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Abstract

The Anglo-American double-member districts employing plurality-at-large are frequently
criticized for giving a large majority premium to a winning party. In this paper, we
demonstrate that the premium stems from a limited degree of voters' discrimination associated
with only two positive votes on the ballot. To enhance voters' ability to discriminate, we
consider rules that give voters more positive and negative votes. We identify voting equilibria
of alternative scoring rules in a situation where candidates differ in binary ideology and
binary quality; strategic voters are of two ideology types; and a candidate's ideology is more
salient than quality. The most generous rules such as approval voting and combined approval-
disapproval voting only replicate the outcomes of plurality-at-large. The highest minority
representation and the highest quality is achieved by a rule that assigns two positive votes and
one negative vote to each voter.

Abstrakt

Volebni vysledky dosazené ve volbach s dvoumandatovymi obvody byvaji ¢asto kritizovany
jako velmi nepropor¢ni, protoZe vitéznd strana ziskdva vysokou prémii za své vitézstvi. V
tomto textu ukazuji, Ze vysokd prémie je disledkem omezené moZnosti volicl diskriminovat
mezi jednotlivymi kandidaty, coZ neni samo o sobé vlastnosti dvoumandatového obvodu,
nybrz hlasovani na zédklad€ dvou kladnych hlasti. Aby voli¢i mohli vice diskriminovat, museji
disponovat dodate¢nymi hlasy. Cilem tohoto textu je ukazat vysledky strategického hlasovani
pro volebni pravidla ve dvoumandatovych obvodech, kterd se 1i§i poctem kladnych a
zapornych hlast, a to za situace, kdy kandidati se 1isi v binarni ideologii a binarni kvalité.
Pravidla, ktera neomezuji pocty hlast, dosahuji pouze standardnich vysledkd. Nejlepsi
zastoupeni menSinovych voli¢h a nejvyssi kvalitu kandidati dosahuje pravidlo, které¢ dava
voli¢im dva kladné hlasy a jeden zéporny hlas.
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1 Introduction

In the year 2012, a Czech financier, mathematician and philapist Karel Jangek proposed
a ‘2+1 electoral rulel This scoring electoral rule for double-member districtgegieach voter
two positive votes and a single negative vote, where thetipesind negative points add up to
each other. A voter cannot cumulate positive points to alsiogndidate, but partial abstention
is allowed. A unique feature of the 2+1 electoral rule is tin@utaneous presence of the positive
and negative votes; hence, the rule blends structuraligrdifit properties of best-rewarding and
worst-punishing electoral rules (see Myerson, 1999). Wditbn for the rule is to allow voters
to express their policy preferences safely but at the samme mmotivate them for discrimination
along the quality (i.e., competence or integrity) dimensio

This paper attempts to compare the properties of the 2+1reld¢ive to the properties of
closely similar rules in two-member districts, includingmality-at-large that is currently almost
exclusively used in Anglo-American double-member dissti€vidence from U.S. states demon-
strates that plurality-at-large in two-member distrig@ssociated with a low incidence of split
outcomes (Cox, 1984). In fact, in the 2010-2012 elections.®. States, a single party gained
both seats in 78.5% of two-member districts. The large puenior a majority party in a district
is seen as the major disadvantage of having two-membeictistis such, and district magnitude
has even become a constitutional issue in the United Stitestamous 1986 decision, Thorn-
burg v. Gingles, the U.S. Supreme Court overturned North @arslmulti-member legislative
lines on the grounds they discriminated against blacks.UO.Be Voting Rights Act thus encour-
ages the creation of districts where racial or ethnic mtrewipredominate, and single-member
districts are interpreted as best fitting this objective.

Our analysis of plurality-at-large reveals that disprajpmality in two-member districts is the
result of an excessively large correlation of scores of ihtds coming from a single party. The
correlation can be weakened bgforming the structure of the ballot towards endowing voters
with more than just two positive votes. We demonstrate thatresulting outcomes improve
not only representativeness, but also the quality of thetederepresentatives. For that purpose,
we investigate several scoring rules for two-member distrincluding plurality-at-large, the
2+1 rule, approval voting, and the most generous rule knawcoabined approval-disapproval
voting (Felsenthal, 1989). The rules differ in the maximaher of positive votes\(* =
0,1,2,3) and the maximal number of negative votés (= 0, 1, 2, 3).

We confine the analysis to an elementary electoral situatidim exactly one valence di-
mension and one policy dimension, which contains the eisgértdeoff between policy (private

1Source:nt t p: / / www. kar el j anecek. cont muj - navr h- vol ebni ho- zakona (in Czech), accessed
16 November, 2012.



value) and quality (common value) as faced by instrumentational voters. We consider strate-
gic voterg under population uncertainty. The set of strategic votedsiven from a probability
distribution, and the optimal ballot is determined by theisture of decisive (pivotal) events.
Pivotal events, where an individual vote can make a diffeeesre essential for characterizing
the optimal ballots.

We employ two models of population uncertainty. Drawingvromultinomial tradition (Pal-
frey, 1989; Cox, 1994; Bouton, Castanheira and Llorente-Sa@@42; Carmona, 2012), we
begin with a fully symmetric binomial setup. In that setulppaofiles for all electoral rules can
be tractably analyzed without the need to calculate madegwf the pivotal events. Then, as
a robustness check, we study the electoral rules in largamagyric Poisson games, borrowing
techniques from Myerson (2000, 2002), Bouton and Castan(®d®), and Bouton (2013).

Consider two ex ante symmetric groups of voters (left-wingoters and right-wing R-
voters). Total size is predetermined in the binomial gamd,Roisson-distributed in the Poisson
game. Each individual type is drawn independently and idelty. As in Myerson (1993), each
ideological type is represented by a single low-quality asthgle high-quality candidate. Thus,
the set of candidates contains four generic types of candidates, differing inlgljoknown
binary ideology and binary quality.

To motivate the analysis, we begin with the analysis of girgember districtd. The preva-
lent voting rule for single-member districtsssnple plurality. By Duverger Law, a set of seri-
ously competing candidates is restricted to a pair of catds] hence to a single binary dimen-
sion, which may be a pure ideology dimension. Hence, thenealelimension may be entirely
suppressed in the binary competition. Adding a single megabte (mixed 1+ 1 rule) does not
robustly solve the coordination problem since at pivotargs, the negative votes of one group
tend to cancel out fully the positive votes of the other groGonsequently, the voters have to
spread their few votes among very many serious candidates.rdason why the rule contains
a well-known ‘underdog’ effect of pure negative voting (Mgen, 1999) is that it embeds too
many negative votes relative to positive votes. Finallgiag an extra positive vote to the simple
plurality rule, as inapproval voting (AV), helps since casting a positive vote to the high-qyalit
candidate from one’s own group now possesses zero stratglgidyerson, 1993).

2The phenomenon of strategic or tactical voting has beerifiahin many contexts, including proportional and
mixed systems, and ambiguity remains only over the sizesptienomenon. As an example, Kawai and Watanabe
(2013) recently estimated a fully structural model of vgti@ecisions in Japan’s general election and concluded that

between 63% and 85% of voters are strategic.
3The comparison rests on the idea that quality competitigrésent both in single-member and two-member

districts; hence, four candidates run for office in bothrditt. If each group is represented by a single party, and
each party nominates a single candidate, then valence ¢itimpés entirely absent in the elections, and the eledtora
outcome in a single-member district is invariant to the.rule
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The intuition over the beneficial effect of extra positivde®and the detrimental effect of
extra negative votes does not translate into two-membétiadss We begin with a symmetric
binomial setting. Undeplurality-at-large, voters support their two ideological candidates in-
dependently on their qualities. As a result, the dominamingogroup always elects their two
candidates independently on quality. Approval voting doeschange the equilibrium. En-
dowing the voter with an arbitrary number of both positivel aregative votes as icombined
approval-disapproval voting (CAV) does not help either because strategic voters tenddil av
ballots with zero points (Felsenthal, 1989z and Laslier, 2013).

Adding only a single negative vote (the 2+1 rule) now gere=rdhe following incentives:
Each group of voters tries to win the two seats for their twadidates. In the electoral competi-
tion, two types of pivotal events arise: (i) If the group isxpost majority (majority event), the
stronger candidate of the group gains the first seat, and ¢la&ev candidate of the group com-
petes with the stronger candidate of the opposing grough®sécond seat. (i) If the group is in
ex post minority (minority event), the group cannot win thstfseat, and its stronger candidate
competes with the weaker candidate of the other group fos¢lend seat. Since positive votes
cannot accumulate to a single candidate, voters cast twbveogotes for two candidates from
their group to win both pivotal events. Quality then mattanly for how the single negative vote
is allocated.

The negative vote is cast to a low-quality candidate if thaarty event turns out to be
more valuable under a sincere profile. In the binomial sgttihis case occurs for a large set
of parameters. Intuitively, unless the probabilities o thajority and minority events differ
too much from each other, only nominal win gains in the evemaster. In the minority event,
a nominal win gain is large because a win improbeth policy and quality, whereas in the
majority event, a nominal win is small because a win imprqy@gy only at the expense of the
lower quality of the elected candidate.

We compare the electoral outcomes achieved by pluralitgrge, approval voting, and com-
bined approval-disapproval with the outcomes under ther@telin terms of quality and minor-
ity representation. The 2+1 rule increases the averagetyjuélthe elected candidates. By
frequently generating split outcomes, it also protectsamiy interests more than the alternative
rules in two-member districts. We additionally adopt aitairlan welfare criterion to demonstrate
that if the common valuation of quality is sufficiently largdilitarian welfare unambiguously
increases with the 2+1 rule.

To analyze the voters’ incentives robustly, we adopt asymalarge Poisson games. For the
2+1 rule, even under asymmetry, the ex-ante minority vatsesthe negative vote sincerely. The
ex-ante majority voters strategically mix their negativtes to keep both opposing candidates
equally serious. For the other electoral rules, pure idpommpetition is the equilibrium for
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any parameters. Thus, we have again mixed electoral ouscomée one side and non-mixed
electoral outcomes on the other. Their comparison remaiaktatively similar to the binomial
setting.

This paper adds to the very narrow literature on the simattas use of positive and negative
votes that has to date been limited to the analysis of CAV. &&csimilarly to runoff-voting
analysis in Bouton (2013), the attention of strategic votimgory with population uncertainty
is here devoted to the analysis of rules in multi-prize ébast, not in single-member elections
(Myerson, 2002; Myatt, 2007; diez, 2010; Krishna and Morgan, 2011; Bouton and Castan-
heira, 2012). The main difference is decisive races in rmémber districts are contests for
the last seat not for the first seat; thus, pivotal events hawere complicated structure than in
single-member districts. Most importantly, the seriossaf a candidate is not monotonic in her
expected score. Third, the paper is novel in the compreteasialysis of strategic voting equi-
libria for a set of four candidates and multiple electordésy and in the simultaneous analysis
of the two most widely used population uncertainty modeléost of the recent literature exam-
ines a single rule and only three candidates (e.g., BoutoiCasthnheira, 2012), and adding any
extra candidate increases exponentially the size of theegly set.

The general lesson of the paper is that adding negative wotdke ballot is valuable for
reflecting preferences down the ranking, but the voters iristotivated to submit a ballot with
a rich structure that uses negative votes as a second-agezedof discrimination. To generate
two degrees of discrimination by the equilibrium ballote thumber of positive vote¢ ™ and
the number of negative votd&  must be limited. Only this limit forces the voter to use the
intermediate values (in our case, zero points). At the sames too many levels of discrimination
such as in Borda Count should be discouraged simply to avosttagegic complexity in voting.
The 2+1 rule is instrumental in capping the total number ¢ésd/ ™ +V~ < #K) and in limiting
the structure of the vote¥ ( <V ™).

The paper proceeds as follows. Section 2 motivates theoetdcituation, electoral rules,
and electoral behavior. Section 3 builds the symmetriciiabgame. It analyzes three elec-
toral rules for single-seat districts (plurality, mixedtvy, and approval voting) and four elec-
toral rules for two-seat districts (plurality-at-largbet2+1 rule, approval voting, and combined
approval-disapproval voting). Section 4 solves the eldi for two-seat districts in a large
asymmetric Poisson game. Section 5 concludes.

