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Abstract. We construct quantum soliton solutions to the homogeneous grading case of the
affine Toda models, in particular, the sine-Gordon equation.

1. Introduction

The Lie-algebraic way to construct non-linear exactly solvable models in classical regions is
very well known and elaborated [10]. Applying the zero-curvature conditions on elements
of connection containing Lie algebra generators in appropriate grading subspaces, we obtain
systems of equations of motion associated to a specific Lie algebra. In [4] the higher grading
generalization to the conformal affine Toda models was considered. Elements of the higher
(then number one) grading subspaces are taking into account while connection elements are
constructed. The main example of [4] is the principal grading case. In this paper we consider
an alternative, the homogeneous grading case. We derive the systems of equations generalizing
the case of the sine-Gordon equation and provide quantum group solutions.

2. Homogeneous higher grading generalization of the affine Toda model

2.1. Classical case

We start with the equations (14-17) of [4] (see subsection 5.2 in Appendix). Consider the case
[ = 1. In the principal grading we obtain from (14) the sin—-Gordon equation. Recall that In the

homogeneous grading of G the grading subspaces are G, = {H " ?&} We take
Ey=F'+E', E,=E'+FE. (1)
Consider a particular case when we parameterize the group element b as
b= et (2)
Then, substituting (1) and (2) into (14-16) we get the following system of equations
O+¢p = ¢e" (6*2‘;5 — eQd’) , Oyv = —¢" (e2¢ + e*2¢) , 0+n =0,
i.e., in the first equation is again the sine-Gordon equation. The solution to the field ¢ is then
the standard classical solution (19), [12] (see subsection 5.2 of Appendix).

Now consider the case [ = 2. The equ?tions corresponding to the principal grading can be
found in [4]. Here again we take b = e?H" though it this is not the most general choice of the



group element parameterization since it does not contain dependence on the E{ elements from

g, i.e., we have send corresponding fields near those generators to zero. Let us also put
Fff=rTH' + f{EL + fTEY, Fy =x H'+ ffE'+ fCEZL
Then the system (14-16) gives the following system of equations:

Drp=e (720 —e®?) + e (fFfre 0 — fZfle*),

O+v = 2e" (62¢ — e_2¢) +em (—2I<a+l<;_ + f:fiew — fjf;e_gd’) , 0en =20 (3)
Oyk™ = —e (fje—w _ fie%) . O_kT =en (f_—e—w _ f;ew) ,
Opfy =2e"kT, O_fF = —2e"k™, 04 f7 = =2k, O_fT =2e"k", (4)

efikT =rTfD, e¥ffrm =rTf.

The formal general solution to (3—4) age given in [4]:

b _ gt —o_(Miluip|Ar)
¢ T A a A (5)

for the ¢ field and for the Fi© elements
(iIFF i) = b (om0)a, (g (1f) ™ ugt-lisi))
In the homogeneous grading case, taking into account the parameterization of b element, we get
(UFF151) = 290 %), ((1]efo #etH =601y [151) )

Here we have made use of the properties of the i-th fundamental representation (corresponding
to the homogeneous grading) of the Lie algebra sly. Thus, using (5) we get

(Nolui - | AT
(Aq)pgt | Aq)

(UFF[1;1) = (%), <<1|u;1u_|1; 1)

3. Solitonic solutions from general solutions

In [12] it was shown how to extract solitonic solutions from the formal general solutions of the
affine Toda field equations. Let’s take ’yac = 1 1in (19) to be a constant function. Then the
mappings p+ are pi = ugcezigi with p. being some fixed mappings independent of zy. Next
take gi in(2l)as &L = Ey+ Zlﬁil c]j\E,EjE ~ where E_ are elements of a Heisenberg subalgebra
of G , namely [E4,E_] = QC. One can consider principal of homogeneous Heisenberg subalgebras
for that purpose. In this paper we only deel with the principal case while the homogeneous case
will be discussed elsewhere. Thus, we arrive at a special solution to (18)

e~ Brid — o—BXi-do (D) N8+ 05+ | 2) (D) . -
(O ole™* 5% 0= 5E | 2g) D) ™.

In order to compute these solutions explicitly we have to remove £1-dependence from (6) moving
&4 to the right and £_ to the left . Then we should find such a py = Hi\i L €Y so that V; would

be eigenvectors with respect to the adjoint action of £y, i.e., [Ex,Vi] = wgf)Vi. Then it turns
out [12] that resulting expressions provide us with solitonic solutions to the equations under
(4)

considerations while parameters wy’ characterize solitons.



