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Do we need analysis?

An example - variable density flow in porous media

∂t% + divx(%u) = 0

∂t(%c(%)) + divx(%c(%)u)− divx(%D∇xc(%)) = 0

u = ∇xp − %g

Compatibility

c = log(%) ⇒ ∆p = ∆% + |∇x log(%)|2 + divx(%g)

periodic boundary conditions ⇒ % = const !



Navier-Stokes-Fourier system

Mass conservation

∂t% + divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS(∇xu)

Internal energy equation

∂t(%e(%, ϑ))+divx(%e(%, ϑ)u)+divxq = S(∇xu) : ∇xu−p(%, ϑ)divxu

Total energy conservation

d
dt

∫ [
1

2
%|u|2 + e(%, ϑ)

]
dx = 0



Constitutive relations (weak form)

Newton’s law

%S(∇xu) = %

[
µ

(
∇xu +∇xu

t − 2

3
divxuI

)
+ ηdivxuI

]

Fourier’s law

%q = −%κ(ϑ)∇xϑ = %∇xK (ϑ)

State equation

p(%, ϑ) = %γ + a%ϑ
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Navier-Stokes-Fourier system (weak form)

Mass conservation

∂t% + divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS(∇xu)

Thermal energy balance

cv∂t(%ϑ) + cvdivx(%ϑu)− divx(κ∇xϑ) ≥ S(∇xu) : ∇xu− a%ϑdivxu

Total energy balance

d
dt

∫ [
1

2
%|u|2 +

a

γ − 1
%γ + cv%ϑ

]
dx ≤ 0



Renormalization

Renormalized equation of continuity

∂tb(%) + divx(b(%)u) +
(
b′(%)%− b(%)

)
divxu = 0

Renormalized thermal energy balance

cv∂t(%H(ϑ)) + cvdivx(%H(ϑ)u)− divx

(
H ′(ϑ)κ(ϑ)∇xϑ

)
≥

H ′(ϑ)S(∇xu) : ∇xu− H ′′(ϑ)κ(ϑ)|∇xϑ|2 − aH ′(ϑ)ϑ%divxu

Entropy balance

∂t(%s(%, ϑ)) + divx(%s(%, ϑ)u)− divx

(
κ(ϑ)

ϑ
∇xϑ

)
≥ 1

ϑ

(
S(∇xu) : ∇xu +

κ(ϑ)

ϑ
|∇xϑ|2

)



Compactness of the density

Density oscillations

∂t% log(%) + divx

(
% log(%)

)
u) + %divxu = 0

∂t(% log(%)) + divx (% log(%))u) + %divxu = 0

Effective viscous flux

0 ≤ p(%)%− p(%) % = %divxu− %divxu

Biting limit of the temperature

lim Kα(ϑε) = Kα(ϑ), Kα ↗ K



Relative entropy (modulated energy)

Relative entropy functional

E
(
%, ϑ,u

∣∣∣ r ,Θ,U
)

=

∫
Ω

(
1

2
%|u−U|2 + HΘ(%, ϑ)− ∂HΘ(r ,Θ)

∂%
(%− r)− HΘ(r ,Θ)

)
dx

Ballistic free energy

HΘ(%, ϑ) = %
(
e(%, ϑ)−Θs(%, ϑ)

)
Coercivity of the ballistic free energy

% 7→ HΘ(%,Θ) strictly convex

ϑ 7→ HΘ(%, ϑ) decreasing for ϑ < Θ and increasing for ϑ > Θ



Dissipative solutions

Relative entropy inequality[
E

(
%, ϑ,u

∣∣∣r ,Θ,U
)]τ

t=0

+

∫ τ

0

∫
Ω

Θ

ϑ

(
S(∇xu) : ∇xu−

q(ϑ,∇xϑ) · ∇xϑ

ϑ

)
dx dt

≤
∫ τ

0

R(%, ϑ,u, r ,Θ,U) dt

for any r > 0, Θ > 0, U satisfying relevant boundary conditions
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Remainder

