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Euler-Korteweg-Poisson system

Mass conservation - equation of continuity

Oro + divy(ou) =0

Momentum equations - Newton’s second law

Ot(ou) + divy(ou @ u) + V,p(0)
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Alternative formulation

Korteweg tensor

1
oV (K@ + K IV

K(o) = K -capillarity, K(o) = 4ﬁ _quantum fluids
o
—

Korteweg tensor in divergence form

1 .
oVx (K(Q)AXQ + EK,(Q)|VXQ|2) = lex’C(Qa VXQ)

K(o, Vx0) = [\(0)Ar0 + 3 X (0)|Vs0P |1 4x(0)Va/2 @ Vi@
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Motivation: Quantum fluids

Unknown variables

System of equations

(9,5@ + diVXJ =0

AXVZQ_E
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Alternative description

Ansatz
0= |\U|25 J= hngﬂﬁ] l

Schradinger equation

2
B =~ By — Vil -

Poisson equation
AxV = [¢?, =0 l

Pressure

Y1 a2

p(@)=7+1@
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Weak solutions?

Density

Density ¢ must be sufficiently regular

Vacuum zones

Density ¢ may vanish on some non-trivial subset of Q
Singularities ?

Shock waves for the momentum field J ?
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Boundary and initial conditions

Geometry

3
te(0,T), xeT?= ([O, 1]’{0.1}) — periodic b.c.

Initial conditions

0(0,-) = 0o = 1§, ro € C?, meas {x eT? | ro(x) = 0} =0

J(0,) = Jo = 0oUo, Uy € C3
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Reformulation, Step 1

Extending the density

dro +dived =0, 0(0,-) = 0o

—
Flux ansatz

J=0Uo—2), Z=2(1)

8t/TsH[."l] dx+/T3H[J] dx =0

H — standard Helmholtz projection

meas {x e’ ‘ o(t,x) = 0} =0 forany t € [0, T]
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Reformulation, Step 2

Flux ansatz

J=J+w, divaw =0, w(0,-) =0

Cweak([oa T], Lz(Q; R3)) @] Loo((O, T) X Q; R3)

Equations

Or (w—i—j) + divy ((w+j)(§(w+j)> + V.p(o) + (w—i—]) =

Vi (X(Q)AXQ> + %Vx (X’(Q)IVXQI2> — 4div, (X(Q)Vx 0® Vx«/E)
+oViV
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Reformulation, Step 3

Final flux ansatz

J=H[I]+ V.M, v =et (w+H[]),
—
Equations

div,v =0, v(0,-) = H[Jg]

v + divy <("+h)%("+h) +]HI> VM= 0
Coefficients
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Driving terms

Convective term
1
(1) = 4e' (M(Vev2® Vo2~ JUDITva)

1
4et <§|VXV|2]I -V,V® va) , He RS

0,sym

Pressure term

N(t,x) = ¢ (ple) + 0M + M~ x(0)Bre)

1 4 _ 1
e (I (ITa0P ~ 0@Vl + v+ 9.V + 1]

A — a suitable constant
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Convex integration

Field equations, constitutive relations

Oru + div,V =10, V = F(u)

Reformulation, subsolutions
V=F(u) < G(u,V) = E(u), E(u) < G(u,V) < &(u)

E convex, € “concave”

Oscillatory lemma, oscillatory increments
Owue +div, Ve =0, u[—]0
E(u+u)<Gutu,V+V,)<e(u+u,)

Iiminf/E(uE)/(E(U)— E(u))”
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Applications to incompressible flows

Incompressible Euler system - Delellis, Székelyhidi [2008]

h=0 H=0, r=1, N=e(tx)

Compressible Euler with solenoidal data - Chiodaroli [2013]

r=r(x), h=0, H=H(x), M=e(t,x)

Present situation
r, h, H, N continuous functions of both t and x on the set

{(t,x) ‘ o(t, x) > o}

Eduard Feireisl based on collaboration with D.Donatelli and P.Marcati Quantum fluids



Basic ideas of analysis

Localization

Localizing the result of DeLellis and Széhelyhidi to “small” cubes by
means of scaling arguments

Linearization

Replacing all continuous functions by their means on any of the
“small” cubes

Covering the non-vacuum set

Applying Whitney's decomposition lemma to the non-vacuum set
{o>0}
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Existence results

Good news

The problem admits global-in-time (finite energy) weak solutions of
any (large) initial data

Bad news

There are infinitely many solutions for given initial data
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Energy

Die Energie der Welt ist
constant;
Die Entropie der Welt
Rudolph Clausius
[1822-1888]

strebt einem Maximum zu
Energy

E(97 va J) -

1P

2 0

1
+ P(e) + 2x(0) |V /el* + 5| Vi VI?
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What's wrong?

Energy production

“Most" solutions constructed by convex integration produce energy!

Admissible solutions

Admissible solutions should conserve or at least dissipate the total
energy. Admissible solutions do comply with the weak strong
uniqueness principle. Weak and strong solutions emanating from the
same initial data coincide as long as the latter exists.

Infinitely many admissible solutions

For any regular gg there exists a (non-smooth) ug such that the
problem has infinitely many admissible solutions.
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