4. Quantum group soliton solution for sine—-Gordon in homogeneous grading
As in [11] one can show that the affine Toda models are co-invariant with respect to the light-
cone quantization. Namely, the equation of motion are preserved in form though a standard
normal ordering has to be introduced as well as some infinite constant comming from quantum
versions of Lax pair to generate equations using Lie algebra elements in quantum case. At the
same time infinite constants do not appear in final formal solutions to the light-cone quantized
versions of equations. In order to find quantum solutions, one has to replace [3], [8], [9] group
elements as well as state vectors formal general solutions by their quantum group counterparts.
In this subsection we write examples of quantum group solutions to the quantized affine Toda
model in the specific case of the higher grading sine-Gordon equation (the cases | = 1,2,3).
Recall [13], that the homogeneous grading subspaces of Uq(;\lg) are q§0 = {K,v,zd, 25},

qun ={x}, x,, an,n € {Z —0}}.

4.1. The casel =1

From the commutation relations for z;X and a,, (see subsection 6.1 of Appendix) it follows that

in this realization of the quantum group U,(sl2), the generators rE am € Gm, aﬁ € Go. The
solution

e=BA6 — o—=BAypo_(hile 19Ot 17|

(Aole™ a12+eQ<I> (©ea12— |Ag) i

Y

where [Ag) = [1®1), |[A;) = |1 ®e?) and the homogeneous grading quantum vertex operator is

z X a_y Tk _5k o (Bati)

b0 = cap ( £ttt ) ean (- £ o FoH) ot (-0
Using the fact that (5] [a, @ _(Q)] = ¢FEck, & Ok > 0, m @ (Q)) = ¢ F B¢t
d_(¢),k > 0, we commute exp(—ajzy) with exp(Qtﬁ_(C)) to the right and exp(Q® ( ) w1th
exp(a—iz_) to the left. The commutation of exp(—ajz4) withexp(a—_1z_) gives exp(—z42z_[2])).

Thus it follows that
- 7 -
(Ajlem12+e@P-Oen=|Aj) = (Ajlep (Qqu'Z*Cq e 1‘I>—(C)) exp (=212 [2]) [A),
(recall that exp(—aiz4) and exp(a—12—) act on |A;) and (A;| as identities). Then we expand

7 _5 1~
erp (Qe‘qzz%_q 2z 1<I>,(C) as a series and apply the action of powers of operators

o0
exp (Z i q 51 > and exp (— > gﬁq—?gk), to the left and to the right. Powers of
k=1

operators <I>,(( ) act on the second part of tensor product as follows:

a(n+1)

(3-0) Need) = (20T N0, (8.() 1ol = (-¢?)* T 1ee¥).

Thus we have

7 5 n

5 -5, 1 a(n+1)
i;(@e—q“#—q Fa¢ ) (—*0) T 19e 2 )

3 -3, o1\
,L<Qeq 24éma Zad > (—3)"™*

7 _5 _
<Aj|e_z+z*[2]exp <Q€_q2 zyC—q 22_¢ 1 (7(]3()

(Ajlem+7=
1

e~ Brid — o=BXjdo

gk ﬁMg

)™

)ia)

z _5
<Aoe‘z*z[le"(Qe—w*h 2”_1(q3<)%> #0)" 2 meap(e ) 1A0)™

<AO|efz+z_ [2]

Il
-

n

i

R

> —¢%¢) 7®exp(e

In the limit ¢ — 1 we obtain ordinary soliton solutions.



4.2. The case l =2 _
As in [13], if we put d)il =0, then F+ = a42+a+1, and one can integrate the equations for 4u4

to obtain gui(2F) = q,ui(O)e(aiﬁ“il)zi. Then the quantum soliton solution to the quantized
(3) is

-~ -~ P a -
BB ET) o g Bo(et 27 L glMale DT po)ele 1t DE A,
q<A0|e(“+1+a+2)2+qu(o)e(“*1+a*2)z_|A0)q7

where 4/(0) should be chosen the same as in [13]. Then we have

BB ) iy o BB0(ta) , athile Eeap(i-1 G Wary () F A,
o(Nole™ % eap(i(—1)2a+1Q Wa-g@(C) )e ¥ (22

= 6_6(/50(24»’27) : 71—1_sz/§8§%’

2 2
where W5 = exp (E %%Ckz* - > 55“@("‘12‘). Similarly,
k=1

A1) = %02

a a z+ a a z-
X0y <1‘e(a+1+a+2)2+ M(O)e(&71+a72)z_’1; 1)y x g (Ag]el®+1Fo42) +q#(0)€( —1ta—2) 7|A1>q '
! ! 17 g(RolelriFar)=T 0)elr1He-2)27 |7 g),