4An alternative that builds pivotal events in the absenceapiutation uncertainty is noise in recording votes
(score uncertainty), where each strategy profile is astestigith a distribution of various outcomes (Laslier, 2009)



2 Electoral rules in two-member districts

Two-member districts were the norm in English electionsrfrthe thirteenth through most of
the nineteenth century until massive redistricting in 1888 American political system inher-
ited its electoral laws from England, and the predominariaoable- and other multi-member
districts continued in the United States past the colonglga. The perspective of the time
was more in favor of multi-member districts, where one ok€ltioncerns with single-member
districts was the excessive amount of special local letijigias observed by the New York Con-
stitutional Commission in 1872 (Cox, 1984). Since World Wamlportionments nonetheless
led to a gradual adoption of single-member districts acttosdJnited States.

In political science, double-member districts used to lBnsEs a prospective remedy to the
disproportionality in legislative representation asatail with simple plurality. For Lijphart and
Grofman (1984, p. 8),.". atwo-member district PR system could achieve the functional purpose
of plurality even better than the plurality method itself.” Recently, Carey and Hix (2011) revised
the tradeoff associated with the district magnitude, amcafsample of elections from 1945 to
2006 in all democratic countries with a population of mom@tlene million, they find an optimal
district magnitude to be in the range of three to eight.

Currently, there are 9 assemblies in the U.S. states thatwesenember districts and elect
both representatives per district through pluralityaatge (dual voting, block voting). To demon-
strate the performance of plurality-at-large, we caleuldite shares of mixed (split) and non-
mixed (non-split) electoral outcomes exploiting data fréime most recent elections (2010-
2012)8

In Table 1, the share of mixed outcomes is only 21.4-21.5%I @ubcomes, measured ei-
ther as the average from all districts or as the average tfadiaverages. The low incidence of
mixed outcomes suggests that replacing single-membetctisby two-member districts may
not improve representativeness. In theory, increasingligtect magnitude improves represen-
tativeness of dispersed minorities at the expense of theseptativeness of concentrated mi-
norities. In the context of the U.S. states, the negativecetipon concentrated minorities seems

5Another largely discussed example of the two-seat systeimtwi positive votes is the ‘binomial’ open-list-
PR system in Chile. In Chile, the system was designed in tsteylzars of the Pinochet regime with the aim to
strategically overrepresent a coalition of right-wingtjEes relative to a center-left coalition. In the binomiastm,
if two parties are competing, the minority party gains a gette district (i.e., half of the total seats) unless it atda
less than a third of the votes. To achieve that level of repregion was strategic also with respect to a two-third
qualified majority required for constitutional change. yand Niou (1998) provide an analysis relevant to strategic
position-taking in the Chilean binomial system.

6Source: http://ball ot pedi a. org/w ki/index. php/ State_| egi sl ati ve_chamnbers_
that _use_nulti-menber _districts, accessed 2 February, 2013.



to outweigh the positive effect for dispersed minoritieeeTact that two-member districts mag-
nify disproportionality relative to single-member distd is seen as a major shortcoming of the
two-member districts. Combined with the popular idea thagle-member districts improve
accountability, it is not surprising that reapportionngeintmany U.S. states are towards single-
member districts.

Table 1: The shares of mixed electoral outcomes in two-member
districts in recent U.S. states’ elections

U.S. state Election year Assembly Mixed Total Share
Arizona 2012 House of Representatives 2 28 7.1%
Maryland 2010 House of Representatives 3 15 20 %
New Hampshire 2012 House of Representatives 17 53 32.1%
New Jersey 2011 General Assembly 0 40 0%
North Dakota 2012 House of Representatives 6 25 24 %
South Dakota 2012 House of Representatives 9 33 27.3%
Vermont 2012 Senate 2 6 33.3%
Vermont 2012 House of Representatives 14 45 31.1%
West Virginia 2012 House of Delegates 2 11 182%

Our paper aims to show that the source of disproportionaifrimarily found in the low
degree of discrimination available with the pluralitylatge rule not in the existence of the two-
member districts. From our perspective, voters need nieltdpgrees of discrimination to in-
corporate secondary (here quality) considerations safudfsinto their ballots. In the class of
scoring rules, this requires the simultaneous existenbetbf positive and negative votes.

In this paper, we conduct an elementary analysis of theaatompetition in two-member
districts where we let candidates for office compete bothdar#licting (policy) dimension and
in a non-conflicting (quality or valence) dimensibrihe candidate’s quality can also be inter-
preted as corruptability; hence, valence competitioneggmts one of many channels between
electoral rules and corruption (c.f., Persson, Tabellii @rebbi, 2003¥.

’In its broad definition, valence is used for any valuable geas characteristic including campaigning or net-
working skills, but in a narrow sense, valence is only for thualities that voters value for their own sake such
as integrity, competence, and dedication to public servigire specifically, Stone and Simas (2010) measure
character-valence through seven indicators: persoregiiity, an ability to work well with other leaders, an alyilit
to find solutions to problems, competence, a grasp of theesssqualifications to hold public office, and overall

strength as a public servant.
8Many effects of the electoral system upon the level of cdioupare related to incentives and disincentives

to raise rents depending on the size of the party system aaltiaoal behavior. These effects can be modeled



We assume that both policy preferences and valence chasticeeare predetermined and
known. The reason is to isolate the pure and direct effech@felectoral rule on the electoral
expectations for the high- and low-quality candidates dretdby on the calculus of voting.
We leave an interaction analysis of the electoral rules aradegjic position-taking for further
research. When parties endogenously determine the set gfetmm candidates, the literature
agrees that low-quality candidates adopt extreme positiosoften valence competition, while
high-quality candidates adopt centrist positions (Grimss; 2001; Aragones and Palfrey, 2002;
Hollard and Rossignol, 2008; Hummel, 2010) even if valenemdogenous for the campaigning
(Carrillo and Castanheira, 2008; Ashworth and de Mesquita9R0

We presume thabnly two dimensions emerge as relevant for describing the candidates. If
only two dimensions matter, the non-conflicting valenceeatsion can end up either as (i) an
irrelevant dimension (i.e., there is no tradeoff betweealitppand policy), (i) a relevant and
strong dimension (i.e., low-quality candidates will likdde ousted by high-quality candidates),
or (iii) a relevant but weak dimension. Only the last optiemon-trivial and will be explicitly
considered.

With only two dimensions, only four types of candidates exidotivation for having only a
few candidates draws from the large Duvergerian literaburéhe number of serious candidates
as an increasing function of the district magnitiMeThe idea is that small district magnitudes
make some social divisions latent and not expressed eddigtor

Most of the vast Duvergerian literature examines a twoypairediction for simple plurality
(Duverger's Law). The early literature offers models withn@rgerian equilibria in which all
votes for the second challenger vanish (Palfrey, 1989; btyeiand Weber 1993; Cox, 1994).
laryczower and Mattozzi (2013) replicate Duverger’s Lawhi@ presence of campaigning efforts.
Dellis (2013) confirms Duverger Law for any top-scoring rileé deterministic setting and risk
aversion, where a top-scoring rule (a rule with a unique tape is defined such that it allows
the voter to cast a different score for the first and secondidate on the ballot. An exception
is Patty, Snyder and Ting (2009) who point to the presenceoaf rany’ electoral equilibria
in multi-candidate elections if the candidates are purelgiseeking and adopt policy positions

independently on the qualities of the candidates or pariessson and Tabellini (2001) identify two effects: The
first effect of multi-party systems is in the coalitional gaining stage. A party with ideological similarity to the
proposer becomes cheaper to include in a coalition thanewiddically distant party, which would tend to claim
large rents in the bargaining. The second effect is of dilindividual performance. For large coalitions and closed
party-lists, the misconduct of individual incumbents isrdifficult to monitor, detect, and punish in elections.
In addition, there is a lower incentive for challengers tonitar and reveal an incumbent’s underperformance in
multi-party systems since revelation activity by one afradjer generates an uncompensated positive externality for
the other challengers (Charron, 2011).



strategically. Among the most recent papers, Fujiwara120%es a regression discontinuity in
Brazilian mayoral elections to show that third-place caatid are more likely to be deserted in
races under the simple plurality rule than in runoff elet$io

In the analysis of multiple-seat districts, Cox (1994; 198f@dictsM + 1 viable parties and
in the long runM + 1 competing parties. Thigl -+ 1 result echoes results from all-pay auctions,
where the number of contenders for a winner-take-all contél M prizes is typicallyM + 1
(Siegel, 2009). The caveat is Cox formally developshhe 1 rule for a single non-transferrable
vote (a single positive vote favl > 1), and also his main evidence is primarily through district
level results from British and Japanese elections that usgtesnon-transferrable voting.

The lack of a formal analysis of districts with larger magdis is also understandable be-
cause with larger magnitudes, there is a greater role fordowation on the nation-wide level
and non-trivial linkages between district-wide and natrade competition (Cox, 1999). Morelli
(2004) develops a model, where for sufficiently asymmetrédgrences across districts, the link-
ages revert Duvergerian predictions; hence, the policgamé with a proportional rule is more
moderate than the one with plurality. Recent evidence (8igger and Stephenson, 2009) is nev-
ertheless supportive of the Duvergerian hypothesis; hena@taining a low number of serious
candidates is a reasonable point of departure.

3 The binomial game with symmetry

3.1 Players

Consider two binary dimensions: policylisor R, and quality is zero or one. Four generic types
of candidates are admissible. We let the candidat&listvolve one candidate per each generic
type,K = {L1,Lo,Re,Ro}.

Each voter is either of two types,= L,R. A group of voters is thex ante majority if
its expected size is larger than the expected size of the gtloeip. A group is thesx post
majority if its realized size is larger than the realized size of tHeepgroup. In this section,
we build a type-symmetric binomial model where expectedssare identical. Assume a large
fixed numbemn € N of voters. Purely for technical convenience, |gf = . In both population
models, each voter’s probability of being an L-type is drdvam an independent and identical
Bernoulli distribution with parameteas_ € (0,1), where for type-symmetny = % The number
of L-voters is a random variabbec N on the supporN = {x € N : 0 < x < n} with a binomial
distributionB(x; n; %). In the main analysis, we simplify the notationBx).

Voters learn their private types right before the electiand do not communicate their types
to the other voters. Voters make an inference about the gggneby the posterior distribution

9



functions, where the types’ posterior probability distitibn functions for L-type and R-types
areBy (x;n; 1) andBr(x; n; ). The difference of posteriors for L-voters and R-voters islent
from BL(x;n; p) = B(x—1;n—1;1) for x > 1 andBr(x;n; 7. ) = B(x;n—1;1.) for x < n—1.2
In particular, seé'ﬁ% = 2% and bbR(ES) = 22X, which imply that the posteriors of each type are
‘optimistic’ in a sense that for typg the events of being in the ex post majoritynfajority
events) are now seen as being more likely, and the eventsiraf bethe ex post minorityt{
minority events) are now seen as less likely. For examplepters expect any particular L-
majority event to be more likely than R-votels,(x) > br(x) for x > n—x, and vice versa.

Each typet = L,R is characterized by the utility functiow (c) over the elected candidate
c € K, where the valuation of any elected candidate is invar@tité valuation of another elected
candidate. Two separable arguments in the utility funcai@policy and quality of the candidate.
Types are symmetrically antagonistic over the policy, ¥nd 1 denotes the common relative
salience of the policy dimension to the corruption dimensidhe assumption that the policy
dimension is more salient than the quality dimensioded|ogical bias, see Krishna and Morgan,
2011) can be interpreted such that voters and the competirige® are sufficiently polarized:;
hence, voters consider the non-valent issue to be of fidgramportance. By normalizing the
benefit from the worst candidate to zero, the voters’ objedtinctions are:

u (L1))=V+1>u(ly) =V >u (R)=1>u. (Ry) =0,
UR(R]_) =V+1> UR(R()) =V > UR(Ll) =1> UR(Lo) =0.

3.2 Electoral rules and admissible ballots

We consider a sub-class of scoring rules that are charaetHoy the maximal number of positive
votesV ™ and the maximal number of negative votEs, where votes to a single candidate cannot
cumulate. In any scoring rule, each voter’s ballot is a vetttat specifies the number of points
that the voter assigns to each candidate. The vectors ofspoirall voters are summed into a
vector of scores, and for avi-seat district, the winning candidates &flecandidates with the
highest scores. Ties for thd-seat are broken neutrally; a winner of the last seat is c¢hose
randomly among all candidates involved in the tie, each etfhal probability. The reason is to
make an electoral rule neutral to any other aspect but thetsaducturet©

9For completenes (0;n; 1) = 0 andBgr(n;n; 1) = 1.

