba, Br Da, Dr
MA7 MR7 A7 R7 C

Cell size:

> Lceu = 10-100 pm
Diffusivities:

» Proteins:

da = dg = dc = 20000 gm?h~1 = 20000/L2 ) cell?h~?

(measurements [Nenninger 2010]: ~ 14 400-36 000 ym?h~1)
» mRNA:

dm, = du, = da/V/10

(mRNA is roughly 10x bigger than protein)
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Results + OXFORD

Leen =20 pm
Concentration R(z,t) Concentration C(z,t)
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Results %’ OXFORD

Leen = 40 pm
Concentration R(z,t) Concentration C(z,t)
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Results

time [h]

Leen = 60 pm

Concentration R(z,t)

time [h]
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Concentration C(z,t)
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R and C in cytoplasm only 0),43(0)23))

Cytoplasm Nucleus Cytoplasm
I I I I
R,C Da, Dg
BA? BR

A, Ma, Mg
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R and C in cytoplasm only — results = OXFORD
Leen = 10 pm
Concentration R(z,t) Concentration C(z, 1)
200
11150
é 100 é
50




UNIVERSITY OF

<’ OXFORD

FELE]

R and C in cytoplasm only — results

Leen = 20 pm

Concentration R(z,t) Concentration C(z, 1)
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R and C in cytoplasm only — results 0),43(0)23))
Leen = 30 pm
Concentration R(z,t) Concentration C(z,t)
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R and C in cytoplasm only — results %2 OXFORD
Leen = 80 pm
Concentration R(z,t) Concentration C(z,t)
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Skin pattern formation

Reaction—diffusion system:

ou ou

— =0Au+ f(u,v) — =0

ot in Q On on 0f)
@—5Av+ (u,v) @—0

ot ° AN on

Patterns for ﬁ <1
)
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Skin pattern formation OXFORD

Idea: add a unilateral regulation to the Turing's mechanism

Reaction—diffusion system with Signorini b.c.:

0
—uzdlAu+f(u,v) @:0
ot . on
in Q on 00
@—5Av+( ) >0@>0 @—0
ot 2 gl v Y=o = on T

5
Patterns even for (71 ~1 [Kutera, Vith, 2012]
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Skin pattern formation OXFORD

Idea: add a unilateral regulation to the Turing's mechanism

Reaction—diffusion system with unilateral source:

%zdlAu+f(u,v) %:0
t in Q2 n on 082
W _ s +g(u,v) +yv w_g
o = 028v+eg(uv)+av e
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Skin pattern formation

Idea: add a unilateral regulation to the Turing's mechanism

Reaction—diffusion system with unilateral source:

0 0
6—u:51Au+f(u,v) 8—u:0
a‘t/ in GC on 0f)
Bt = hAv+g(u,v)+ v an =0
Numerical experiments
f(u,v) = au+v — nuv — arguv?
g(u,v) = —au+ Bv + nuv + anuv?

[Liu, Liaw, Maini, 2006]
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Pattern formation — results
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Collaborators

» Philip K. Maini
» Radek Erban
» Simon Cotter

» Shuohao Liao — Higher-dimensional Fokker-Planck equation

» Milan Kucera
» Filip Jaros
» Martin Vath
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Outlook

Circadian rhythms
> Analysis of the spatial model

» Stochastic spatial model

Skin pattern formation
» Implementation of Signorini boundary conditions

» Another dynamics (Thomas system)
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