Thus,
JLUF|11), = 200 —9)

X0t <q<1|e(a+1+a+2)z+@_%exp (i(—l)aa—HQ Wy - q@(O) e%g%aae([l71+(172)2_ I1; 1>q

altale” 3 eap(i(-1)%+1Q Wg-qé(o)e%‘c%f’ﬂmm)
o(Bole™ % eap(i(—1)Pa+t1QWa-g®(C) e 2% |Ag),

Finally,

JLFT 1), = 2% —9p, ((1 +iWLQ[2)) - L—r%;gc—a _

4.8. Case [=3
The states

m+1 m+1 o
[80)") = | TT agnosg @ 1), 1400 =TT ooy @), 180)D = [80), A0 = [A),

are annihilated by the action of G,,n > m. Therefore for Frﬁ we have

3 3
W (Aqle kgakz*eQé_(c)egla’kz’,A1>(m)
3

(1) e -, = 3 [2k] = 2 akzt (m)

= W(Aifexp | Qe =742 20 _(() ) eap | —2p2- 30 o [k] Je =1 AU
k=1
>
Action by the operators e *=! * on |A1>(m), m =1, 2, 3 we get for instance,

3

=2 akz4
e = A = [A)®) — 2 (Co + a )| A1)V + 25 CLC AW,

where Cf = @[k‘] Then we expand ) again and act on the states. Therefore we get an
infinite series over [A1)®),|A1)®) |A1)1) which contain Cy, (k = 1,2,3), z4 and tensor ®-part

o (Oa+1)
due to powers of e2 (—¢3¢)" 2



5. Appendix

5.1. Affine Kac—Moody algebras

Here we recall facts about affine Kac-Moody algebras 7], [4]. Consider an untwisted affine Kac-
Moody algebra g endowed with an integral grading Q @ Z gn, and denote Qi = @n>0 Qin
By an affine Lie algebra we mean a loop algebra correspondlng to a finite dimensional simple
Lie algebra G of rank r, extended by the center C' and the derivation D. According to Tkac,
integral gradings of G are labelled by a set of co-prime integers s = (sg,s1,...S,), and the
grading operators are given by

Qs=Hs+ Ng D —

Hy)? C. 8
s T () ®)
Here Hy =" ;8,0 HY, Ny=3""_, sim;p, v=>1_ m¥ay, mg’ = 1. HY is an element of
Cartan subalgebra of G; oy, a = 1,2,...r, are its simple roots; ¥ is its maximal root; mg the
integers in expansion ¢ = Y . _; mfaa; and A! are the fundamental co—weights satisfying the
relation ag - A} = gp.

The principal grading operator Qppal is given by (8) where Ng = h is Coxeter
number. Therefore Gy = {H? ,a 2,150 Qppal}, Gm = {Eg(m),Eia(h_m)}, G m =
{E‘ia(me;(Lm) where 0 < m < h, and al™) are positive roots of height m. The element
B is parameterized as B = e H° ¢ C gnQupat = o H' 7 C "@vpalwhere H was defined in [4] as
HY) = HO——Tr(HHO)C HO—Q—QWC' andz/—u—gé @,Wlthé—zgl’\“,and
Aq being the fundamental weights of G. Let us denote by H" Ei, D, C the Chevalley basis
generators of Slz. The commutation relations are

[H™, H"] = 2mCdmino, [H™, B} =+2E]"",
(BT, E"] = H™™ +mCépino, [D,T™]=mT™, TM=H" ET.

The grading operator for the principal grading (s = (1,1)) is Q = %HO + 2D. Then the
eigensubspaces are Gg = {H",C,Q}, Gonr1 = {E?,E"™}, n € Z, Gop, = {H"},n € {Z — 0}.

5.2. Higher grading affine Toda system

In this and the next sections we recall [4] the affine Toda system consrtuction. Consider
a two dimensional manifold M with local coordinates z+. Up to a gauge transformation,
(1,0)-component lying in (see subsection 5.1 of Appendix) @n 0g+n and (0,1)- component in

@;:0 G_,, of a flat connection A in the trivial holomorphic principal fibre bundle M x G— M
(1> 0 is fixed integer) satisfy the zero curvature condition

0tA_ —0_Ay +[AL, A_]=0. 9)
The components A are the following (we keep notations of [4])
A, =-BF"B™ !, A =—-0_ BB '+F. (10)

Here B is a mapping M — Go (@0 is a group with the Lie algebra 30) and F* (1<m <1-1)
are mappings to @2:1 Gin