10n contrast, Meyerson (1993) allows ties to be broken by arsgary voter’s ranking. The extra ranking is a
technically very useful concept but involves three disadizges: (i) In reality, the secondary ranking is not avddab
unless list-voting with preferential votes is introducei) Non-neutral tie-breaking rules will tend to promote
candidates with high valence (e.g., high-quality candislabecause in the construction of the secondary ranking,
voters willnot risk any policy loss. The tradeoff between a policy loss and quality gain is, ha@rea crucial tradeoff

10



In our setting, each voter of tygesubmits a balloty; = (vtLl,vtLO,vtRl,vtRO). Formally, the

scoring rules that we admit have two characteristics: (ic8ithe votes to a candidate cannot
cumulate, the number of points that the voter gives to a citeliis 1, 0, or—1 (a positive
vote, no vote, a negative voteyf € {1,0,—1}. (ii) There are at maximurw* € N positive
votes and at maximurk' ~ € N negative votes on the ballot. (By tlgpe of vote, we mean
whether a particular vote is positive or negative.) Henlke,lallot can be truncated. The first
characteristic admits®= 64 ballots, but the second characteristic reduces the Seqsible
ballots. For the simplest rules such as plurality, we haJg Brfeasible ballots. For the 2+1
rule, we have exactly 33 feasible balldfsThe largest set of 62 feasible ballots is admitted by
combined approval-disapproval votihg.Additionally, we will restrict ourselves to admissible
(weakly undominated) ballots.

In our sub-class of scoring rules, a particular electort isia triplet(M,V* V=), We will
be examining the following rules: F& = 1, consider plurality (the 1+0 rule), the mixed system
(the 1+1 rule), and approval votiny { = #K — 1; for our quadruplet of candidates, the 3+0
rule). ForM = 2, consider plurality-at-large (the 2+0 rule), the 2+1 ra@pproval voting, and
combined approval-disapproval voting{ =V~ = #K — 1; here the 3+3 rule).

In this section, we seek pure-strategy equilibria. A vopingfile o(v,t) in pure strategies sat-
isfieso(v,t) € {0,1} for any(v,t). The set of feasible pure-strategy voting profiles is a Cies
product of the sets of feasible ballots, and this set is detexd by the electoral rule. Through-
out the analysis, it will be often useful to alternativelysdebe the pure strategy ballot not as a
vector of points given to candidates, but as a vector of ‘usdeasible votes, hence a vector of
V* +V~ elements. Each element is eithegtive (a vote is put on the ballot for some candidate
c € K) orinactive (a vote is put on the ballot, and the elemengis We assume that voting is
costless, which does not imply that each voter necessatiiyely assigns all feasible votés.
Taking the inactivity of votes into account, the cardinalif the set of feasible pure strategy
profiles in our electoral situation is only 25 for the plutgliule, but amounts to 999 for the 2+1
rule and 3844 for CAV.

of the electoral rules. If the aim is to see how the electarkd itself affects the quality of serious candidates, the
incentive to support high-quality candidates must be gueadogenous, and the electoral rule should be ‘neutral’
in the tradeoff. (iii) With the extra assumption in favor agh-quality candidates, it is likely that changes of the

electoral rules will effectively have no difference. Thidlwnly stem from the fact that the tie-breaking rule will

suppress the effects of the electoral rules.

HThese are permutations of the complete ballbtl,0,—1) and truncated ballot§1,1,0,0), (1,0,0,0),
(1,0,0,—1), and(0,0,0,—1).

2Given thatvt =V~ = #K — 1= 3, ballots(1,1,1,1) and(—1,—1,—1,—1) are not feasible.

Bweak dominance does not imply activity of all votes. For alsset of candidates such as in our case, a voter
can be made strictly worse off by being forced to use all vatgively (c.f., Feddersen and Pesendorfer, 1996).
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Let S(x, 0) be the score of candidate= K under voting profileo and realizatiorx. (In the
proofs, we avoid arguments to save space.) By type-symmsdgy Assumption 1 below), the
candidate’s score is

S(x,0) =X + (N—X)vi.

We use the scores to characterize the candidates’ praimdi being elected for a given
for voting profilea(v,t). For each candidate and eaglwe use an indicator variablgx =0, 1.

A candidate’s probability of being elected conditional mem x is Pr(lc = 1|x), and his or her
seat probability is S¢_o Pr(lc = 1/x)b(x).

For a givenx, exactlyM candidates with the highest scor@gk, o) win M seats. Let the
ordered candidates’ scores 8gx,0) > S(X,0) > S(X,0) = S4(x,0). Then, we have Rl =
1jx) = 1 if S(x,0) > Su(x,0), and Pflc = 1|x) = 0 if &(X,0) < Su(X,0). In the case of a
tie, recall that all candidates are treated identically] #re seat is allocated randomly. Thus,
if S(x,0)=Su(x,0), then Pflc = 1|x) = % wherez is the number of candidates who satisfy
S(X,0) =Su(x,0).

3.3 Pivotal events and seriousness

For each voting profiles, we identify the events (i.e., the sets of realizatighsn which an
individual voter is decisive, callepivotal events. The gains and losses in the pivotal events will
shape the voter’s best response ballot. More preciselgidenthe profilec and suppose any
unilateral deviation of a single voter, characterized g/ ghofile g’. Pivotal events for the pair
of profiles (o, d’) are all events where the vector of candidates’ probatslitiEbeing elected
changes. Notice that pivotal events directly depend on engpair of profiles and indirectly
are rule-specific in the sense that the electoral rule da@teswhich feasible profiles and also
which alternative profilew’ are feasible givero. To avoid excessive notation, we leave the
analysis of the pivotal events to each particular electaial

At this stage, it is only valuable to see that for the scorinlgs wheref € {—1,0,1}, a
pivotal event is either a tie or a near tie for theth seat. Atie x is characterized b$y (x,0) =
Sw+1(X,0). For any electoral rule we consider, each tie for Mheh seat is obviously a pivotal
event for some feasible p&jio, o’). The remaining pivotal events areriear ties, where a nec-
essary condition for a near tieSy (X, 0) — Su+1(X, 0) € {1,2,3,4} or Su(X,0) — Su-1(x,0) €
{1,2,3,4}. The reason to account for the differences of at most fountpdrom the score of
M-th candidateSy (x, o) is that in the class of rules using non-cumulatetl points and—1
points, a single voter changes an individual candidatedsesat maximum by two points (e.g.,
by adding a positive vote and withdrawing a negative poaryl therefore, the relative scores of
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two candidates cannot be affected if the difference is bydaiats or more. Typically, however,
the relevant near ties occur only for differences in scoyesre or two points.

The set of pivotal events involves all sub-sets of the setduding all singletong. Hence-
forth, itis convenient to decompose the analysis of gaind@sses into the analysis of singletons
x. For any pivotal singletom constructed from a pair of profilg®r, '), there must be at least
a pair of candidates whose probabilities of getting eleated Pr(l; = 1|x), have changed. Any
candidate whose probability of getting elected for a pivetentx can change under some pair
(0,0") is calleda serious candidate in event x. A candidate is callederiousif x € N exists such
that a candidate is serious in event

With the above classification of candidates, we can desedoh active vote on the ballot
(i.e., a positive or negative point) either aseaious or non-serious vote. A serious vote is cast to
a serious candidate. By definition, a serious vote affectseiae probability of a corresponding
serious candidate. A non-serious vote is a vote cast to aenaus candidate.

3.4 Equilibrium concept

Besides a focus on the pure-strategy equilibria of admis&iallots, Assumption 1 characterizes
the relevant equilibria as symmetric.

Assumption 1 (Symmetry) In a relevant equilibrium, ballots are characterized only by types
and are type-symmetric.

The assumption involves two symmetriéaithin-type symmetry (homogeneity) states that
voters of aridentical type behave in the equilibrium identically; the ballot of anyype isv. and
the ballot of any R-type isgr. Unlike Poisson game where payoff-irrelevant type sulistins
have zero effect on marginal probabilities for strategyfifge (Myerson, 1998), multinomial
games are not invariant to payoff-irrelevant type subdwis. Hence, we must directly assume
that there is no device that would instruct the voters of #émaestype to differ in their ballots.
Across-type symmetry states that the L-voter’s ballot is type-symmetric to thed®vs ballot;
henceyr = (V1,vi2, Vi1, v[%). As a shortcut, we can henceforth represent each symmatrie e
librium voting profile only by the ballot,.. The next assumption is to consider equilibria that
arise only in large electorates.

Assumption 2 (Large binomial game) An equilibriumfor feasible population size nisrelevant
only if the equilibrium exists also for any feasible population size ’ > n.

Similar to Bouton et al. (2012), we additionally apply a sirecetability refinement. This
refinement is a behaviorally relevant and technically ugetturbation in large voting games. A
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strict equilibrium is always sincerely stable becausetaatthl pivotal events that arise with very
small numbers of sincere votes must tend to vanish in impoetan a large electorate relative
to the original pivotal events. Sincere stability mattentydor weak equilibria that contain no
pivotal events because both types submit highly correl@tedur case, often identical) ballots,
and the set of winners is independent of the event.

Assumption 3 (Sincere stability) A weak equilibrium is relevant only if s> 1 exists such that
any voting game perturbed by any 0 < s < sof extra sincere voters contains this equilibrium.

Finally, we describe our approach in identifying the edpié in the binomial game:

1. We construct a set of symmetric pure-strategy voting l@o{iAssumption 1). We elimi-
nate profiles with those apparently inadmissible balfoiisat involve a positive vote to the
worst candidate® = v = 1) or a negative vote to the best candidafé & Vit = —1)
in order to obtain the set of candidate strategy profites

2. Foreach profiler € 7', we derive the corresponding candidates’ score funciepso),c e
K and the functiorgu (x, 0).

3. For the score functions, we identify pivotal events thateither ties or near ties for the
M-th seat. This is relatively straightforward given that soere functions are linear in a
single variablex.

4. The pivotal events identify the sets of serious candglatel non-serious candidates.

5. We check whether the voting strategies are best respoii$es is, for each type, we
consider all admissible unilateral deviations. Relevanmtat®mns are such that a pdic, X)
exists where Ric = 1|x) changes.

6. For each relevant deviation, we calculate each votepe&ed win gain (positive or neg-
ative) at each pivotal singletonwhere the candidates’ probabilities of being elected have
changed. The total expected gain is then the weighted suhe@Xpected gains times the
posterior probabilities of the pivotal singletolngx). A profile o is an equilibrium only if
each total expected gain is non-positive.

14An alternative ballot that would make the vote inactive wbwleakly dominate this ballot. For other ballots,
admissibility can be comprehensively evaluated only bystrmieting score functions for all feasible profiles, vg)
and identifying all pivotal events from all realizatiorg N.
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7. For all weak or strict equilibria in admissible strateggigre check whether the equilib-
rium is invariant to the size of the electorat¢Assumption 2), and we control for sincere
stability (Assumption 3).

An electoral outcom®( o, x) is a function that yields the vector of the candidates’ philba
ities of being elected for everygiven profilec. When these probabilities are zero or one, we
can alternatively speak of the set of elected candidates n\Wharacterizing electoral outcomes
generated in the relevant equilibria, we will be primarihecking the pivotal eventswhen an
electoral rule assigns in the equilibrium a seat to a Condeancmer with probability one and the
events when a Condorcet loser gains a seat with a positivapildai. With two types of voters,
Condorcet winners and Condorcet losers are defined by ther@nets of the ex post majority
group of voters. Fox < 3, Ry is the Condorcet winner arig is the Condorcet loser. Far> 3,

L, is the Condorcet winner arig is the Condorcet loser.

3.5 Single-member districts

Most of the pivotal voting analysis in past literature hasuged on single-member districts.
Here, we briefly illustrate the effects of enriching the plity ballot by extra positive and neg-
ative votes in our electoral situation. We will observe thsgra positive votes help to alleviate
coordination problems, while extra negative votes areciy less effective because of generat-
ing too many serious candidates.

