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Oscillations in conservation laws

Nonlinear conservation law

∂tv + divxF(v) = 0

Linear field equation

∂tv + divxU = 0

Nonlinear “constitutive” relation

F(v) = U

Oscillations∫
B

vε →
∫
B

v for all B, lim inf
ε→0

∫
B

|vε|2 ≥
∫
B

|v|2



Convex integration

Replacing constitutive relation

G (v,U) ≥ |v|2, G convex in v, U

F(v) = U ⇔ G (v,U) = |v|2

Subsolutions

∂tv + divxU = 0, |v|2 ≤ G (v,U) < e, e = “kinetic energy”

Oscillatory lemma

∂twε + divxVε = 0, v + wε, U + Vε subsolutions

wε ⇀ 0

lim inf
ε→0

∫
B

|v + wε|2 ≥
∫
B

|v|2 +

∫
B

Λ
(
e − |v|2

)



Convex integration - DeLellis and Shékelyhidi

Incompressible Euler system in R3

divxv = 0, ∂tv + divx(v ⊗ v) +∇xΠ = 0

v(0, ·) = v0

Reformulation

divxv = 0, ∂tv + divx

(
v ⊗ v − 1

3
|v|2I

)
+∇xΠ = 0

Linear system vs. non-linear constitutive equation

divxv = 0, ∂tv + divxU = 0

U = v ⊗ v − 1

3
|v|2I, U ∈ R3×3

0,sym



Convex integration continued

Implicit constitutive relation

λmax [v ⊗ v − U]

3

2
λmax [v ⊗ v − U] ≥ 1

2
|v|2

3

2
λmax [v ⊗ v − U] =

1

2
|v|2 ⇔ U = v ⊗ v − 1

3
|v|2I



Convex integration - subsolutions

Equations

v, U smooth in (0,T )

divxv = 0, ∂tv + divxU = 0

Extremal values

v(0, ·) = v0, v(T , ·) = vT

Energy

piece-wise smooth function e

Convex set

1

2
|v|2 ≤ λmax [v ⊗ v − U] < e in (0,T )



Oscillatory lemma

Oscillatory increments

divxwε = 0, ∂twε + divxVε = 0

wε, Vε ∈ C∞c (Q)

wε → 0 weakly in L2(V )

λmax [(v + wε)⊗ (v + wε)− (U + Vε)] < e

Energy

lim inf
ε→0

∫
V

(
|v + wε|2

)
≥
∫
V

|v|2 + c

∫
V

(
e − 1

2
|v|2
)α



Infinitely many solutions

Necessary condition

There exists e such that the set of subsolutions is non-empty

Infinitely many solutions

divxv = 0, ∂tv + divx(v ⊗ v)− ∇x

(
1

3
|v|2
)

= 0

Pressure

1

2
|v|2 = e, p = −1

3
|v|2 = −2

3
e in (0,T )
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Typical results

Arbitrary (smooth) data

Infinitely many solutions for “any” data; solutions produce energy

Physically admissible solutions

Infinitely many dissipative solutions for “wild” data; existence for
special data
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Non-constant coefficients

Convex set

1

2

1

r(t, x)
|v + q(t, x) |2

≤ λmax

[
(v + q(t, x))⊗ (v + q(t, x))

r(t, x)
+ W(t, x) − U

]
< e

Equations

divxv = 0

∂tv + divx

(
(v + q)⊗ (v + q)

r
− 1

3

|v + q|2

r
+ W

)
= 0,W ∈ R3×3

0,sym

Energy

1

2

|v + q(t, x)|2

r(t, x)
= e(t, x)



Example I: Compressible Euler system

Ansatz

%u = v +∇xΨ, divxv = 0

Equations

∂t%+ divx(%u) = 0 ⇔ ∂t%+ ∆Ψ = 0

∂t(%u) + divx(%u⊗ u) +∇xp(%) = 0

⇔

∂tv + divx

(
(v +∇xΨ)⊗ (v +∇xΨ)

%

)
+∇x(∂tΨ + p(%)) = 0

Energy

e = χ(t)− 3

2
p(%)− 3

2
∂tΨ



Example II: Euler-Poisson system

Equation of continuity

∂tn + divxJ = 0

Momentum equation

∂tJ + divx

(
J× J

n

)
+∇xp(n) = ±nV

Poisson equation

V = ∇xΦ, −∆Φ = n − 1



Euler-Poisson system - reformulation

Ansatz

J = v +∇xΨ, divxv = 0

Equations

∂tn + ∆Ψ = 0, −∆Φ = n − 1

∂tv + divx

[
(v +∇xΨ)⊗ (v +∇xΨ)

n
± (∇xΦ⊗∇xΦ)

]
+∇x

[
∂tΨ + p(n)∓

(
Φ +

1

2
|∇xΦ|2

)]
= 0

Energy

e = χ(t)− 3

2

[
p(n) + ∂tΨ∓

(
Φ +

1

2
|∇xΦ|2

)]



Example III: Quantum hydrodynamics

Equation of continuity

∂t%+ divxJ = 0

Momentum equation

∂tJ + divx

(
J× J

%

)
+∇xp(%) =

h2

2
%∇x

(
∆
√
%

√
%

)
± nV

Poisson equation

V = ∇xΦ, −∆Φ = %− c(x)



Ansatz

Equation of continuity

J = v +∇xΨ, divxv = 0, ∂t%+ ∆Ψ = 0

“Radiative” term

%∇x

(
∆
√
%

√
%

)
= −2divx

[
∇x
√
%⊗∇x

√
%− 1

3
|∇x
√
%|2I

]
+∇x

[
1

2
∆%− 2

3
|∇x
√
%|2
]
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