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0o + divy(ou) =0

0¢(ou) + divy(ou ® u) + Vyp(0, ) = div,S(Vu)
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Local well posedness

Initial data

0(0,-) = go > 0, 9¥(0,:) =Y >0, u(0,:) =ug

Regularity

0,9, ue W™ m>3

Local existence for viscous fluids - Navier-Stokes-Fourier
system

A. Valli, W.Zajaczkowski [1982] - local existence for large data,
A.Matsumura, T.Nishida [1980,1983] - global existence for small
data

Local existence for ideal (inviscid) fluids - Euler-Fourier system

T. Alazard [2006], Serre [2008] - local existence for large data



Several “equivalent” forms of energy balance

Internal energy balance

Ot(0€) + divk(peu) + diveq = ’ S(Vxu) : Veu |— ’ pdivyu ‘
Entropy production
0t(0s) + divy(osu) + divy (5> E]E < S(Vxu) : Vi 3 )

Total energy balance
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O (2,QU|2 + ge) + divy {<2g|u2 + ge> u+ pu] + divxq

— Jdiv(S(V,u) - u)]
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£ (g,ﬂ,u ‘ r0, u)

1
— [ (3eu= 0P+ Hote,) - 2612

0 — Ho(o, ©) strictly convex

¥ — Ho(p,¥) decreasing for ¥ < © and increasing for ¥ > ©
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for any r > 0, © > 0, U satisfying relevant boundary conditions
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| R(o,Y,u,r,0,U) |

_ /Q (0(2U+u-V,U) - (U-u) +5(9, V.) : V,U) dx
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_ / (e(ste.9) ~ s(r.©))2:0 + os(e. ) ~ s(r.0) )u- V0

q(9, Vi)
9

+ /Q r-e <(‘9tp(r, @)—i—U-pr(r,@)) dx

r

—+

. VX@> dx




Weak solutions - summary

Global existence in the viscous case

Global-in-time weak dissipative solutions of the
Navier-Stokes-Fourier system exist for any finite energy initial
data (under some hypotheses imposed on constitutive relations)

Compatibility

Regular weak solutions are strong solutions

Weak-strong uniqueness

Weak and strong solutions emanating from the same (regular) initial
data coincide as long as the latter exists. The strong solutions are
unique in the class of weak solutions

Eduard Feireisl Weak solutions in thermodynamics of fluids



Suppose that a dissipative weak solution to the
satisfies

Navier-Stokes-Fourier system emanating from regular initial data

IVul| = ((0,)x0) < .
Then the solution is regular in (0, T).
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0o + divy(ou) =0

Ot(ou) + divy,(ou @ u) + Vi (09) =0

; [Ot(gﬂ) + divx(gﬁu)} — A9 = —pddivyu
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00, Yo, Up € C3, 09 >0, 9 >0

For any (smooth) initial data go, Yo, ug the Euler-Fourier system

admits infinitely many weak solutions on a given time interval (0, T)

0€ C? 09, V29 € LPforany 1< p< oo

uec Cweak([oa T], L2) n Loo’ diveu € C1
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ou=v—+V,V div,y =0

6tv -+ diVx (

(v+V, V)@ (v+ V)

Y

) + Vi (0:V + 09) =0
g (9e(00) + diva V(v + V) ) = &0

—otdiv, (—V + Z*w)
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QoGCz,’ﬂoECz, 00 > 0, %o >0

For any regular initial data gg, Yo, there exists a velocity field ug
such that the Euler-Fourier problem admits infinitely many
dissipative weak solutions in (0, T)
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Admissible solutions should “maximize” the entropy production rate o
«40r «4F»r « =) 4 > Q>
~ Eduard Feireisl  Weak solutions in thermodynamics of fluids
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