R(%, ϑ,u, r ,Θ,U)

=

∫
Ω

(
%
(
∂tU + u · ∇xU

)
· (U− u) + S(∇xu) : ∇xU

)
dx

+

∫
Ω

[(
p(r ,Θ)− p(%, ϑ)

)
divU +

%

r
(U− u) · ∇xp(r ,Θ)

]
dx

−
∫

Ω

(
%
(
s(%, ϑ)− s(r ,Θ)

)
∂tΘ + %

(
s(%, ϑ)− s(r ,Θ)

)
u · ∇xΘ

+
q(ϑ,∇xϑ)

ϑ
· ∇xΘ

)
dx

+

∫
Ω

r − %

r

(
∂tp(r ,Θ) + U · ∇xp(r ,Θ)

)
dx
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Weak solutions - summary

Global existence in the viscous case

Global-in-time weak dissipative solutions of the
Navier-Stokes-Fourier system exist for any finite energy initial
data (under some hypotheses imposed on constitutive relations)

Compatibility

Regular weak solutions are strong solutions

Weak-strong uniqueness

Weak and strong solutions emanating from the same (regular) initial
data coincide as long as the latter exists. The strong solutions are
unique in the class of weak solutions

Eduard Feireisl Stability of fluids



Numerical method

Special choice of boundary conditions

u · n|∂Ω = 0, curl[u]× n|∂Ω = 0

Nédelec FE’s

Vh(Ω) =
{
v

∣∣∣ v = a + gx, v ∈ L2
div(Ω;R3)

}
Wh(Ω) =

{
w

∣∣∣ w = d + hG (x), ∇xG +∇t
xG = 0

}
Upwind discretization of convective terms

〈divx(hu);ϕ〉K ≈
∫

∂K

h(·−u·n)u·n[[ϕ]] dSx ≡
∫

∂K

Up[h,u][[ϕ]] dSx



Numerical scheme [Karlsen-Karper], I

Equation of continuity

∫
Ω

Dt%
k
hϕh dx ≡

∫
Ω

%k
h − %k−1

h

∆t
ϕh dx =

∑
Γ∈Γh

∫
Γ

Up[%k
h , u

k
h ] [[ϕh]] dSx

for all ϕh ∈ Qh(Ω)

Momentum equation∫
Ω

Dt

(
%k

h û
k
h

)
· ϕh dx −

∑
Γ∈Γh

∫
Γ

Up[%k
h û

k
h ,u

k
h ] · [[ϕ̂h]]dSx

−
∫

Ω

p(%k
h , ϑ

k
h)divxϕh dx

= −
∫

Ω

(
µcurl∗[uk

h ] · curl∗[ϕh] + (λ + µ)divxu
k
hdivxϕh

)
dx

for all ϕh ∈ Vh(Ω)



Numerical scheme [Karlsen-Karper], II

Energy equation∫
Ω

Dt

(
%k

hϑ
k
h

)
ϕh dx −

∑
Γ∈Γh

∫
Γ

Up[%k
hϑ

k
h ,u

k
h ] [[ϕh]]dSx

+
∑
Γ∈Γh

∫
Γ

1

h
[[K (ϑk

h)]] [[ϕh]]dSx

=

∫
Ω

(
µ|curl∗[uk

h ]|2 + (λ + µ)|divxu
k
h |2

)
ϕh dx

−
∫

Ω

ϑk
h∂ϑp(%k

h , ϑ
k
h)divxu

k
hϕh dx

for all ϕh ∈ Qh(Ω)



Synergy analysis - numerics

The numerical schemes converges to a weak solution of the
problem

Assume that the numerical schemes gives rise to a bounded
family of solutions ⇒ the limit (weak) solution is bounded ⇒
the limit weak solution is smooth ⇒ the limit weak solution is
unique ⇒ the numerical scheme converges unconditionally

The limit solution being smooth, error estimates can be derived


