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Oscillations in conservation laws

Nonlinear conservation law

Ov + div,F(v) =0
Linear field equation

v +div,U =0
Nonlinear “constitutive” relation

Fiv)=TU
Oscillations

— for all B, liminf 2> 2
/Bv6 /Bv or all B, I.T—:Q/B|v5| /B|v|

«4Or «F)>» «=)>»

o>



Convex integration

Replacing constitutive relation

G(v,U) > |v|?, G convexinv, U

Fiv)=U < G(v,U) = |v|?

Subsolutions

dev +div, U =0, [v|* < G(v,U) <Je, e = “kinetic energy”

Oscillatory lemma

Ow, +div, V., =0, v+ w., U+ V. subsolutions

w, —0
Iiminf/ |v+w€|22/ |v|2+/A(e—|v|2)
e=0 Jp B B



Convex integration - DelLellis and Shékelyhidi

Incompressible Euler system in R3

div,v =0, v +dive(vev) + VMM =0
v(0,) =vp

Reformulation

1
divev = 0, Ov + divy (v RV — 3|v|2]I) +V,N=0

Linear system vs. non-linear constitutive equation

divyv =0, Oyv +div,U=0

1
U:v®v—§|v|2]l7 Ue R3S

0,sym



Convex integration continued

Implicit constitutive relation

Amax [V @ v — U]

2

1
_)\max [V XV — U] > §|V|2

1
Amax V@V —TU] = §|v|2

1
@U:v®v—§|v|2ll
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Convex integration - subsolutions
Equations

v, U smooth in (0, T)

divyy =0, Oyv +div,U =0

Extremal values
V(Oa ) = Vo, V(T7 ) =\VT
Energy

piece-wise smooth function e
Convex set

%lvl2 < Amax [V®V_U] <ein (0, T)
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Oscillatory lemma

Oscillatory increments

divow, =0, 9yw, +div, V. =0
we, V. e C(Q)

w. — 0 weakly in L2(V)
v

)\max[( +Wa)®(V+Wg)—(U+V )] < e
Energy

1 «
2 _ Lo
|IIETII(I)1f/V v+ w|?) /|v| +c/ (e 2|v|)
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Infinitely many solutions

Necessary condition
There exists e such that the set of subsolutions is non-empty
Infinitely many solutions

divev =0, 9pv + divi(ve v) —

Pressure

1o 1, .
2|V| _67 p_ 3|V| 3e|n (O7T)
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Typical results

Arbitrary (smooth) data

Infinitely many solutions for “any” data; solutions produce energy

Physically admissible solutions

Infinitely many dissipative solutions for "wild” data; existence for
special data
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Non-constant coefficients

Convex set

S P

r(t,x)

< Amas [(" * q(t’x)r)(f’x(;' Fa(t.x) _ U] <e

Equations

div,v =0

(v+a)@(v+a) 1lv+gf
-z +
r 3 r

8tV + diVX <

1v+atx)?
2 r(t,x)




Example |I: Compressible Euler system

ou=v—+V,V div,y =0
Equations

Oro + divy(ou) =0 & dro+ AV =0

O¢(ou) + divy(ou @ u) + Vip(0) =0

=
Do+ div ((v F V)@ (v+ VW)

o

) + Vi(0:V + p(0)) =0

3 3
e=x(t)— §p(@) — 50V
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Example Il: Euler-Poisson system

Equation of continuity
6tn + diVXJ =0
Momentum equation

0 + div, (%) + Vep(n) = £nV

Poisson equation
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Euler-Poisson system - reformulation

Ansatz
J=v+V, V¥, div,v=0
Equations

on+ AV =0, —Ad=n-1

st [ TS0 T

n

(Vo ® VXQJ)]
1
. oot (o 20 <
Energy

e=x(t) - % [p(n) TovT (¢ ! %|VX¢|2>]
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Example I1l: Quantum hydrodynamics

Equation of continuity
Oro+div,d =0

Momentum equation

JxJ h? Ao
6J+divx(—>+vx :_vx(_
: ’ plo) = Zo 7o
Poisson equation

V=V, —Ad=p—c(x)

o>



Ansatz

Equation of continuity

J=v+V, ¥, div,v =0, 0;0+ AV =0
“Radiative” term

- (28) -

1

1

2divy [Vx\/E ®Vxve -3 |Vx\/5|211:|

1Y | tap - 2V.aP
X 2 0 3 X\/E
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