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Welt strebt einem Maximum zu

Die Energie der Welt ist constant; Die Entropie der
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Given problem is solvable for any choice

2 of (admissible) data

g
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, Solutions are uniquely determined by the

J

Solutions depend continuously on the
data
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Given problem admits an approximation
scheme that is solvable analytically and,
possibly, numerically

Approximate solutions possess uniform

bounds depending solely on the data

The family of approximate solutions
admits a limit representing a
(generalized) solution of the given
problem
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Well posedness in fluid mechanics




;U + div,F(U)

entropy

entropy flux
/E,-(U) dx bounded in terms of the initial data, i

1,2, ...
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m bounds available only in LP (L)
m presence of oscillations

states

m discontinuities (shocks) appearing in finite time even for initial

[ Uelm) ~ Uplrn, ) dx
Q

T2
=/ /[u-at¢+]F(U):vx¢] dx dt
T1 Q

t — U(t,-) weakly continuous
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Compensated compactness - DiPerna, Tartar

Linear field equations
8tU + diVXF =0
0:Ej +diviF; <0, i=1,2,...

Nonlinear constitutive equations

F =F(U), E = E(U), F; =F;(U), i=1,2,...

Compensated compactness
m linear field equations yield constraints on possible oscillations
described by Young measure
m nonlinear constrained imposed by constitutive equations reduce
the Young measures to Dirac masses (no oscillations)
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U, — U weakly-(*) (:)/ Un —)/ U for any B
B B

<o, (U),f >=
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U, — U for a.a. & 0, (V)

dy(y) foraa. y
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0:U + div,[F =0

F = F(U) < A(U,F) = E(U)

A(U,F) convex, A(U,F) > E(U)

E(U) < A(U,F) < e, e given “energy”

F = F(U) & A(U,F) = E(U) < E(U) = e




Oro + divy(ou) =0

O(ou) + dive(ou @ u) + V,p(p) =0

p = p(o), p(o) = ao”

0(0,-) = 00, 0u(0,-) = (ou)o




0o + divy(ou) =0

Ot(ou) + divy,(ou @ u) + Vi (09) =0

2 [o1(00) + divs(oow)] ~

—ovdiv,u
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compactness

Existence of global-in-time bounded weak solutions via compensated

DiPerna [1983], Chen, P.L. Lions, Perthame, Souganidis etc.

Existence of infinitely many global-in-time bounded weak solutions
via convex integration

Delellis, Székelyhidi [2008], Chen, Chiodaroli, Kreml, EF etc.
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divev =0, Opv + dive(vev)+ Vi IM=0
v(0,-) = v

divev = 0, dpv + div, (v Qv — %|v|2]I) +V,N=0

divyv =0, Oyv +div,U =10

U:v®v—%|v|2]I, Ue

3x3
RO,sym
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/\max [V Qv — U]

2

2

1
Amax [v @ v = U] 2 §|V|2

1
)\max [V RV — U] _ §|v|2

1
4i>U:V®v_§|v|2]I
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v, U smooth in (0, T)

divyv =0, 0;v +div,U =10

v(0,-) =vq, v(T,:)=vr

piece-

wise smooth function e

%M2 < max[VOV—U] < ein (0, T)

«Or «F)>»r «=)>»

« =

o>



divow, = 0, Oyw. + divy

V.=0
w., V. € C°(Q)

w. — 0 weakly in L2(V)
)\max[(v+wa)®(v+wg)—(U+V )] <e

liminf

e—0

/ v+ w.[?) /|v|2+c/ (e—l|v|2)
v 2
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11 )
o X)IV+Q(t X))

(v +a(t,x)) ® (v + q(t, x))
r(t, x)

g)\max[ —U] <ein(0,T)

divyv =0

(V+q)®(V+q))_1 v+al?) _

O¢ (v + q) + divy (




ou =V + VXW7 diVxV —0

8:‘9 + AV =0
e <(v + VW) @ (v + Vi)

4

) + V(00 + p(0)) = 0

o> <Fr <=

Ha



E(t,2) = Jolul + H(o), H(o) =0 [ 25 az

OE + div,(Eu + pu) <0

6t/de§0, /E(t)deEoforanyt>0
Q Q
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S(Q,u ’ r,U)

- %Qlu = UP + H(o) = H'(r)(e —r) — H(r)

/Qé'(g,u‘r,U)(T,-)dXS/ﬂ(g,u‘r,U)(O,-) dx

+/ /R(g,u,r,U)dxdt
0o Ja




R(o,u,r,U)

= [0(@U +u-VU) - (U= u)+ (p(r) ~ p(e) )diviU]

+[(r = 0)0H'(r) + (U = ou) - VH'(1)]
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Some properties of weak and dissipative solutions

Weak strong uniqueness

Admissible weak solutions are dissipative - the energy inequality
implies the relative energy inequality. Strong solutions are unique in
the class of admissible weak solutions - weak and strong solutions

emanating from the same initial data coincide as long as the latter
exists.

Global existence

For given initial data, there exist (infinitely many) weak solutions.
For any density distribution gg, there is a velocity field ug such that
the compressible Euler system admits (infinite many) admissible
weak solutions.
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Riemann problem

Riemann data

or for 3 <0
00 =

or for x; >0

u,{ for x; <0
o=

u,l? for x; >0
Second velocity component

2
UOZO

Il posedness - Chiodaroli, DeLellis, Kreml

There exist infinitely many admissible weak solutions for certain 2D
Riemann problem. There exist infinitely many admissible weak
solutions that emanate from certain Lipschitz initial data.



0. u € Wi((0,T) x RY) nL=(0, T; Wi RY))

Viu+ Viu > —MI

The solution o, u is unique in the class of bounded admissible weak
solutions. 1 — D rarefaction waves are unique as solutions of the
multi-D Euler system.
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(u—-U)- (V,U+ViU)- (u-U)>)o

(p(e) = P'(r)(e — r) = p(r)) div, U[ > 0




00 (Jelul? + H(@)) + v [ (Goll? + () + p(0) ) u] = —o

0'0

Admissible solutions should “maximize” the energy dissipation rate o
«O0>» «Fr « E» « > Q>
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