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Navier-Stokes-Fourier system
Mass conservation
Oro + divy(ou) =0
Momentum balance

Ot(ou) + divy(ou ® u) + Vyp(p,9) = div,S(V,u)

2
S(Vxu) =u (qu +Viu— —divXu]I> + ndiv,ul

Thermal energy equation

¢ [0:(09) + divk(gdu)] — divy(k(P) V)

= S(Vxu) : Viu — gpy(0,9)diveu

o>



Numerical scheme

Implicit time discretization

vi(t,-) = vf for t € [kAh, (k+1)Ah), k=0,1,...,N

Triangulation

triangulation K € K, h= At, edges €T},

Finite element spaces

Qn(Q2) = {v ‘ v|k = const K € Kh}

Vh(Q) = {V S Lﬁiv(Q; R3) ‘ V- n|aQ = 0, V|K = akX + bk, K e Kh}

12N G4
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Numerical scheme [Karlsen-Karper

Equation of continuity

K k—1
_ Oh — Oy kK k
nggohdx:/—gohdx: /Upg,u wn]] dSx
| Dict [t > [ Upleh.uf] fioal

rery

for all on € Qu(2)
Momentum equation

/Q De (oli) - on dx— 3 / Uplokiik, uk] - [[Z4]dS,

rery

- / p(of, 95)divapn dx
Q

= —/ (peurl* [uf] - curl*[ps] + (A + p)diveufdivaes) dx

for all pp € V()

o>



Numerical scheme [Karlsen-Karper], |1

Energy equation

rery

. / De (dlt) o dx — ¢, 3 / Uplafo%, uf] [[onlldSs

Lioei gk
+ 3 [ s

[ (ulcurt W1+ -+ v ) o de
Q

- / 0509 p(of, U5)diveugon dx
Q

for all pn € Qu(Q), K'(¥) = k()

o>



Frequently asked questions...

Analysis
m Are there a priori
bounds for solutions?
m Does the problem

admit a solution and
in which sense?

m |s the solution unique
and regular?
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Numerics

m Is the numerical
method stable?

m s the numerical
method convergent?

m Is the convergence
unconditional; what
are the error
estimates?
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Navier-Stokes-Fourier system (weak form
Mass conservation

Oro + divy(ou) =0
Momentum balance

0¢(ou) + divy(ou ® u) + V,p(0, ) = div,S(Vu)
Thermal energy balance

¢, 0:(09) + ¢, divy(edu) — AK(9)
(qu) : Vxu — gpy(0,9)divyeu

Total energy balance

4
dt

[ el + .00+ Pl0)| =D

o>



Renormalization
Renormalized equation of continuity

deb(0) + divy(b(o)u) + (b’(g)@ - b(@))divxu =0

Renormalized thermal energy balance

¢, 9 (0H(9)) + c,divy(oH(9)u) — divy (H'(ﬂ)m(ﬁ)vxﬂ) >

H'(9)S(Vxu) : Viu — H"(9)k(9)| V9> — aH' (9)d odiv,cu
Entropy balance

K(9)

Ot(0s(0,9)) + divy(os(o,9)u) — div, (Tvxﬁ)
>3 (S(qu) Vu + @mmz)

o>



Compactness - convergence

Density oscillations

Orolog(p) + divy (g Iog(g)) u) + odiveu =0

O¢(0log(0)) + div, (¢log(e)) u) + odiv,u =0

Effective viscous flux

0 < p(e)o — p(0) o = odiviu — odivyu
Biting limit of the temperature

lim Ko (0.) = Ka(9), Ko /K

«aO» «F)>r «=)>»

o>



Conditional regularity

Hypotheses

regular initial data g9 > 0, ¥9 > 0, ug

diveu € 10, T; L°(R)), u € L°((0, T) x Q; R?)

9 <0
Conclusion

The weak solution is regular (smooth); whence unique
Corollary

strong solution

Bounded numerical solutions converge unconditionally to the unique
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Relative entrop

modulated energ
Relative entropy functional

5(9,19,u ‘ r,®, U)
= [ (Geu= 0P+ Hoe.) -

BH@(I‘, @)
Ballistic free energy

90 (0 —r)— Ho(r, @)) dx
He(0.9) = o(e(0. 9) — ©s(0, 1))

Coercivity of the ballistic free energy

o — Ho(o, ©) strictly convex

¥ — Ho(o, ) decreasing for ¥ < © and increasing for ¢ > ©

o>



Dissipative solutions

Relative entropy inequality

T [ (00,0 0,0)]
ks

t=0

= (S(qu) L Vyu

B q(9, Vxﬂ)-Vxﬁ) dx dt
9
§/ R(o0,9,u,r,©,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions
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Remainder

|R(g, J,u,r,0©, U)|

_ /ﬂ (o(0:U+u-V,U) - (U-u) + (V) : V,U) dx

<[

(p(r ) - p(o, ﬂ))divU + %’(u —u)- Vp(r, e)] dx

- /Q (o(ste. ) - 5(r.©)) 20 + o(s(2,9) — 5(r,0) Ju- V,@
G

119 N Cx@> (lX
+/
Q

r

<8tp(r, ©)+ U - V,p(r, @)) dx
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