By Proposition 1, the plurality rule exhibits a classic capation problem with multiple
relevant equilibria: Either low-quality candidatélsy, Ry} compete against each other, or high-
quality candidategL1,R;} compete against each other. Both equilibria share a unioatapi
tie x = 5 with a pair of serious candidates; hence, there is a closeaaly if the populations
of R-voters and L-voters are balanced. The other candidatesam-serious. The equilibrium
best response is always to support actively own policy aatds. (For the proofs, always see
the appendix.)

Proposition 1 (Plurality) For plurality, there are two strict equilibria: (i) L-voters support Ly
and R-voters support R;. (ii) L-voters support Ly and R-voters support Ry.

Both equilibria are strict; hence, the single positive vetalivays active and serious. The first
equilibrium is associated with a sincere ballat—= (1,0,0,0). For anyx, the Condorcet winner
is elected and the Condorcet loser is not elected. The seapnlibeum is associated with a
non-sincere balloty. = (0,1,0,0), but voting is sincere over the subset of serious candidates
K’ = {Lo,Ro}. For anyx, the Condorcet winner is a non-serious candidate, thus potesl.
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The Condorcet loser is surely elected in axtie 5. The first equilibrium Pareto-dominates the
second equilibrium.

What is the effect of adding a negative vote to the ballot? émtixed (1+1) rule, we observe
that a negative vote increases the pool of serious candiditere specifically, the voters tend
to cast positive and negative votes for a pair of serious idates. Negative points from one
group then cancel out positive points from the opposing grés a result, in a ti& = 3, serious
candidates have scores that equal zero. However, the atbarandidates also have scores that
equal zero; hence, they must also be considered serious.

With all candidates considered serious, strategic mixiagomes very likely. Mixing then
implies that low-quality candidates win seats with a pugsifprobability. Proposition 2 proves
that the incentive to mix is absent only when the dair, R, } attracts both positive and negative
votes, and ideological bidsis very low.

Proposition 2 (Mixed rule) Inthemixed rule, arelevant equilibriumexistsif and onlyifV < 2.
In the relevant equilibrium, L-voters cast positive votes to L1 and negative votes to R;, and
R-voters cast positive votesto R; and negative votesto L.

In a special case, the electoral outcome under prufile- (1,0, —1,0) is identical to the
outcome for the Pareto-superior equilibrium from plusalifThus, we may conclude that the
negative vote helps to eliminate the Pareto-inferior dguim but only in a small parametrical
sub-space. In the remaining cases, once voters focus onimgdine chances of the opposing
candidates, they cancel out each other’s votes, and thangirsdow of opportunity for the weak
and non-serious candidates with strategic mixing as atresul

What is the effect of adding a positive vote, which for truechballots amounts to approval
voting? In our particular electoral situation, admissipils sufficient to yield a unique favorable
equilibrium under AV. The reason is the strategy= (0, 1,0,0) characterizing the Pareto-inferior
equilibrium is weakly dominated by = (1,1,0,0).

Proposition 3 (AV, M = 1) For approval voting in single-member districts, L-voters approve L,
and R-voters approve R;.

The unique equilibrium ballot under approval voting is itleal to the Pareto-superior ballot
in plurality, but in contrast to plurality, the equilibriumow involves two inactive votes. This
may be considered as a disadvantage if we consider, insteadaix dominance, a selection
criterion that requires all votes to be active unless inégtbrings a positive gain.
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3.6 Two-member districts

We now proceed to the analysis of double-member districts.will discuss both quality and
representativeness of the candidates. In single-membticts, the ex post majority always
wins the seat, and the only performance criterion is thelgmce of high-quality candidates. For
two-seat districts, the ex post majority also wins the fiesitsbut the second seat may fall to
either of the groups. Thus, another natural criterion is hovelectoral system protects minority
interests. We will ask for which rule and under what condisiohe second seat is allocated to a
high-quality candidate of the minority group.

If only two positive votes can be cast, Proposition 4 findswaesie and strict equilibrium with
all votes being active. In the electoral outcome, the ex ara@rity always wins both seats. The
second seat is always for the inferior quality candidate.

Proposition 4 (Plurality-at-large) For plurality-at-large, L-voterssupport {L1,Lo} and R-voters
support {Ry, Ro}.

Next, we consider the electoral rules with arbitrary nurskafrvotes, namely AV (positive
votes) and CAV (positive and negative votes). For CAV, althotite voters are given the op-
tion to discriminate in two dimensions by arbitrarily migipositive and negative votes, they
strategically ‘overstate’ their preferences and disanamé only by a single degrée.In the rele-
vant equilibrium of both rules, electoral competition orgygluces to the single policy dimension,
exactly as in plurality-at-large.

Proposition 5 (AV and CAV, M = 2) For approval and combined approval-disapproval voting
in two-member districts, L-voters approve {L1,Lo} and R-voters approve {R1,Rp}. In addition,
for combined approval-disapproval voting, L-voters disapprove {R;,Ro} and R-voters disap-
prove {L1,Lo}.

Next, we consider the 2+1 rule. Proposition 6 identifies auaj sincere, and strict equi-
librium where all candidates are serioud/if< 3. Interestingly, voters focus on punishing the
electorally weaker candidate from the other camp instegaafshing the electorally stronger
candidate. Like in plurality-at-large, the positive votae cast along the more salient dimension
(first-order discrimination). The difference is the negatwote is now cast along the less salient
dimension (second-order discrimination).

15This ‘overstating’ dominance holds almost always in a deiristic setting (Felsenthal, 1989). In a large
(stochastic) voting game that is solved by Myerson-Wehmdering condition, Nifiez and Laslier (2013) find that
a class of evaluative voting rules yields identical equitiltike approval voting. Under evaluative voting withe N
points, a voter can assign upropoints to each candidate. Approval voting is a special casealuative voting,
wherem = 1, and combined approval voting is a special casmef2.
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Proposition 6 (2+1) For the 2+1 rule, if and only if V < 3, a strict equilibrium exists where
L-voters support {L1,Lo} and punish Ry, and R-voters support {R;, Ro} and punish L.

The equilibrium survives if the expected gains in the piletgents motivate the voters to
cast a negative vote sincerely. There are two effects at plag first effect concerns thminal
gainsin the pivotal events. In the equilibrium, two pivotal tie$xa, xg) = (3, 2—35‘) arise. Consider
L-voters: (i) If L-group is in the ex post majority (= xg), the weaker candidatey competes
with the stronger candidate; for the second seat. The nominal gaiVis- 1. (ii) If L-group is
in the minority k = xa), the stronger candidatg competes with the weaker candid&gfor the
second seat. The nominal gainst- 1; hence, this minority event is nominally more valuable.

The second effect concerns the relative frequencies ofgdiewents. We know th L(erf)x) =
DX, minority eventxa is seen by L-voters as more likely than majority evegt b (xg) =
2b. (xa). This reduces the appeal of sincere voting. Neverthelessnibe easily proved that
this effect is specific for the binomial game and can be siggaetin a symmetric finite Poisson
game, where the environmental equivalence property makbgdivotal tiesxa andxg, equally
likely.

The beneficial performance of the 2+1 rule can be attributetheé extended scope for a
voter’s discrimination associated with an additional risgavote. Once voters protect their
primary policy interests by means of two positive votesytban secure their secondary quality
interests by an extra vote. A crucial difference is whetherdxtra vote is positive or negative.
If the extra third vote is positive such as in approval votitig restriction that votes of a certain
type cannot cumulate for a single candidate binds. In ceftifais restriction of cumulation does
not bind the use of an extra negative vote.

The existence of multiple ties is sustained because of tequal number of non-cumulated
positive and negative vote¥ { > V™). The unequal number generates a difference between
positive and negative votes in tisgbstitutability (transferability) of votes across events. While
a negative vote can be transferred between candidates fi®wpposing group, a positive vote
cannot be transferred because positive votes cannot ctendifgositive votes could be freely
transferred, the voter would deviate by shifting all pesitand negative votes to a single most
important pivotal event, and multiple ties would disappédre inability to transfer the positive
votes associated with an impossibility to cumulate voteakus one of the necessary conditions
for having two degrees of discrimination.

3.7 A comparison of the electoral outcomes

Only two electoral outcomes emerge out of the relevanttgirafiles. In anon-mixed electoral
outcome denotedDy, the ex post majority always elects its first two candidaiédss is associated
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(a) Oy, for plurality-at-large (b)Om for the 2+1 rule

Figure 1: Electoral outcomes (elected candidates) andahéidates’ scores

with plurality-at-large, AV and CAV. In anixed electoral outcome generated by the 2+1 rule and
denotedO = O, candidates from both groups are elected only if the diffees in group sizes
are nottoo large. Figure 1 illustrates the electoral outesmwherdd, is depicted as the outcome
of the plurality-at-large equilibrium.

The two outcomes identically allocate the first seat to theddeoret winner Ry if x < § and
Ly if x> 3; for x= 3, there is a tie). The effective comparison is only about #woad seat.
While both outcomes ele®; for the second seat for< g andLg for x > % the difference is
the mixed outcome elects a high-quality minority candidaig respectivelyR;) for 3 < x < 2—3[‘
instead of a low-quality majority candidatRy, respectivelyL o).

We assess quality and the representativeness of the alectdcomes. In terms of quality,
Oy, delivers only a single high-quality candidate for all reations except fox = J. In the
special case of = 5, O, even elects Condorcet losers with a positive probabilliy involves
two high-quality candidates for anjy < x < 2—3[‘ and never elects a Condorcet loser. THDg,
unambiguously ranks better in terms of quality. In termsegresentation, a minority group
never receives a seat und®y; for Oy, it receives a seat fo% < X< 2—3” The outcome that
is more desirable depends on the weight assigned to theseepedion of the minority. One
approach is to compare the outcomes in terms of utilitariaffare. By this criterion, an ex
post minority candidate is preferred if the ex post minorgtyiot too small and if the common

value (quality) of the minority candidate is much highenthlhe common value of the majority
candidate.
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For computational convenience, we compare the welfareeofilo outcomes as an approx-
imation atn — . Specifically, letg := X. Forn — oo, F(¢) is the asymptotical distribution
of the binomial distributiorB(x) for the size of voters normalized to unity, which is a normal
distribution on the domaiwp € [0, 1] with a mean} and a standard deviatigp

For any outcom® € {O,, O}, the expected utilitarian welfare from the second seat is

W(0) = [ [0 (c2(0.0)) + (1- 9)un(c2(0, 0) f(g)de

wherecy(O, @) denotes the second elected candidate for a given share ateksg under a
given outcomeD. To start with, we derive the socially optimal candidatevesithe absence of
the first-seat candidate, we call the socially optimal cdaidi for the second seat thaeond-best
candidate. For ¢ < % R; is the first-seat candidate, and

() =arg max @u.(c)+ (1— @)ur(c).
2(9) gmﬂﬂﬂ¢u>+( P)Ur(C)

Trivially, sinceuw(L1) > u(Lo) for both types, the second-best candidategiat % must be

eitherRy or Ly for ¢ < % The key inequality characterizing the second-best caelid

@uL(L) + (1— @)ur(L1) =14+ @V = (1— @)V = gu(Ro) + (1— @)ur(Ro)
The equality rewrites intg(V + 1) = (1— @)(V — 1) and yields a threshold level:= Y51,
The threshold defines the second-best efficient candiddtdi@ass:

(

R ifo<o

&(g) = L fo<o<)

’ R ifi<p<1—9
Lo ifl—@<o.

The threshold has intuitive comparative statics: With areasing relative importance of
common value (decreasing, the thresholdp decreases. Thus, it is socially more important to
establish a high-quality (but minority) candidate than gamgy (but low-quality) candidate.

Proposition 7 proves that under a necessary condition @efiistence of a mixed outcome
(i.e., the existence of a strict equilibrium under the 2Hg)up < % Hence, the mixed outcome
more frequently elects the second-best efficient candatadenelfare-dominates the non-mixed
outcome.

Proposition 7 (Welfare) If a relevant equilibrium exists for the 2+1 rule, then the mixed elec-
toral outcome welfare-dominates the non-mixed electoral outcome, W(Op,) > W(Oy).
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4 A large Poisson game with asymmetry

Are the results from the symmetric binomial setting robostsgymmetries? With asymmetries,
pure strategy equilibria are unlikely, and mixed strategiaist be considered. Also, symmetry
in strategies must be relaxed. The complications assalcisitd the identification of relevant
ties in mixed profiles are minimized by adopting a large Rwisgame. That is, in Section 4, we
are seeking the properties of equilibria in a sequence d@éffPbisson games, wheme— co. We
follow an approach to analyze equilibria by the means of Mggis (2000) magnitude and offset
theorems as in Bouton and Castanheira (2012) and Bouton (2013).