-1
=FE+ Z F*
m=1



where E.; are some fixed elements of Gy and FE € Gy, (1 < m <[ —1). Substituting (10)
into (9) one arrives at the equations of motion

0y (0-BB™") = [E.,BE B+ ) [F,,BFf B, (11)
n=
l-m—1
0-F; = (B, BVF, B+ Y [Fh,. B™\F, B, (12)
n=1
l—m—1
04F, = —|E,,BF' B'- Y [F,,,.BFEIB]. (13)
n=1

Since Qg, C' € go then B can be parameterized as B = be" Qs ¢C where b is a mapping to Gy,
the subgroup of Go generated by all elements of go other than (s and C. Substituting B into
the equations of motion (11-13) one has

-1

0y (0-bb7Y) 4+ 0,0 vC=e"E_,bEb )+ " [F,, bEb, (14)

n=1
l—m—1

0_Fy = g, b F b+ Z e, b b (15)
e

o.F; = —e=mmE_ bET b Z e Er bEF b, (16)
n=1

0+0-nQs = 0. (17)

Now consider the case [ = 1. Let us parameterize the element B in the homogeneous grading
of G, [4]. From the equations (14-17) for an infinite dimensional Lie algebra G in the principal
grading we obtain the affine Toda field theory systems of equations

0+0_¢ + %” Zl (ng—é exp(fa; - ¢) — 5 exp( B (b)) (18)
The formal general solution to the above equation was introduced in [12]:
o= Bhib — g—BAicho W Nil(vg)~ 1#11( -GN Y  _gaige (BT
(D 0l(v) Tt r)p—(2-) (35 ) ro) D)™ (D XolB-1A0) D)™, (19)

The general solutions to the matter fields FijE may be written in the following form. For m =1
n (14-17) one has [4]

ET: k(o™ =)

- o (0l pe 0y
(1 ‘F li;1) = f"" = el= e’ 0, <<Z|H+1M_|z;z>m> .

Here |i; i) denotes an element of the Verma module which is result of the action of the lowering
generator on the highest state vector. The fact that (19) is indeed a solution to (18) may
be checked by using the representation theory of G. A map g : M — G appearing in the

gradient form of the flat connection A+ = ¢g~'d.g, may be factorized (according to the Lie
algebra decomposition G = G_ @ Gy @ G ) by the modified Gauss decomposition g = pu_vyvyo—



or g = pupv_yo+ with maps v+ : M — Gq, ps,vL : M — G4. The grading condition
provides the holomorphic property of p4, i.e., they satisfy the initial value problem

Oxpix(2x) = px(24)Ex (21), (20)
M
Ex(zs) =) EE(@F),  EEX@F)= ) ®F"(2+)Xia, (21)
m=1 aeAt,

with arbitrary functions ®2™(z.) determining the general solution to the system. Note that
the summations in (21) are performed over the set of positive roots At of G =37 % G, in
the subspace G,,.

6. Soliton solution for the sine—Gordon in homogeneous grading
Another way to construct soliton solutions [13] to the sine-Gordon equation is to consider the
formal general solution (18) in the homogeneous grading and to use vertex operators [7] which are

related to the homogeneous Heisenberg subalgebra of gl\g Take the general solution (19) to the
affine Toda system (18). In the homogeneous grading the mappings 4 can be parameterized as

+ + . . . A
4 = e¥aecPee® 0 | where d is the grading operator, ¢ is the center of sly and x,f are generators

of the subspaces Q\k corresponding to the homogeneous grading. The mappings py satisfy (20)
where k4 (2%) = as1 + qSixli In order to obtain a soliton solution we put ¢ = 0, qbg = 0.
Then the general solution reduces to

eI = (e ()€ |Ar) (Aol u(0)e™ 7 [A)) (22)

The following group element (0) in (22)
N 15
p(0) = e 2N ] [ewp (1% +1iQue(¢)) e G ] ,

generates an N—soliton solution. Here the action of the operators %&1 and e? on the highest

vectors [A,) = [1® e2™), n = 0,1 is the same as in the case of Ué(S/l\g) [7] when ¢ = 1. The
operator ®(() is given by

O(¢) = eap (Z a;”(”) exp (— > a;"C_") :
k=1 k=1

and diagonalises the action of a4y, k € IN, ie., [ayy, ®(C)] = ¢FF®(¢). The product of two
vertex operators can be normal ordered as

