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vejchod@math.cas.cz

Wolfson Centre
for Mathematical Biology
Mathematical Institute

Institute of Mathematics
Academy of Sciences

Czech Republic

IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

AIME@CZ, Prague, 11–12 March 2014
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Levels and scales
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Biochemistry
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Complex



Gene regulatory networks

Circadian rhythms in Drosophila [Xie, Kulasiri, 2007]



Gene regulatory networks

Neighbourhood of mating response genes in yeast
[Rung, Schlitt, et al, 2002]
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1. Mathematical models of biochemical systems

2. Deterministic vs. stochastic models

3. Modelling and numerics



1. Mathematical models of biochemical systems



Deterministic model – law of mass action
Protein production

DNA mRNA Protein

00

Chemical system

D
αR−−−→ D + R R

δR−−−→ ∅
R

αP−−−→ R + P P
δP−−−→ ∅

Mass action ODE
dR

dt
= αRD − δRR

dP

dt
= αPR − δPP

Notation

D = D(t) . . . number of DNA molecules
R = R(t) . . . number of mRNA molecules
P = P(t) . . . number of Protein molecules

Initial condition
D(0) = 1, R(0) = 0, P(0) = 0



Deterministic model – law of mass action
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Stochastic model

Chemical system

D
αR−−−→ D + R R

δR−−−→ ∅
R

αP−−−→ R + P P
δP−−−→ ∅

Discrete space continuous time Markov process

I State at time t: [R,P](t)

I Change of state:
[R,P](t) 7→ [R + 1,P](t + dt) with probability αRD dt
[R,P](t) 7→ [R − 1,P](t + dt) with probability δRR dt
[R,P](t) 7→ [R,P + 1](t + dt) with probability αPR dt
[R,P](t) 7→ [R,P − 1](t + dt) with probability δPP dt

Gillespie stochastic simulation algorithm



Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm

0 5 10 15 20 25
0

50

100

150

mean: 100 realizations

time [min]

n
u

m
b

e
r 

o
f 

m
o

le
c
u

le
s



Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm
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Stochastic model – analysis

Definition: pn,m(t) = Pr[R(t) = n,P(t) = m]

Chemical master equation (CME):
d

dt
pn,m = αRDpn−1,m − αRDpn,m + δR(n + 1)pn+1,m − δRnpn,m

+αPnpn,m−1 − αPnpn,m + δP(m + 1)pn,m+1 − δPmpn,m
n,m = 0, 1, 2, . . .



Stochastic model – analysis

Definition: pn,m(t) = Pr[R(t) = n,P(t) = m]

Chemical master equation (CME):
d

dt
pn,m = αRDpn−1,m − αRDpn,m + δR(n + 1)pn+1,m − δRnpn,m

+αPnpn,m−1 − αPnpn,m + δP(m + 1)pn,m+1 − δPmpn,m
n,m = 0, 1, 2, . . .

Definition: p(x , y , t) ≈ Pr[R(t) = x ,P(t) = y ]

Chemical Fokker-Planck equation (CFPE):
∂p

∂t
= div(A∇p − bp), (x , y) ∈ (0,∞)2

where

A =
1

2

[
αRD + δRx 0

0 αPx + δPy

]
, b =

[
αRD − δRx + δR/2
αPx − δPy + δP/2

]



Stochastic model – analysis

Definition: pn,m(t) = Pr[R(t) = n,P(t) = m]

Chemical master equation (CME):
d

dt
pn,m = αRDpn−1,m − αRDpn,m + δR(n + 1)pn+1,m − δRnpn,m
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Chemical Fokker-Planck equation (CFPE):
∂p

∂t
= div(A∇p − bp), (x , y) ∈ (0,∞)2

where

A =
1

2

[
αRD + δRx 0

0 αPx + δPy

]
, b =

[
αRD − δRx + δR/2
αPx − δPy + δP/2

]
Stochastic differential equations



2. Deterministic vs. Stochastic



Protein production
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Stochastic bifurcations

VKBL model of circadian rhythms

αA = 50 h−1

α′A = 500 h−1

αR = 0.01 h−1

α′R = 50 h−1

βA = 50 h−1

βR = 5 h−1

γA = 1 mol−1 h−1

γR = 1 mol−1 h−1

γC = 2 mol−1 h−1

δA = 1 h−1

δR = 0.2 h−1

δMA
= 10 h−1

δMR
= 0.5 h−1

θA = 50 h−1

θR = 100 h−1

[Vilar, Kueh, Barkai, Leibler, 2002]



Stochastic bifurcations

VKBL model: phase diagram
δR = 0.2 δR = 0.05
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Stochastic bifurcations

VKBL model: Mean period vs. δR
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3. Modelling and numerics

I Model reduction

I Stationary distribution by CME and FPE

I High-dimensional problems



Model reduction – VKBL model of circadian rhythms

I Original model (9 species, 16 reactions) ⇒ 9 ODE

I Quasi-steady state assumption (7×) ⇒ 2 ODE
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I Delayed quasi-steady state assumptions (7×) ⇒ 2 DDE
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[T.V., Radek Erban, Philip Maini, 2014]



Stationary distribution
ps(x) = lim

t→∞
p(x, t)

(i) Histogram:

I many realizations of stochastic simulation algorithm



Stationary distribution
ps(x) = lim

t→∞
p(x, t)

(i) Histogram:

I many realizations of stochastic simulation algorithm

(ii) Stationary chemical master equation:

Example (Protein production):

d

dt
pn,m = αRDpn−1,m − αRDpn,m + δR(n + 1)pn+1,m − δRnpn,m

+αPnpn,m−1 − αPnpn,m + δP(m + 1)pn,m+1 − δPmpn,m

n,m = 0, 1, 2, . . .

d

dt
p = Ap

0 = Ap



Stationary distribution
ps(x) = lim

t→∞
p(x, t)

(i) Histogram:

I many realizations of stochastic simulation algorithm

(ii) Stationary chemical master equation: Ap = 0

I A is large, sparse

I −A is M-matrix

I 1TA = 0



Stationary distribution
ps(x) = lim

t→∞
p(x, t)

(i) Histogram:

I many realizations of stochastic simulation algorithm

(ii) Stationary chemical master equation: Ap = 0

I A is large, sparse

I −A is M-matrix

I 1TA = 0

(iii) Stationary chemical Fokker-Planck equation: 0 = div(A∇p − bp)

I convection-diffusion equation

I no-flux boundary conditions

I might not be elliptic



Stationary distribution

Example 1: Protein production



Stationary distribution

Example 2: VKBL model of circadian rhythms

I 9 chemical species ⇒ 9 dimensions !?

Curse of dimensionality: O(Nd)



Tensor methods

O(Nd) ≈ O(RNd)
[Shuohao Liao, T.V., Radek Erban]



Example

I cdc2 and cyclin interactions [J. Tyson, 1991]

I 6-dimensional chemical Fokker-Planck equation

[Shuohao Liao]



Conclusions

I Mathematical models in biochemistry

I Deterministic – mass-action

I Stochastic – Markov process

I CME and CFPE

I Stochastic bifurcations

I Model reduction

I Tensor methods for higher-dimensional problems
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