4.1 The 2+1 rule

To begin with, we demonstrate that a sincere profile of ther2del ceases to exist under asym-
metry. Letx_ andxr be the numbers of sincere L-ballots and R-ballots, which aigsen
variables with meanst. andntr. The main difference between Poisson and binomial setting
is that a particular tie is not characterized by a uniquezatibn x, but by a set of realizations
(x_,Xr). To realize whether the tie is a relevant pivotal event ew@mf— o, we must calcu-
late the magnitude of the tie. Intuitively, the magnitudenispeed’ at which the probability
decreases towards zero. Only those events with the highegtitndes (i.e., the lowest speed)
are the relevant events§.

W.l.o.g., we consider that L-voters constitute an ex antgontg, 7. > % >TR=1-T1..
Candidates’ scores afe, =X > XL —Xr =, andSR, = Xr > Xr— X = SR,. Second-rank pivot
events are either two-candidate or four-candidate ties.fdtir-candidate pivot tiex( = xg = 0)
has a magnitude of 1, which is the lowest feasible magnitude; as a consequénseivot will
be irrelevant for a sufficiently large

What remains is a pair of two-candidate ties: TieSt, (> S, = Sg,; hence, &= xg) and
Tie 2 (8, = SR, > Sy, hence, 2r = x_). The unconstrained magnitude of Tie 1 is maximized

. a3 TLT%
mag (pivi, /r,) =34/ 2 1.

Given that &_ = xr implies the constraintz > x_ (Sg, > S ), the unconstrained magnitude
is the effective magnitude for ary. The unconstrained magnitude of Tie 2 is maximized at

3 2
atx_ = ny/ 5% and equals

16A formal treatment of the problem and tools for the calcolaf the magnitudes are available in Appendix Al
in Bouton and Castanheira (2012).
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3 2
Xr = N/ 5 and equals

. 3 TETR
meg (piv(,/r,) = 3/ 4 1

Similarly, 2xg = x,_ implies the constraink_ > xr (S, > Sg,); hence, the unconstrained
magnitude is the effective magnitude for amy> % Since this effective magnitude is larger than
the effective magnitude of Tie 1 far > % > TR, Only Tie 2 is a relevant pivot event according
to magnitude theorem (Myerson, 2000). The L-voter thusedisrds Tie 1 for any sufficiently
largen and deviates by strategically casting a negative vote fohtgh-quality candidat®;. In
a large Poisson game, a sincere profile thus remains antequiti only in a knife-edge case in
a symmetric district, where. = Tr = 3, andmag (pivi,/r,) = Mag (pivi, /r,)-

In contrast, in the binomial game, a sincere profile may raraaiequilibrium for small asym-
metries ifV < 3. The binomial setting is illustrative: The likelihood i@bf the two tiesxa and
Xg matters as it influences each voter deciding which of the wvemts to address with a single
negative vote. If-group becomes ex ante majority, the ex-ante-majority \evans increasingly
more likely, and the ex-ante-minority eventtas decreasingly less likely. For ex-ante-minority
voters, sincere voting remains the best response becaus®tie valuable minority event is now
also an increasingly more likely event. For ex-ante-mgjaroters, however, the more valuable
minority event becomes very unlikely, and the voters cagrsiging the negative vote rather in
the more likely (albeit nominally less valuable) majorixeat.

We now identify a mixed equilibrium of a largely asymmetristdct in a large Poisson game.
The mixed-strategy equilibrium of the 2+1 rule featuresraaie ballot by (ex ante minority)
R-voters and aymmetric mix of sincere and strategic ballots by (ex ante majoritywadters.
Interestingly, the equilibrium structure is invariant ketdegree of asymmetry in a large Poisson
game if the asymmetry is sufficiently large.

We leta € [0, 1] be the probability that any L-voter adoptsteategic ballot. To keep notation
as simple as possible, Igt andxg be the number of sincere and strategic L-ballots, which are
Poisson variables with meamg := (1— a)nt_ and1g := ant_. For convenience, we introduce
sharesy; = X—rf whereJ = A B,R. The ratios’% are known agffset ratios.

Candidates’ scores a, =Xa+Xg > Xa+Xg —XrR =, andSy, = Xr—Xg § XR— XA = SR,
Again, we focus only upon two-candidate ties. In contrash#&sincere profile, we now have to
account for four types of two-candidate ties. The reasohaslt-voters have abandoned purely
sincere voting, and therefo&g, ; Sr,- The ambiguity of the sign inequality generates two extra
second-rankties: Tie H, > S, =R, >SR)and Tied &, > S, = R, > §,) in addition to
Tie 1 and Tie 2 as analyzed above.

The main idea of Proposition 8 is a mixed strategy in a largedda game requires multiple
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relevant pivot ties (c.f., Bouton and Castanheira, 2012). Byrtagnitude theorem, pivot ties are
relevant only if their magnitude is identical and the maximaut of all magnitudes. In our case,
with symmetric mixing, Tie 2 and Tie 3 have equal magnitudag (pivy,/r,) = mag (pivi,/r,);
hence, the ratio of their probabilities will be constanttwit— .17 Ties 1 and 4 will have a
lower magnitude, and the voters will thus cast their voteaftect only pivots at Ties 2 and 3.
This implies sincere voting from R-voter (to outvdtg) and a mixed ballot from L-voter (to
outvote bothRy andRy).

In the binominal game, the pivot tie is characterized by @juek. In a Poisson game, the
pivot tie is characterized by an equality. Namely, for owssl of mixed-strategy profiles, each
pivot tie is fully characterized by a triplet of binary indiors(da,ds, dr), whered; € {1,2},
such that

drXR = daXa+dBXs.

For Tie 1,(da,ds,dr) = (2,1,1); for Tie 2, (da,ds,dr) = (1,2,2); for Tie 3, (da,ds,dr) =
(2,1,2); and for Tie 4,(da,ds,dr) = (1,2,1). Lemma 1 uses these indicators to express the
implicit forms of the magnitudes of the pivotal evehfs.

Lemma 1 (Magnitudes) The ballots which maximize unconstrained magnitude of a tie charac-
terized by drxr = daxa + dg xg can be written as a triplet of the offset ratios

()&)3—dA: ()E)3—d}3: (5)3—@:(
TA B XR '

The magnitude is unconstrained if xa < X (Ties 1 and 2), respectively xa > X (Ties 3 and 4),

where
)’eddeA — Ti—dA TgB_3.

1To put exactly, a smakl, is involved in mixing, where lir_,. &, = 0.
18Closed-form solutions are extremely complex. We deriveilfostration a solution for Tie 1. First, we use

2 . . -
Lemma 1 and entef® = f—% into 28 X% ’T(—EZXAT% = 1 to obtain a polynomial x5+ 1x3 — 13(1— 1a— 18) = 0.

The magnitude—maximiang ballots are characterized bydbeof the polynomial

4
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XB=

3rA\3/Z\3/ —108r373 — 1081274 + 1081375 + \/ (—108r313 — 1087274 + 108r2b3 — 21§)2 — 4132 — 218

\3/ —108r373 — 1081274 + 1081215 + \/ (—108r313 — 1087274 + 1081273 — 218)2 — 4142 — 21§ 2

+ - .
6TA\% 6TA
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The ball ots which maximize constrained magnitude of thetie can bewritten as (xa, Xa, Xr) =
(X, X, £5% ), where

yOtde+ 2R _ gnde ( drTr >dA+dB_

Our approach in the analysis of ties is to focus on how uncaim&d magnitudes change in
the parameteréa, 1.). To start with, we calculate for each pivot tie parametricades when
the respective unconstrained magnitude is maximal. Thsg cecurs if all expected ballots
in fact characterize the pivot tier; = x3, or x3 = 13 for 3 = A B,R. Intuitively, with Poisson
distributions drawn out of these parameters, the proltgilass concentrates with— o exactly
in the pivot tie, and the pivot tie is the most likely event itaege Poisson game. Consequently,
XA+ XB+ Xr = Ta+ T+ Tr = 1, and the maximal magnitudexa + xs + xr— 1= 0.

We introduce themagnitude-maximizing function TL'/ '(a) for a given tieS, = SR, charac-
terized by(da,ds, dg). Each such function is determined thyrr = data+dg g, Ordr(1—1.) =

dA(l— CI)TL+GTLZ
dr

da+dr+ (dB - dA)G
Lemma 2 exploits the magnitude-maximizing functions torabterize the sign of the offset
ratios relative to one, s@%i —1) =sgnx;— 1) forJ=AB,R.

o/M(a) =

Lemma 2 (Offset ratios) Consider a pivot tie §; = Sg;, where i, j = 0,1. The ballots which
maximize unconstrained magnitude satisfy

XA 1) = XB_ 1) —_ XR_ ) _ _ LR
sgn(A 1)_sgn(TB 1) sgn(rR 1) sgn(r._ T, (a)).

Lemma 2 will be exploited in two main Ways First, notice tf@tsymmetric mixinga = %
we haver"f’/Rl "O/RO 4 . Thus, forr. > We haver, > max{r""/Rl "O/RO} By Lemma 2,
this is a sufficient condltlon for Ties 2 and 3 to have uncans&rd magnitudes.

The second specific use is for proof of stability. With Lemman2 demonstrate that in
the equilibrium, if L-voters vote more sincerely (decreases), then Tie 2 will have a higher
magnitude than Tie 3, and L-voters will deviate by strataliycoutvotingR;. Similarly, if L-
voters vote more strategicallgr (increases), then Tie 3 will have a higher magnitude than Tie 2
and L-voters will deviate by sincerely outvotiifRy.

Proposition 8 (2+1, asymmetric district) For 1. > ‘7", astable equilibrium existswhere R-voters
cast asincereballot vg = (0,—1,1,1), and L-voters mix a sincere ballot v = (1,1,0,—1) and a
strategic ballot vi_ = (1,1, —1,0) with probabilities (3 + &, 3 — &), where & = 2 l0g ;1.
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4.2 AV, CAVY, and 2+0

In a symmetric binomial game, all electoral rules exceptiier2+1 rule generate a non-mixed
electoral outcome. All players approve only candidatedeirttype and disapprove candidates
of the other type (if negative votes are available). Our mestilt is that such pure policy compe-
tition is robust to the introduction of a large Poisson game laolds for any asymmetry and any
valuation.

Proposition 9 (Non-mixed equilibrium) For plurality-at-large, AV, and CAV, the approval of
own-group candidates and the disapproval of other-group candidates establishes an equilibrium
for any parameters.

How does the mixed equilibrium outcome of the 2+1 rule rarllatiee to non-mixed out-
come? Consider quality first. The non-mixed outcome (almalstpys elects a single high-
guality candidate. The mixed-outcome differs only in reations where either a double-quality
pair {L1,R;} or a single-quality paifLi,Ro} are elected. Given th&, > S, no other pair
can be elected. Since the probability of a double-quality flas, Ry } is positive, the incidence
of high-quality candidates is larger. Although the mixedate/e vote of L-voters reduces the
beneficial effect of the negative vote in terms of qualitg #ifect remains positive.

Also, ex post minorities are better represented. In themowd outcome, an ex post minor-
ity candidate is (almost) never elected. In the mixed ougoam ex post minority candidate is
elected if any type-mixed pair are elected, i.e., udarR; } or {L1,Ro}.

5 Conclusions

In this paper, we have identified the equilibrium voting aumes for alternative scoring electoral
rules in a stylized electoral situation with a single idepéal dimension and four generic types
of candidates. Two randomly sized groups of rational vowete primarily to promote their
preferred ideologies, and secondarily to support higHiyusandidates. We have compared the
outcomes in single-member and two-member districts fariisgaoules that differ in the maximal
numbers of positive and negative votes.