(C1)P(C2) = X (z) : 2(C1)2(C2) -,

[e.°]
where X (z) = exp(— Y 2?"/n) = exp (log(1 — ?)). When z = 1, X(z) vanishes which results
n=1
in ®(¢) - ®(¢) = 0. Therefore the exponential of ®({) operator terminates after the first order.
In the limit ¢ — 1 soliton—soliton, antisoliton—antisoliton and soliton—

-antisoliton scattering reduce to the classical case, i.e.,

1 X(x)
T X(z )

FY(G)F* (&) F*(G)F*(Gr),



where 22 = (/(1, & b denote sohton (antisoliton), and the factor 1/x comes from the

commutation of 62C1 and 62C2 operators. Therefore the vertex operator generating a

classical soliton solution is
Oa

F(Q) = Q(C) ef 3™

Taking into account the properties of the operator F'({) we rewrite the solution (22) as

o=zt ,zm) _ Ml (1) iQR(Q))eT (2% Ay
(Aol(1+(~1)2a+1iQa(¢))e? (29| Ag)

= (14iQe ) (1 - iQet =) ¢

[T

The antisoliton solution can be associated with the vertex operator
— a 15,
F(()=-Q ®(¢) ez (2

6.1. Quantized universal enveloping algebra U/q(s/l\g)
In the spirit of [2], [5], the quantised enveloping algebra U,(slz) is an associative algebra
generated by X, X, H with ¢-deformed commutation relations

_ _ _ _1y—1
XtTX X X =("-¢")(¢g—q"), HX* - XTH =+2X7.
It possesses a Hopf algebra structure with the deformed adjoint action
(adx+)qa = XEagh? — ¢FlgH2q x* (adp)qa = Ha — aH,

for all a € Uy(slz). Let us recall the second Drinfeld realization of the quantized universal
enveloping algebra Uy (sl2), (i.e., Uy(slz) without grading operator) [2], [6], which is a natural
quantum analogue of the algebra s/l\g in the loop realizations. Ué(;l\g) is an associative algebra

generated by {xf,k‘ € Z;an,n € {Z — O};'yi%,K}, where vi% belong to the center of the
algebra, satisfying the commutation relations

2] Ak _
[K,ax] =0, [ak,al]zék,—l[k}%a Kot K—' = ¢*2af,

2n In] =+ + — ’Y(k_n)/ka nf'y(n_k)/Qd)k n

[a"’xk] + 2 }’Y 2 Ttk [y 2] = Z—q*l =,
+ 42 4 4+ _ 42 + + + 4+
xk‘-i—lxl —q ZEZ CL’k =q LUk: $l+1 $l+1$k .

The generators ¢ and ¢_g, k € Z are related to ay and a_; by means of the expressions

o0 o0 o0 o0
S Y™ = Keap (<q — Y M) S 6™ = K leap (—<q —) Y M)
k=0 k=0 k=1

Um =0, m < 0; ¢, =0, m > 0. Here [k] = q;:qq:lk.
It is easy to define the grading operators corresponding to the principal and homogeneous

grading of Ué(gl\g) by analogy with the grading of Uy(G) where G is a simple Lie algebra. The

principal grading can be realized with the help of the operator D,z = %qK -1 (diq(K K _1)> K+

2)\%56, where x € Uq(s/l\g) and A is an affinization parameter. The power of X is denoted
by the subscript of U,(sla) generators. Then the grading subspaces are q§0 = {K,~},
q§2n+1 = {z}, 2z, ,n € Z}, qﬁgn = {an,n € {Z — 0}}. The grading operator for the



homogeneous grading is Dyz = 2>\%1‘, so that the grading subspaces are quo ={K,~, xg, z },
qén ={x}, x, an,n € {Z — 0}}.

The level one irreducible integrable highest weight representation of Ué(;l\g) can be
constructed in the following way [6]. Let P = Z§, QQ = Za be the weight/root lattice of sls.
Consider the group algebras F[P], F[Q] of P and Q. The multiplicative basis of F[P] is formed
by e2™, n € Z. The F[Q]-module is split into F[P] = F[P]o ® F[P]; where F[P], = F[Qle2™.
The sly-module structure on the space W = Fla_1,a_2,...] ® F[P] is given by the action of the
ax, k € {Z — 0} and e®, 0, = ap generators in accordance with the rules

ap(f@e’) = (qpf@el), k<0, an(f@e) = (a, fl®e’), k>0,
e (foel)=(foer?), du(feel)=(a,p)(f®e),
K=1®¢%, ~y=q®id.

Then W is a Ué(gl\g)—module. Its submodules are isomorphic to irreducible highest weight
modules V(A,,) with the highest vectors [A,) = [1®e% ), n =0, 1.
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