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Navier-Stokes-Fourier system

Mass conservation
Oro + divy(ou) =0
Momentum balance

0t(ou) + divye(ou ® u) + Vip(0,9) = divyS(Vxu)
Internal energy equation

Or(0e(p,9))+divk(oe(o, )u)+diveq = S(Viu) : Viu—p(p,9)diveu

d

Total energy conservation
dt

[%g|u|2 + e(o, 19)] dx=0
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Constitutive relations (weak form)

Newton’s law

2
0S(Vxu) = o {H <qu + Vyu' — 3divxu]I) + ndivxuﬂ}

Fourier's law

09 = —or(9) V9 = oV, K (V)

State equation

p(0,9) = 07 + ap?¥

Eduard Feireisl Stability of fluids



Navier-Stokes-Fourier system (weak form)

Mass conservation

Oro + divy(ou) =0

Momentum balance

O¢(ou) + divy(ou ® u) + Vip(o,¥) = div,S(Vxu)
Thermal energy balance
cv0:(09) + cdivy(evu) — divy (kV, ) > [S(Vu) : Vi — apildiv,u

Total energy balance
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Renormalization

Renormalized equation of continuity

deb(0) + div,(b(o)u) + (b’(g)g — b(@))divxu =0
Renormalized thermal energy balance

9 (0H(9)) + c,divx(oH(9)u) — divy (H/w)m(ﬁ)vm) >
H' (9)S(Vxu) : Viu — H'(9)k(9)| V9> — aH' (9)0 odiv,cu

Entropy balance

0t(0s(0,9)) + divk(os(0, 9)u) — divy (Iﬂg’}?)vxﬂ)

= (S(VXU) L Veu+ ”(mvxﬁﬁ)
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Compactness of the density

Density oscillations

Orolog(p) + divy (g Iog(,g)) u) + odiveu =0

O¢(0log(0)) + divyx (0log(g)) u) + edivyu =0

Effective viscous flux

0 < p(0)o — p(e) 0 = ediv,u — odiv,u
Biting limit of the temperature

lim Ko (9:) = Ka(9), Ko /' K
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Relative entropy (modulated energy)

Relative entropy functional

S(Q,ﬂ,u

r,©, u)

aH@(r7 e)
0

= [ (3ol Ur+ Hole) - (0= 1) - Ho(r,©)) dx

Ballistic free energy

He(0,9) = o(e(0,9) — ©s(o,1))

Coercivity of the ballistic free energy

0 — Ho(o,©) strictly convex

¥ +— Ho(p,¥) decreasing for ¥ < © and increasing for ¢ > ©



Dissipative solutions

Relative entropy inequality

[5 (g,ﬂ,u r,@,U)]T

t=0

s

— [ S(V4u) : Vou —
Qﬁ(< )

q(ﬁ,Vxﬂ)-V)A?) I dt
9
S/ R(0,9,u,r,©,U) dt

0

for any r > 0, © > 0, U satisfying relevant boundary conditions
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Remainder

’R(g,ﬁ,u,r,@,U)‘

= /Q (g(@tU +u- VXU) (U —=u)+S(Vu) : VXU> dx
+/Q [(p(+.©) = p(e,9))divU + 2(U — u) - V.p(r, )] dx

—/Q (9(5(97 9) — s(r, @)) 0:© + Q(S(@, 9) — s(r, @))u -V,0

q(9, V1)
Ty

+/ "2 (9:p(r,0) + U Vup(r,0)) dx
Q r

. VX@) dx




Weak solutions - summary

Global existence in the viscous case

Global-in-time weak dissipative solutions of the
Navier-Stokes-Fourier system exist for any finite energy initial
data (under some hypotheses imposed on constitutive relations)

Compatibility

Regular weak solutions are strong solutions

Weak-strong uniqueness

Weak and strong solutions emanating from the same (regular) initial
data coincide as long as the latter exists. The strong solutions are
unique in the class of weak solutions
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Numerical method

Special choice of boundary conditions

u-nlpQ =0, curllu] X njsqg =0

Nédelec FE’s
Vi(Q) = {v ‘ v=adtgx ve L2 ( R3)}

Wh(©) = {w ( w=d+hG(x), V+G+ViG =0}

Upwind discretization of convective terms

(divy(hu); )k ~ /a h—wn)un{] 45, = /a Uplhulff] @S,



Numerical scheme [Karlsen-Karper], |

Equation of continuity

k
lé&ﬁwAXELQhA wdx—E:/UM%%medS

rery

for all ¢ € Qn(Q)

Momentum equation
| D (k) - on ax— 3 [ Unlefh uf] - 2148,
rer,
—/ p(ok, 9%)div.pn dx
Q

= —/ (peur*[uf] - curl*[pp] + (X + p)diveugdiveps) dx
Q

for all pp € V4(Q)



Numerical scheme [Karlsen-Karper], 1l

Energy equation

k ak = k qk uk b -
| 0 (ehth) n ax— 3 [ Uplelouf [loallas

rery

+ 3 [ KO enlas,

rery

:/ (uleurt [uk]2 + (A + p)|divyul[?) gp dx
Q

—/19ﬁ&gp(gﬁ,19ﬁ)divxuﬁ<ph dx
Q

for all ¢ € Qn(Q)



Synergy analysis - numerics

m The numerical schemes converges to a weak solution of the
problem

m Assume that the numerical schemes gives rise to a

family of solutions = the limit (weak) solution is bounded =
the limit weak solution is smooth = the limit weak solution is
unique = the numerical scheme converges unconditionally

m The limit solution being smooth, error estimates can be derived