In our electoral situation, plurality-at-large almost alg ends in a non-split outcome, where
two candidates of the same group gain both seats. This piedimorresponds to 80% of out-
comes of the recent elections into the assemblies of U.fssthat actually employ plurality-
at-large in double-member districts. The large inciderfagon-split outcomes is due to a large
correlation of scores of party candidates.
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In the class of scoring rules, the correlation can be weakbypa@dding more votes on the bal-
lot. However, by adding an unrestricted number of votes, @@proval voting with an arbitrary
number of positive votes arombined approval-disapproval voting with an arbitrary number of
positive and negative votes), the plurality-at-large ouates only replicate.

In contrast, the 2+1 rule yields an equilibrium with a largeguency of split outcomes;
hence, it protects interests of the minority voting groulatreely better than alternative two-
seat electoral rules. For symmetric distributions, the @#é& even motivates all voters to cast a
negative vote only to the low-quality candidate from the @pgnt’s group. Two positive votes
are cast along the more salient ideological dimension, asidgle negative vote is cast along
the less salient quality dimension. Under group asymmitiyybehavior remains unchanged for
minority voters while majority voters mix their negativetes.

Although the main purpose of the paper has been to compar+heslectoral rule with
plurality-at-large and the closest alternatives in doub&mber districts, a more general pur-
pose of the paper is to understand how scoring electoras rlenulti-member districts affect
the voters’ tradeoffs over valent and conflicting politicgdues. Adding an extra negative vote
has a different effect than adding an extra positive voteabse the expected scores of serious
candidates and non-serious candidates are affectedetifferand because of the restraint on
cumulating multiple points to a single candidate.

We find that the simultaneous presence of negative and yposibites increases the voters’
scope for discrimination. Nevertheless, an effectivegcdminative mix of positive and negative
votes must avoid two phenomena: (i) the underdog effect abaessively large set of viable
candidates and (ii) the incentive to overstate, which tesualthe serious candidates receiving
only points—1,1, and not points-1,0,1. The 2+1 rule avoids both by limiting the number of
negative votes relative to the number of the positive votes.

Our electoral situation has a direct parallel to the widdlydeed divided majority situa-
tion. In both electoral situations, voters seek multiplgeobves: (i) the coordination of own
group (against the other group), (ii) quality-discrimioatwithin own group, and (iii) quality-
discrimination within the other group. Plurality cannohaave all the objectives at the same
time. Bouton and Castanheira (2012) show that approval vefiiegtively aggregates informa-
tion and avoids coordination failure in a divided majoritjuation. The voters achieve the first
and second objective by mixingultiple ballots in a mixed strategy. In our electoral situation,
some voters achieve the first and third objective at once &yngle ballot in a pure-strategy.
In brief, the two-level discrimination involved in the 2+ale promotes multiple objectives by
means of a single ballot.
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A Proofs

A.1 Proof of Proposition 1 (Plurality)

W.l.o.g., we examine L-voter’s deviations in the set of ashille profiles:

e With all votes inactivey, = (0,0,0,0), all candidates are serious for everyand L-voter
deviates by = (1,0,0,0).

e \ote for the 1st candidate, = (1,0,0,0): There is a unique pivot tie= 3. In all pivotal
events,L; andR; compete for the seal.g andRp are not serious candidates. L-voter’s
pivotal events ar¢3, 5 +1}, and R-voter’s pivotal events af@ — 1, 3}. L-voter may only
lose by any deviation; hence, this profile is an equilibrium.

o \ote for the 2nd candidate, = (0,1,0,0): There is a unique pivot tie= 3. In all pivotal
events Lo andRy compete for the seak; andR; are not serious candidates. L-voter may
only lose by deviation, hence this profile is also an equtlior.

o \ote for the 3rd candidate;. = (0,0,1,0): There is a unique pivot tie= 5. In all pivotal
eventsl; andR; compete for the seat. L-voter deviateswy= (1,0,0,0). O

A.2 Proof of Proposition 2 (Mixed)

Since the 1+1 rule contains weakly more votes of any type thanl+0 rule, any deviation
present in the 1+0 rule is also a deviation in the 1+1 rule.s fninciple will be used in other
proofs as well. When using this principle, however, bear indrthatM-seat ties count; hence,
M must be constant for the applicability of the principle.

e For any equilibrium profile from the 1+0 rule, L-voter dewatby using his or her negative
vote. The negative vote changes the neax tie5 — 1 into a tie and wins tie = 3.

e Positive vote inactive, negative vote active: Two candidatandB (those not receiving
negative votes) are serious for everyf L-voter deviates by casting a positive vote to the
preferred candidate out & B, he or she wins all realizations=1,...,n (but obviously
not the realizatiox = 0). This is a strictimprovement for=1,...,n—1. Forx=n, there
may be a loss if candidate, who is serious in evemt, is very valuable. However, for a
sufficiently largen, the discrete loss in a single realization is always comgiemisfor by
the sum of discrete gains m— 1 realizations.
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We are left with those profiles where all votes are active. \i¢ fule out profiles where a
pair of candidate#, B receives positive votes and a p@iD receives negative votes: There is a
unique pivot tiex= 5. In all pivotal eventsA andB compete for the seaf andD are not serious
candidates. L-voter deviates by transferring the negatdte to the worse of the candidatas
andB.

Thus, only two candidates receive both positive and negatites. Thus, these votes cancel
outin tiex = 5, where§(x) = 0 for anyc € K. In the tie, the expected payoff%{‘li2 = V%l

e v =(0,1,0,—1): L-voter deviates toq. = (1,0,0,—1). Thereby, L-voter wins tiex= 5
with the 1st candidate; (gain). Also, L-voter changes the win bj at near tiex= 5+ 1
into a tie betweerh; andLo (gain). The elected candidate fox § andx > § + 1 is not
changed. This is not an equilibrium.

e v =(1,0,—1,0): L-voter considers deviating to. = (0,1, —1,0) (positive vote). Thereby,
L-voter replaces the tie of four candidatesxat 5 with a win for the 2nd candidateq
(gainV — ¥ = Y=L > 0), but, at the same time, L-voter changes the withpft near
tie x= 5+ 1 into a tie betweeri; andLo (a loss of—%). The elected candidates for
x < § andx > 7 +1 are not changed. The deviation does not make L-voter wdfst o
bu(5)(Y52) —bi(5+1)3 > 0. We useb(5) = b.(5 +1); hence, the condition rewrites
intoV > 2.

L-voter may consider deviation t¢ = (1,0,0, —1) (negative vote). The only effect is that
Ry winsx = J with a loss 1- Y31 = 12V <0,

Also, L-voter may consider a deviation ¥ = (0,1,0,—1) (positive and negative vote).
At x= 3, there is now a tie oR; andLo with exactly zero gain. Ak = 5 + 1, there is now

a tie of Ry andL4, which means a loss Gf% < 0. Finally, it is easy to see that there is no
better deviation than the one considered up to now.

A.3 Proof of Proposition 3 (AV, M = 1)

First of all, we consider equilibrium profiles from the 1+QauTo rule out the Pareto-inferior
profile, we use balloty = (0,1,0,0) is weakly dominated by balloy = (1,1,0,0). For the
Pareto-superior profile, only two candidates are seriougoter supports the better of the two
serious candidates. Thus, L-voter cannot add an extraywsdte to improve his or her payoff.
Also, the ballotv. = (1,0,0,0) is not weakly dominated by any other ballot since in alteveat
profiles, there might be a tie between the 1st and 2nd (or 2mljidates, and casting the addi-
tional positive vote may imply a utility loss in the tie. Thareto-superior profile remains the
equilibrium profile.
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The next set of profiles involve two positive votes:

e \otes for the 1st and 3rd candidates,= (1,0,1,0): In anyXx, there is a tie betweely
andR;. L-voter deviates by withdrawing the positive vote .

« \otes for two different pairs of candidates: In axny 3, there is a tie within the pair of
preferred candidates. Suppose L-voter prefers candidatesl B, andu, (A) > up(B).
Then, L-voter deviates by withdrawing the positive vote Bor This implies a gain for
x=2+1,...,nand a potential loss at= 5. For a sufficiently large, the discrete loss in
a single realization is always compensated for by discraitesgnj — 1 realizations.

Finally, consider all three votes to be cagt= (1,1,1,0). Then, the configuration is identical
to the 1+1 rule with only one negative vote active. Two caatBdA andB (those not receiving
negative votes) are serious for evety If L-voter deviates by casting a positive vote to the
preferred candidate out & B, he or she wins all realizations=1,...,n (but obviously not the
realizationx = 0). This is a strict improvement for=1,...,n—1. Forx = n, there may be a
loss if candidatd, who is serious in evemt, is very valuable. However, for a sufficiently large
n, the discrete loss in a single realization is always comgexasfor by the sum of discrete gains
in n— 1 realizations[]

A.4 Proof of Proposition 4 (Plurality-at-lage)

W.l.0.g., we examine the deviations of L-voter in the setarh&sible ballots. We prove that all
votes must be active:

¢ With all votes inactivey, = (0,0,0,0), all candidates are serious for everyand L-voter
deviates by = (1,1,0,0).

e \ote for a single candidatd. For L-voter, there is only one relevant pivot tie= n of
candidate®, C, andD. (Recall that a tie at = 0 is not relevant for L-voter since the event
x = 0 involves only a set of R-voters.) L-voter deviates by cagtive extra positive vote
for the best out of the candidatBsC, andD.

Three pairs of candidates may receive two positive votes:

e \ote for the 1st and 2nd candidates,= (1,1,0,0): There is a unique pivot tig = J,
where all four candidates compete for the seat. At the tig,dmviation makes L-voter
strictly worse off. At near tix= 5 + 1, a transfer of a positive vote from own candidate
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(L1 or Lp) to any other candidatd{ or Rp) induces a tie, and this makes L-voter strictly
worse off. Thus, this is a strict equilibrium for any As a sincere equilibrium, the profile
is sincerely stable.

¢ \ote for the 1st and 3rd candidates,= (1,0,1,0): For anyx, §,(X) = Sg,(X) =n>0=
S,(X) = Sj,(x). There is no pivotal event, and all candidates are nons&ridhis is a
weak equilibrium. We prove that it is not sincerely stablen€lder L-voter who expects
of sincere L-voters to vote. = (1,1,0,0), Xg of sincere R-voters to vota = (0,0,1,1),
andxs of strategic voters to votes = (1,0, 1,0) independently on their ideological type.
Scores satisf§f ;, = X +Xs> X = §,, andSy, = Xr+Xs > Xr = SR,. Pivotal events arise
under either of three cases:

— xs= 0. There are two pivotal events: (i) The pivotal ¥e = xr is characterized
by S, =9,=% =S, (ii) The pivotal near-tiex, = xr — 1 is characterized by
SR =S, > S, =8, Conditional on each of the two events, the best response is
sincere ballot = (1,1,0,0).

— Xs= 1: There are three pivotal events: (i) The pivotablie= xg+ 1 is characterized
byS, >S,=5%, > &,. (i) The pivotal near-tiex. = X is characterized b , =
S, > S, =S, (iii) The other pivotal tiex. = xr — 1 is characterized b§r, >
S, =S, > S, Conditional on any of the three events, the respective kepbnse
set involves sincere ballet = (1,1,0,0).

— Xs = 2. There are two pivotal events known from the previous cé$&:he pivotal
tie x_ = Xr+ Xs Is characterized b, > §, = Sz, > S,. (ii) The other pivotal tie
XL = Xr— 1 is characterized b$z, > S, =S, > §,. The best response is sincere
ballotv. = (1,1,0,0).

To sum up, the sincere ballot is the best response in anygbseént; hence, it constitutes a
best response without assessing likelihood ratios of thleghilities. Therefore, the profile
is not sincerely stable.

¢ \ote for the 2nd and 3rd candidates,= (0,1,1,0): There is a unique pivot tig = g
where all four candidates compete for the seat. At the tiegtier becomes better off by
transferring a positive vote from the 3rd candidBieo the 1st candidate;. [J
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A.5 Proof of Proposition 5 (AV and CAV, M = 2)
A51 AV (3+0),M =2

Since the 3+0 rule contains weakly more votes of any type thar2+0 rule, any deviation
present in the 2+0 rule is also a deviation in the 3+0 rule. ighemtical sincere stability refine-
ment applies here because the ballot= (1,1,0,0) can be considered sincere both in 2+0 and
3+0.) We investigate whether the profile from the 2+0 rulea® in the equilibrium for the
3+0 rule:

e \otes for the 1st and 2nd candidates,= (1,1,0,0): There is a unique pivot tig = J,
where all four candidates compete for the seat, and the &gbpayoff from both seats is
V 4+ 1. An extension of the strategy set by approval voting mehatdt the tie, L-voter
now considers a deviation 19 = (1,1,1,0). This wins a single seat fd®; atx = g and
the payoff from the first seat is 1. There is a tie for the secesat for the remaining
candidates, and the expected payoff from the second séYaj‘—st This deviation makes
L-voter worse off becauseJ&LZVT+1 <V +1isequivalentto k V. At the same time, this
deviation has no effect on the probabilities of being eléetieanyx # 3. Thus, this profile
remains as an equilibrium.

