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Navier-Stokes-Fourier system

Equation of contintuity

Oro + divy(ou) =0, u-njpa =0

Momentum equation

It(ou) + divy(ou ® u) + Vi p(0, ) = divsS(¥, Vu), ulagg =0
Second law, entropy production

q(¥, V)

at@s(@19))+divx(@s(g,z9)u)+divx( a

) <o anin =

First law, total energy balance
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Constitutive relations
Gibbs’ law, thermodynamics stability

dp(o,V)
do

e(p,v)

oo 0

>0,

9Ds(o,9) = De(o,9)+ p(o,9)D (Z) )

Viscosity, Newton’s law
2
S(¥, Vxu) = p(9) <qu + Viu-— 3divxu}l) + ndiv,ul
Heat conductivity, Fourier’s law
q(9, Vi) = —k(9) V0

Second law, entropy production

A (50T Vo - ST



Relative entropy (energy) functional, structure

Relative entropy

& (9,19, u ‘ r,©, U) , (0,0,U) "test functions”

Distance property

5<g,ﬂ,u ( r,e,u) >0

S(Q,ﬂ,u‘r,@,U):O S o=r,9=0,u=U
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Relative entropy (energy) functional, dynamics

Lyapunov function

d - _
ag (g,ﬁ, u ‘ @,19,6) < 0 for any equilibrium 2,9, u

Gronwall inequality

& (g,'ﬁ,u ‘ @,5,0)

"< /Tz h(t)€ (g, 9,u ‘ @,5,&) dt

T1 1
he Y0, T)

for any smooth solution @,15, il smooth solution
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Relative energy for NSF system

Ballistic free energy [Ericksen]
He(o,9) = ce(e, ) — ©os(o, V)

Relative NSF energy

¢ (e.0,u|r,0,U)
1 OHe(r,©
= [ (Geu— 02+ o) - 2o )~ o)) ax
Q o

Relative entropy vs. relative energy

Dafermos [1979] - relative entropy for the full Euler system

1
factor 5



General RE inequality

Relative energy inequality

t=T T2
& (g,ﬂ,u ro, U) ‘< / R(t, 0,9,u,r,0,U) dt
t=71 el
Weak solutions
Jo 3olul+oe(09) dx ... total energy
Joos(e,9)© dx ... entropy inequality
fQ ou-Udx ... momentum equation

JooG(r,0,U)dx ... equation of continuity



Applications

Weak-strong uniqueness [with A.Novotny ARMA 2012]

Weak and strong solutions to the Navier-Stokes-Fourier system
emanating from the same initial data coincide as long as the latter
exists. Strong solutions are unique in the class of weak solutions

Conditional regularity [with A.Novotny, Y. Sun ARMA 2014]

A weak solution emanating from smooth initial data is smooth as
soon as

V][ Lo (0, Tyx0) < 00



Inviscid incompressible limit

Scaled Navier-Stokes-Fourier system

Oro + divy(ou) =0

1
O¢(ou) + divy(ou ® u) + 2 V.p(0,)

= [ ldiv,S(9, V,u) + QVXF

Or(05(0,9)) + diva(os(o, D)u) + | Jdiv, (M)
= 119 <S(19 Vyu) : Viu — q (¥, Vx 0 )



Limit system

Path hypotheses [ with A.Novotny CMP 2013 ]

10
0<a<?,ﬁ>0

Euler-Boussinesq system
div,v =0

Ov+v- Vv V. I = 73(@19)9VXF
(2,700 + v~ 9.0) — T(a. D - V.F =
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Rate of convergence in singular limits

Scaled compressible Navier-Stokes system

Oro + divy(ou) =0

1

Ot(ou) + divy(ou @ u) + 2

Vip(0) =[v]div,S(Vu)

Large physical space

QM = MQ, u‘agM =0
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Target system

Path hypotheses

e—=0, v—=0, eM() > 0

Incompressible Euler system

div,v =0
Ov+v-Vov+V,MN=0in R®
v(0,-) =vp

Acoustic waves
e Z+ AP =0in R3
€0;®+p'(8)Z=0in R®
Z(0,) = Zo, ®(0,-) = P



Convergence

Il prepared initial data

9(07 ) =0+ ENe, U(O, ) = Upe

Convergence [with S.Netasova, Y.Sun 2014]

LZ(QM;R3)+H (222 2)(r)

H\/E(u e VXdD)(T, )

L24-LY (M R3)

<C [HUO,E — Vo — vxq)O”LZ(QM;Ra) + ||r0,5 - ZOH[_z(QM)}

1/2
+C(a)(u+€ +€/\/,(€)> ,0<a<1



Weak solutions of target systems?

Euler-Fourier system

Oro + divy(ou) =0
Ot(ou) + dive(ou @ u) + V,(0) =0
3 ) .
> [0:(0V) + divy(odu)] — AY = —pddiv,u

Existence of weak solutions [with E.Chiodaroli, O.Kreml AIHP
2014]

The Euler-Fourier system admits | infinitely many | global-in-time

weak solutions for any smooth initial data gg, ¥, ug



