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Biochemistry

Protein production
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Biochemistry

Feedback loops (transcription factors)
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Feedback loops (transcription factors)
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Biochemistry

Feedback loops (transcription factors)

(DNA ) ——» (mRNA > [ Proteinx/\,\
‘Complex

T PN T /

C DNA2 ) —» u\mRNA 2) —» (Protein 2)



Gene regulatory networks

Transcriptional
———p Activation

Transcriptional
——— Inhibition

= = » | Transcription

PER-TIM = === P | Translation

CLK-CYC-PER-TIM

CCPT,
- ( \).
; ; mRNA TN R i gene T »
i vri gene E-box 7oA . (tmp) : — %
T(vh, P A=y X K ER
y ‘ lm) « (vrip) ‘/ ‘.‘ = > fim mRNA, .- (i )
ke pdpl gere E-box E-box (Timy)
E (P?PP) = 5 per gene
‘-a ’ (P“P)_ peruRNA .
e st

&

Circadian rhythms in Drosophila [Xie, Kulasiri, 2007]



Gene regulatory networks
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Neighbourhood of mating response genes in yeast
[Rung, Schlitt, et al, 2002]
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1. Mathematical models of biochemical systems
2. Deterministic vs. stochastic models

3. Modelling and numerics



1. Mathematical models of biochemical systems



Deterministic model — law of mass action
Protein production

( DNA | —* [ mRNA  — > | Protein |
S o S 0
Chemical system
D-2R.p+R  R-ELg
R—— R+P
Mass action ODE Notation
dr = arD — 5rR D = D(t) ... number of DNA molecules
éilg R = R(t) ... number of mRNA molecules
T apR P = P(t) ... number of Protein molecules
t

Initial condition
D(0)=1, R(0)=0, P(0)=0



Deterministic model — law of mass action
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Stochastic model

Chemical system
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Discrete space continuous time Markov process
» State at time t: [R, P](t)
» Change of state:
[R, P](t) — [R+ 1, P](t + dt) with probability agD dt
[R, P](t) — [R — 1, P](t + dt) with probability 6gR dt
[R, P](t) — [R, P + 1](t + dt) with probability apR dt

Gillespie stochastic simulation algorithm



Stochastic model — Gillespie algorithm
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Stochastic model — Gillespie algorithm
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Stochastic model — Gillespie algorithm
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Stochastic model —

150

number of molecules

Gillespie algorithm
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Stochastic model —

Gillespie algorithm
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Stochastic model — Gillespie algorithm
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Stochastic model — Gillespie algorithm
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Stochastic model — analysis
Definition: ppm(t) = Pr[R(t) = n, P(t) = m]

Chemical master equation (CME):

d - i
~ZPnm = aRDPn—l,m - aRDPmm +OR(n + 1)pn+1.m - éRnpn,m

dt
+apnpanm-1 — pNpnm

nm=0,1,2,...



Stochastic model — analysis
Definition: pp m(t) = Pr[R(t) = n, P(t) = m]

Chemical master equation (CME):

d - )
7pn,m = OZRDpn—Lm - OZF\’Dpn,m + OR(” =+ 1)pn+1.m - ORnpn,m

d
+apnpanm-1 — pNpnm

nm=0,1,2,...

Definition: p(x, y, t) =~ Pr[R(t) = x, P(t) = y]

Chemical Fokker-Planck equation (CFPE):

0

ait’ — div(AVp —bp),  (x,y) € (0,00)?
1| arD + drx 0 b— aRD—5Rx+5R/2
2 0 apx +opy |’ - apX—5Py+5p/2



Stochastic model — analysis
Definition: pp m(t) = Pr[R(t) = n, P(t) = m]

Chemical master equation (CME):

d - )
7pn,m = OZRDpn—Lm - OZF\’Dpn,m + OR(” =+ 1)pn+1.m - ORnpn,m

d
+apnpanm-1 — pNpnm

nm=0,1,2,...

Definition: p(x, y, t) =~ Pr[R(t) = x, P(t) = y]
Chemical Fokker-Planck equation (CFPE):

0
ait’ — div(AVp —bp),  (x,y) € (0,00)?
where
_1 arD + dpx 0 b — aRD—5RX+5R/2
2 0 apx +opy |’ - apX—5Py+5p/2

Stochastic differential equations



2. Deterministic vs. Stochastic



Protein production
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Stochastic bifurcations

VKBL model of circadian rhythms
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[Vilar, Kueh, Barkai, Leibler, 2002]




Stochastic bifurcations

VKBL model: phase diagram
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Stochastic bifurcations

VKBL model: Mean period vs. dr
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3. Modelling and numerics

> Model reduction
» Stationary distribution by CME and FPE

» High-dimensional problems



Model reduction — VKBL model of circadian rhythms

» Original model (9 species, 16 reactions) = 9 ODE
» Quasi-steady state assumption (7x) = 2 ODE
2000 | |
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0 25 50 75
time [hours]
» Delayed quasi-steady state assumptions (7x) = 2 DDE
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[T.V., Radek Erban, Philip Maini, 2014]



Stationary distribution
ps(x) = lim p(x, t)

t—o0

(i) Histogram:

» many realizations of stochastic simulation algorithm



Stationary distribution
ps(x) = lim p(x, t)

t—o0

(i) Histogram:
> many realizations of stochastic simulation algorithm

(ii) Stationary chemical master equation:

Example (Protein production):

d . .
Epn,m = OZRDPn—Lm - aRDpn7m +(>R(n + 1)pn+l.m - ()Rnpn,m
+apnpanm-1 — @pNpnm
nm=20,1,2...
d
Sp=A
at? =P

0=Ap




Stationary distribution
ps(x) = lim p(x, t)

t—o0

(i) Histogram:

» many realizations of stochastic simulation algorithm
(i) Stationary chemical master equation: Ap =0

> Ais large, sparse

> —A is M-matrix

»17TA=0




Stationary distribution
ps(x) = lim p(x, t)

t—o0

(i) Histogram:
» many realizations of stochastic simulation algorithm
(i) Stationary chemical master equation: Ap =0
> Ais large, sparse
> —A is M-matrix
»17TA=0
(iii) Stationary chemical Fokker-Planck equation: 0 = div(AVp — bp)
» convection-diffusion equation
» no-flux boundary conditions

> might not be elliptic



Stationary distribution

Example 1: Protein production

CFPE

Histogram CME

200 200

200

150 150 150

100 100 100

Protein

50 50 50

OO 10 20 0O 10 20 0O 10 20




Stationary distribution

Example 2: VKBL model of circadian rhythms

» 9 chemical species = 9 dimensions !7

Curse of dimensionality: O(N9)



Tensor methods
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O(N9) ~ O(RNd)
[Shuohao Liao, T.V., Radek Erban]



Example

» cdc2 and cyclin interactions [J. Tyson, 1991]

» 6-dimensional chemical Fokker-Planck equation

[Shuohao Liao]



Conclusions

» Mathematical models in biochemistry
» Deterministic — mass-action

» Stochastic — Markov process

» CME and CFPE

» Stochastic bifurcations

» Model reduction

» Tensor methods for higher-dimensional problems
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