Additionally, consider all three votes to be cast= (1,1,1,0). In contrast taVl = 1, ties for
the second seat are only for the extreme realizatioag0,n}. Consider now L's deviation to
v = (1,1,0,0) (a vote for the 3rd candidate is withdrawn). We have effectsrae realizations:

e Intiex=n, L1 andLg win the two seats, and the payoff from the two candidate¥is 2.
The expected payoff without a deviation vvéS/ +1); hence, there is a gairv2+ 1 —
AV+1) =21 >0,

e Inthe near tiek=n—1, there is now a tie over the second seat betwesndL; hence,
the expected payoff ¥ + 1+ Y}1. The expected payoff without any deviation vés- 2;
hence, there is a gait — 1= Y51 > 0.

e In the near tiex = 1, L1 gains the first seat, arigy andRy now compete for the second
seat. The payoff i¥ + 1+ % The expected payoff without any deviation Wwas- 2; hence,
there is a loss-3 < 0.

Sinceby (1) = by (n) andb (n—1) = (n—1)b. (1), the deviation makes L-voter better off if

b(1) (ZVT_l - %) +(n—1)b(1) C’%l) >0,



. . . 3n4-2 s / 2-V
The condition rewrites inty > 3+7. For any sufficiently large’ > 3v-1’ We havev >
3n+2

a1 As a consequence, this profile is not an equilibriumrforThe profile violates largeness
Assumption 2.

A5.2 CAV (3+3),M =2

The 3+3 rule admits all ballots under 2+1 and 3+0 rules. Féynthe set of profiles3+3
satisfiesb3+3 5 W2+l gndws+3 5 W30 Therefore, we first verify the stability of the equilibria
identified for these rules. For approval voting (3+0), weeralt all profiles on the grounds of
inadmissibility; by admissibility, the worst candidate shueceive a negative vote. For profiles
identified by the 2+1 rule:

e v =(1,0,1,—1) (a weak equilibrium for 2+1): No event is serious; hences teimains
a weak equilibrium. In Proof to Proposition 6, we have founaktthe original profile is
dominated by the balloy, = (1,1,0,—1), which also holds in this electoral rule because
W3+3 5 W2+l Thus, this profile is not sincerely stable.

e vi =(1,1,0,—1) (a strict equilibrium for 2+1): Each voter adds an extra tiegavote
to the high-quality candidate of the other group in orderhiarge the winner in her less
valuable pivotal event.

We examine all extra admissible profiles relative to the a#é.rWe begin with those that
admit two or three negative votes, which is not feasible ued.

e v =(1,—-1,—1 —1): For L-voter, consider ti& = n. By changing the score fdrp into
vto =1, Lo wins this tie againsR; andRy, and no other effect takes place.

e v =(1,1,—1,—-1): There is a unique pivot tie= 5, where all four candidates compete for
the seat. In a tie, any deviation makes L-vcteictly worse off. In a near tige= 5 +1, any
decrease in the points of own candidatesdr Lo) and/or any increase in the points of the
other candidated; or Ry) cannot make L-voter better. Thus, this is a strict equilifor.

e v =(1,—1,1,—1): There is no pivotal event sinc, (x) = R, (X) =n>—-nN=§,(X) =
Sr,(X). Hence, this is a weak equilibrium. To examine sincere ktgbiote thatS , =x_ +
SL+HSRXRZX —SL—SR—XR= G, ANdSR, =XR+SL +R—X. ZXR—SL —~R—XR =S,
where(x;,Xgr) is for the numbers of sincere L-voters and R-voters, @ngsg) is for the
numbers of strategic L-voters and R-voters.

— 5 +sr=0. All candidates are serious and a sincere ballot is in tiseresponse.

35



-s+sR>1 WehaveS, > §,+2andS, > S, +2. There is a tie between the
pair {L1,Lo} only if L-voter supportso and punishe& 1, but punishingL; is not
admissible. There is a tie between the g, Ry} only if L-voter supportdRy and
punishesRy, but supportingRy is not admissible. Therefore, the relevant pivotal
events are for pairfL1, Ro} and{Lo, Ry}, where the best response is a sincere ballot,
namely the support ofL1, Lo} and the punishment diR;, Ro}.

e v =(1,0,—1,—1): This profile is similar to the strict profile under the 2+1euThere are
two ties,x € {3, 2—3”}, each with a pair of serious candidaig®;, Lo} and{Roy,L1}. Each
voter deviates by adding an extra positive vote to the loatigucandidate of own group
to change the winner in her more valuable pivotal event.

e Vi =(1,-1,0,—1): There is no pivotal event sin&, (x) = Sg;(X) > 0> —n=§ (X) =
Sr,(X). Hence, this is a weak equilibrium. We examine sincere abiThis ballot
involves the punishment dfy which requires a pivotal event exists wherg competes
with L1. Such an event is characterized®y =X —Xr—SL —SR=> X —Xr+S. =9 ;.

This is satisfied only fos. = sg = 0, but then all candidates are serious in a tie, and the
best response is to support bdthy, Lo}. Thus, the profile is not sincerely stable.

Finally, we examine the profiles that involve negative vdtedike 3+0) and have more than
two positive votes (unlike 2+1). This yields a single adntikesprofile:

e v =(1,1,1,-1): L-voter deviates toq. = (1,1,0,—1). At tie x=n, there is a gain of
having {L1,Lo} among the winners instead ¢f1,Lo,R1}. In near tiesx=n—1 and
x =1, there are no effects on the sets of winning candidaies.

A.6 Proof of Proposition 6 (2+1)

The 2+1 rule admits all ballots under the 2+0 rule. Thus, aeyiation present in the set of
profiles for 2+0 rule W10, is also a deviation in the set of profiles for the 2+1 ri&;"1 >
W2+0_ We first investigate whether the two equilibrium profilesnir the 2+0 rule remain in the
equilibrium for the 3+0 rule: By weak dominance, any admigsiirofile contains a negative
vote. In this particular case, ballgt = (1,1, 0,0) is weakly dominated by, = (1,1,0,—1), and
ballotv. = (1,0,1,0) is weakly dominated by, = (1,0,1,—1).
Consider now only a single negative vote being active. Alhspiofiles involve pivotal ties

for anyx. All candidates are serious. L-voter deviates by castirgitpe votes for the 1st and
2nd candidates. The main reason for the improvement is fpixaa positive vote for the 2nd
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candidate cannot reduce the probability of the 1st cangliding elected, given that also the 1st
candidate now obtains a positive vote.

Consider a positive and a negative vote being active. We #xgdooss-type symmetry to
obtain only the following: Suppose L-voter suppoftand punishe€.

e R-voter support8 and punishe®, where{A B,C,D} = K. There are ties at extreme
realizationsx € {0,n}. Forx = 0, A competes witlC. Forx = n, B competes witD.
L-voter can change the tie= n by giving an extra positive vote to the better{d,D}.
This deviation affects only the realizatian= n.

e R-voter support€ and punishe#\, and(A,C) = (L1,R1): v. = (1,0,—1,0). There are
pivotal ties for anyx. For anyx, Lo is always a serious candidate. L-voter deviates by
adding a positive vote tho: v = (1,1,—1,0). For anyx # 5, Lo now wins a seat in
competition withRy. Forx = 5, Lo now wins the first seat, and the other three candidates

compete for the second seat. This is also a strict improvebesraus®/ + \% > V%l

e R-voter support€ and punishe#\, and(A,C) = (Lo,Ro): vL = (0,1,0,—1). There are
pivotal ties for anyk, wherel; is always a serious candidate. L-voter deviates by adding a
positive vote td_q; hencey = (1,1,0,—1). This is clearly an improvement for amy

The remaining profiles are for all three votes being activavidlly, we eliminate profiles
where a positive and negative vote from one voter is for tmeeseandidate because this would
be the equivalent of casting no vote for the candidate an@jusily a single active negative vote.
(These ballots have been eliminated undér°.) We are left with five profiles.

e Ballotv, = (1,—1,1,0). There is no pivotal event, and all candidates are non+s&ribhis
is a weak equilibrium but not in admissible strategies.

e Ballotv. = (1,0,1,—1). There is no pivotal event, and all candidates are non+s&ribhis
is a weak equilibrium in admissible strategies, but we wiby@ that it is not sincerely
stable. Let(s ,sr) be the extra strategic L-voters and R-voters, wigsgre sg > 0. Then,
scoresar§ , =nN+s. > —(N—X) —SR=9,, aNdSR, =N+R>R—X—5 =R,
Pivotal events involve a tie or near &, = Sz, or Sz, = §,. L-voter thus never supports
the third candidat&; becauser; is serious only in events where alkg is serious. In
other words, the motivation to support the third candidatsts only if the support of third
candidateR; reduces the seat probability of the fourth candid&jeYet this is impossible
given thatR; is not competing witlRy, g, > Sg,.
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e Ballotv, = (1,1,0,—1). The vector of score functions {& 2x—n,n—x,n— 2x). There
are two ties:xa = g andxg = % In tie xa, L1 andRy are serious. In tieg, Lo andR; are
serious. L-voter cannot reallocate any positive vote ta gaanyx. The negative vote can
be reallocated fronRy to R;. Then,Ry wins a seat ata against_; instead of a tie (a loss
# < 0), andR; loses a seat ag againstL instead of a tie (a gaiNg—1 > 0). Now,

we useb (xg) = 2b (xa). The expected gain is negative if and only if
V+1
bL(Xa) (—% +V - 1) <0,

which is equivalent t&/ < 3. Under this condition, the sincere profile is a strict atuil
rium. ForV = 3, the sincere profile is a weak (and sincerely stable) dyyiuin.

e Ballotv, = (1,1,—1,0). The vector of score functions {x— n,x,n—2x,n—X). There
are two tiesxa = g andxg = 2—3[‘ In tie xa, Lo andR; are serious. In tigg, L1 andRg are
serious. L-voter cannot transfer any positive vote to readjains for anyx. The negative
vote can be transferred froRy to Ry. Then,R; wins a seat atp againsiLg instead of a tie
(a Ioss# < 0), andRy loses a seat as against_; instead of a tie (a gaiﬁg—l > 0).

Again, we usé (xg) = 2b (Xa). The expected gain of a deviation is always positive,

b(xa) (—\% LV 1) _ b(;’*) (V+3)>0.

e Ballotv, = (0,1,1,—1). The vector of score functions {& n— 2x,n—X,2x—n). There
are two tiesxa = g andxg = g In tie Xa, Lo andL; are serious. In tigg, R; andRy are
serious. L-voter deviates by transferring a positive votenfLy to L;. Then,L; wins a
seat akp against g instead of a tie (a gaié >0). 0

A.7 Proof of Proposition 7 (Welfare)

By Proposition 6, the sufficient and necessary condition &triet equilibrium under the 2+1 rule
isV <3. ForV <3,9< % Sincep < % both mixed and non-mixed outcomes disproportionately
favor Ry to L1. However, the distortion of the mixed outcoi®g, occurs in the intervap € [, %]
which is a proper subinterval @ € [g, %] where the non-mixed outcon@, distorts. Hence,
underV < 3, W(Op) >W(Op). O

A.8 Proof of Lemma 1 (Magnitudes)

3-d 3-d
The first step in the maximization is to fig and obtain(’ﬁ—/’i) "o ({—S) ° The second

step is to enter the equality back into the maximized mageitand by optimization receive
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<@>3—d3 _ <E)3_dR
B XR )

We have to check if these ballots comply with the constraifite only constraint that must
be evaluated iSg, § Sk, or equivalentlyxa § Xs. Specifically, Ties 1 and 2 requipg, > X,

3—da 3-dg
and Ties 3 and 4 requirga < xs. Using <){—2> = ()T(—s) , the inequalityxa > xg is
equivalent toxa < dB*dQ/ 3 darde3,
The constrained magnitude is maximize¢ f_a g r X3 Iog)r(—JJ = 0 such that the single con-
straint bindsy := xa = xg. From the tie-characterizing condition, we exprggs= dAdeBx. By

2
imposing these constraints, we have the maximization prolif a single variable, Ioér—B +

i da+dg X ) da+dp g da+dg
A+0B dr — X X R _( dr ) &R .
s log R—=0 or & (T—R> = (dA+dB> ; hence,

da+d
X _ da+dp-+24, TdRTdR dRTR AT 0B |:|
A B \da+ds '

A.9 Proof of Lemma 2 (Offset ratios)

From Lemma 1, we observe that the unconstrained-magninadémizing ballots satisfy sdia —
Ta) = SgnXs — Ts) = — SON Xr — Tr) Or equivalently

sgrda(Xa— Ta)] = sgrds(xs — T8)] = SUMda(Xa — Ta) +ds(Xs — T8)] = — SOMAR(XR — TR)]-

First, consider a lower set; < Tti/Ri(a). Then, by the construction of the magnitude-

maximizing functions ofr, we havedrTr > data+dgTg (i.€., LHS is decreasing ia, and RHS
is increasing irx). To keep the difference in signs, we must have
drTR > drRXR = daXa + s XB > daTa + dBTE.
This impliesxr < Tr, Xa > Ta, and xg > 18. Now, consider an upper sai, > TLL‘/Rj(a).
Then,drTr < daTa+ dgTs. TO keep the difference in signs, we must have
drTR < drXR = daXa +deXB < daTA+ dBTB.

As aresultxr > Tr, Xa < Ta, andxg < 1g. The third case of equality is obviousl

A.10 Proof of Proposition 8 (2+1, asymmetric district)

The proof is in the three steps: First, we show thatdcs % andt. > ‘7‘, both Ties 2 and 3 are
relevant, and neither Tie 1 or Tie 4 is relevant. Second, veeklthe players’ best responses.
Third, we check for the stability of the equilibrium agaissgtall perturbations.

The first step is to prove that only Ties 2 and 3 are relevarut pies:
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e Tie 1 is constrained: Sincg > % > rtl/RO, we are in the upper set where by Lemma 1,

the ballots for unconstrained magnitudes satigfy< 7a andxg < 1. Fora = % we have
XA = X§T—2L = XB)T(—: < Xs. This violates the constraik, = Xr —Xg > Xg — Xa = SR,

L . Lo/Re _ L
e Tie 2 is unconstrained: Far = 1, we haver '™t = 117 — 4 Thus, for > 4, we

are in the upper set for both Ties 2 and 3, apadk 14 andxg < 18. Fora = % we have
XB = XKT—ZL = XA)T(—: < Xa. This complies with the constraifk, = Xg—Xg > Xr — Xa = SR,

e Tie 3is unconstrained: Far = 3, we havexa = X3& = X842 < xg. This complies with
the constrainBr, = Xr — Xa = Xr — X8 = Sy, -

e Tie 4 is constrained: Sincg > % > rLLl/Rl, we are in the upper set where by Lemma 1,

the ballots for unconstrained magnitudes satygfy< 7o andxg < 18. Fora = % we have
XB = xﬁT—ZL = XA)T(—Q < Xa. This violates the constraiSk, = Xr — Xa > X — X8 = SR,

e Tie 1 and Tie 4 have equal constrained magnitudeaf:@r%. We know that the constrained
magnitude of Tie 1 is maximized for:= xa = Xg, and consequentlyr = 3x. For Tie 4,
we again maximize fok := xa = Xg, and consequentlyr = 3x. Given symmetrya =
%, the problem is symmetric, andag(pivy, /r,) = mag(pivy, /r,) = 5X — 1, wherex =

15/nn(l-n)d
2 27 '
1

e Tie 2 and Tie 3 have equal magnitude fwr= 5. It is easy to see that ifp = 18, the
magnitude-maximization problems are symmetric, he(i@éRl = XEO/RO, X;"/Rl = XkO/RO

and)(FL;’/Rl = XEO/RO, hence alsanag(piv/r,) = mag(pivi,/r,)-

e Comparing magnitudes: It remains to compare the constranagphitude of Tie 1 with the
unconstrained magnitude of Tie 2. Comparing magnitudestierely difficult, but we
can exploit that even the constrained magnitude of Tie Zykdrithat the constrained mag-

nitude of Tie 1. Namely, a constrained magnitude of Tie;)iswheref( = %\7/ M.
The inequalityZ§ > 5x boils down to(11)° < 215357%5, We evaluate it fom, = 4 to
obtain a true inequality of & 227735, Using that LHS is decreasing m, the inequality
holds also for any > 3.

The second step is to verify the voters’ best responses. IRbaalin our strategy profile,
candidatd.; is not serious, and only the three candidaig$y, R; are serious candidates. Pivotal
events are ballot-specific since using only a positive vitereéntly affects a near-tie than using
both a positive and negative vote. We denote pivots for aeseballot without prime and pivots
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for a strategic ballot with prime. We define pivots only foe3i2 and 3. For R-voter and Tie 2,
PiVR, /1, = {SLo— SR, €{0,1,2} & S, > S},
pi\/R]_/LO = {S—O _S:\)l S {07 1} & S:\)1 2 S?O}
For R-voter and Tie 3,
inRo/Lo = {SLO - € {0,1,2} & xR, > SRl}a
pi\/Ro/Lo = {S-o -R € {0,1} & o = S?l}
As a consequence, fiivg, /) > Pr(pivy Re/Lo ) and P(pivg /) > Pr(pl\/r\,o/L ). For L-voter
and Tie 2,
inLo/Rl = {S_o - S?l S {_2 -1 O} & Sql > S?O}v
PV, jr, 7= {Sio— Sk, € {~1.0} & S, > Sro}-
For L-voter and Tie 3,
piVl-o/Ro = {S-o - € {-1,0} & xR, = SRl}a

As a consequence, Riivy,/r,) < Pr(pi\/LO/Rl) and P(pivy,/r,) > Pr(piv, /Ro)

For eacht = L,R, we introduce the values of the gains for casting a partidoddiot V! in
our profile, Gt(w). Since we evaluate the gains for— o, we can omit the negligibly small
probabilities of Ties 1 and 4:

GR(0,~1,1,1) =V Pr(pivi, 1) + (V + 1) Pr(pivg, /1)
Gr(—1,0,1,1) =V Pr(pivg ) + (V + 1) Pr(pivg, ),
GL(1,1,0,—1) =~V Pr( pIVLO/RO) +(V-1) PI’(inLO/Rl),
GL(1,1,-1,0) ~ VPr(pl\/L R,) T (V—1) Pr(piv/ /R)

e For R-voter, a sincere ballot clearly weakly dominates ahgioballot since it supports the
two most preferred serious candida®sR; and punishes the least preferred serious candi-
datelo. More formally, since Ripivg, /,) > Pr(pivg o ) and Ptpivgy,) > Pr(pl\/RO/L ),
we have clearlygr(0,—1,1,1) — Gr(—1,0,1,1) > 0.

e The indifference of L-voter is possible because strategltobis more valuable in Tie 2,
but sincere ballot is more valuable in Tie 3, and both tiesshav equal magnitude. To
make L-voter exactly indifferent for any sufficiently largewe have to have

V Pr(p \/|_ /R) Pr(inLo/Rl)

V-1 Pr(piv,/r,)— Pr(pivi g, '
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e It is valuable now to see that ﬁri\/LO/Rl) — Pr(pivyr,) = P(Sr, = S, +2 > SRy) and
Pr(pivi,/ry) — Pr(pIVL ry) = PSRy =S, +22> SRy)-

e We seek a sequence of profilgsvhere each is characterized by an increnggiiim,,_,. &, =
0) Wherebyr—zL +&n andr—zL — &y are the expected vote shares of sincere and strategic k-vote
for eachn. Intuitively, for each finite Poisson game with the expectadchber of voters,
the gradually decreasing increment makes L-voter exactlifferent between a strategic
and sincere ballot. From the indifference, we clearly saettie expected score Bf must
be slightly larger than the expected scordRgfthuse, > O.

¢ By offset theorem (Myerson, 2000), we have that for any eygeatxs, Xc), the sensitivity
of the probability of the event under profila(% + &n),n(% — &), NTR) is written as

0|09P7(XA7X87XC|nTn): XA 1 \n— (XB_1)\n
d&n TA 18 |

Consider now the close ra&, = S, +2 > S,, which L-voter can change from a tie
to a win by a strategic vote. Following Myerson (2002), weleitgn the limit of our
equilibria, all probability of this event becomes concated, where the strategic votes
disappear, and the offset ratios dfe= 1 and42 — 0. Hence,

910gPI(Sk, = Sip+2 > SrylNTh)

=n.
0é&n

Similarly, consider the close ra&, = § ,+ 2 > S;, which L-voter can change from a
tie to a win by a sincere vote. In the limit of our equilibridl probability of this event
becomes concentrated, where the sincere votes disappddheaoffset ratios aréf =0
and%® — 1. We have:

dlogP(SR, = S, +2> Ky |nth)
d&n N

e We now put the indifference equation into logarithm, andksegPr(Sz, = S,+2 >
SRy|NTn) —10g P(Sr, = S, +2 > S, [nTh = log 5 . Following Myerson (2002), this amounts
to (N— —n)en = logyLy. As a resultg, = 5 log .

Finally, we see that for, > ‘7", the equilibrium is stable.

e By Lemma 2, ifa = % andr_ > ‘7‘, we are in the upper sets of both Ties 2 and 3.
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e Inthe upper set of Tie 2, notice that the respective uncamsd magnitudenag (piv’[O/Rl)
behaves in the following way: In an upper s@t+ o)1 > xa+2xs = 2Xc > 2(1—11).
Anincrease iro increases the differen¢é+ a) 1. — xa— 2xs While leaving the difference
2Xc — 2(1— 1) unchanged. This means that with an increase,ithe probability mass
for the pivot decreases, and the pivot has a lower magnitude.

e Similarly, in the upper set of Tie 3, the respective uncaistéd magnitudenag (piv’[O/RO)
behaves in the following way: In an upper s@&— a)1_ > 2xa+ Xg = 2Xc > 2(1—11).
Anincrease iro decreases the differen2— a) 1. — xa—2xs While leaving the difference
2Xc — 2(1— 1) unchanged. This means that with an increase,ithe probability mass
for the pivotal event increases, and the pivot must have lzehignagnitude.

e Consider a small deviatioh> 0. Fora = % — &, we havamag (pivy,/r,) > mag (piviy/r,)-
L-voters deviate by voting strategically (increasonyg Fora = %-I— €, we havemag (pivy,/r,) >
mag (piv,, R, ). L-voters deviate by voting sincerely (decreasirg [J

A.11 Proof of Proposition 9 (Non-mixed equilibrium, asymmetry)

We begin with the symmetric profiles of 2+0 and AV, where= (1,1,0,0). Scores ar§_, =
S, =X and &R, = S, = Xr, and a unique pivot tie is characterized y= xr. (By offset
theorem, the relative probability of the lower near tig £ xg— 1) to tie is, /5—{‘, and the relative

probability of the upper near tig(= xr+ 1) to tie is \/5:;.) The following table yields L-voter's
gains for each event:

Ballot X =Xr—1 X =Xgr X =Xr+1
: -1 v—1
Triple vote  (1,1,1,0) 5 = 0
Sincere vote (1,1,0,0) Vv \% 0
- Vi 1-V
Quality vote (1,0,1,0) e 1 =Y

2

SinceV > max{ ¥t Y11 V1 11 and 35Y < 0, a sincere vote is clearly a unique best
response. The profile is not an equilibrium.

We now turn to the symmetric profiles of CAV, wheve= (1,1,—1,—1). L-voter’s gains
for each event are identical, only the triple votéisl, 1, —1), the sincere vote i€l,1, —1, —1),
and the quality vote i$1,—1,1,—1). It is easy to see that any other ballot that does not use
all negative votes is dominated by a ballot that uses all thagaotes; hence, the sincere ballot

(1,1,—1,—-1) is a unique best response. The profile is not an equilibridhee
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