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Abstract

We study the fall-off behaviour of test electromagnetic fields in higher dimensions as one ap-
proaches infinity along a congruence of “expanding” null geodesics. The considered backgrounds
are Einstein spacetimes including, in particular, (asymptotically) flat and (anti-)de Sitter space-
times. Various possible boundary conditions result in different characteristic fall-offs, in which
the leading component can be of any algebraic type (N, II or G). In particular, the peeling-
off of radiative fields F = Nr1−n/2 + Gr−n/2 + . . . differs from the standard four-dimensional
one (instead it qualitatively resembles the recently determined behaviour of the Weyl tensor
in higher dimensions). General p-form fields are also briefly discussed. In even n dimensions,
the special case p = n/2 displays unique properties and peels off in the “standard way” as
F = Nr1−n/2 + IIr−n/2 + . . .. A few explicit examples are mentioned.

PACS: 04.50.-h, 04.20.Ha, 04.20.-q

1 Introduction

Formal analogies between the gravitational and the electromagnetic field have proven useful in de-
veloping exact approaches in general relativity, particularly in the study of gravitational radiation
and asymptotic properties near null infinity. A well-known result is the peeling-off property. For
the gravitational field, this means that the Weyl tensor in a frame parallely transported along a
congruence of “outgoing” null geodesics ℓ in an asymptotically flat spacetime decays as [1–6]

Cabcd =
Nabcd

r
+

IIIabcd
r2

+
IIabcd
r3

+
Iabcd
r4

+
Gabcd

r5
+ . . . (n = 4), (1)

where r is an affine parameter along ℓ, and the increasing powers of 1/r describe terms of increasing
boost-weight (b.w.) w.r.t. ℓ (i.e., decreasing alignment [7] – the Gabcd term is not aligned and is thus
“generic”). Similarly, for the Maxwell field one has (both for test fields in flat space [6, 8, 9] and for
the full Einstein-Maxwell theory [6])

Fab =
Nab

r
+

IIab
r2

+
Gab

r3
+ . . . (n = 4). (2)

In order to arrive at (1) and (2), one needs to assume suitable boundary conditions on components
of maximal b.w. (in Newman-Penrose notation, Ψ0 = O(r−5) and Φ0 = O(r−3), respectively),
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along with sufficient smoothness properties. The decay rate of the remaining field components
then automatically follows. Both in (1) and (2) the algebraic type becomes less and less special
as one recedes from infinity, and the leading 1/r term represents a (“null”) radiative field, which
can be related to the flux of radiated energy and to the gravitational and electromagnetic news
functions [2, 3, 5, 10–12]. Peeling of the fields occurs also in asymptotically (A)dS spacetimes [6].

Recently, it has been proven [13] that in n > 4 dimensions the peeling behaviour of the Weyl
tensor of asymptotically flat spacetimes is qualitatively different from (1). Furthermore, by dropping
the requirement of asymptotic flatness, various possible choices of boundary conditions at infinity
(involving also non-maximal b.w. components) result in a rich pattern of different asymptotic decays,
also depending non-trivially on the presence of a cosmological constant (as opposed to the case
n = 4) [14]. One could thus expect that the behaviour of the Maxwell field Fab in higher dimensions
also differs from the 4D result (2). In this paper we find that this is indeed the case. More specifically,
we determine the possible fall-off of the electromagnetic field at null infinity and how it depends on
the chosen boundary conditions. Several analogies with the results of [13, 14] for the gravitational
field will be found. In particular, when the cosmological constant vanishes and with the choice of
boundary conditions F0i = O(r−

n

2 ) and Fij = o(r−2),1 in more than four dimensions the behaviour
(2) is replaced by (cf. (47))

Fab =
Nab

r
n

2
−1

+
Gab

r
n

2

+ . . . (n > 4). (3)

The leading term is null and has a fall-off rate characteristic of radiation as in 4D, but already the
first subleading term is algebraically general and differs from (2). Furthermore, it turns out that if
ℓ is aligned with Fab then the radiative term necessarily vanishes when n > 4, in analogy with the
gravitational case [13, 15] – more generally this occurs whenever F0i = o(r−

n

2 ).
Similarly as in [14], for n > 4 various other choices of boundary conditions for Fab are possible,

and the corresponding asymptotic fall-offs (also including a cosmological constant) will be detailed
in the paper (sections 4 and 5). However, in addition to the standard 2-form Maxwell field Fab,
in higher dimensional theories general p-form fields Fa1...ap may also play an important role (see,
e.g., [16]). For a generic p, their asymptotic behaviour turns out to be similar to that of the case
p = 2 (including (3)), as briefly discussed in section 6. In even n dimensions, the case p = n

2
is

however peculiar, since it is the only case in which Maxwell’s equations are conformally invariant
and characterized by self-duality. Correspondingly, we find that the asymptotic behaviour of n

2
-form

fields is also exceptional, and in fact qualitatively similar to the case n = 4, p = 2 (eq. (2)), cf. (92).2

We emphasize that in this paper we restrict to test fields satisfying the source-free Maxwell
equations in the background of a certain class of Einstein spacetimes [14] (including, in particular,
spaces of constant curvature – details in section 2). We will generally study the r-dependence (for
r → ∞) of the leading field components only, under the assumption that this is power-like (some
comments on certain subleading terms will however be necessary to arrive e.g. at (3)). It will thus not
be necessary to assume that the field admits a power-series expansion in 1/r (however, the existence
of full Einstein-Maxell solutions with that property is proven in [19], in the case of even dimensions).
More technical assumptions will be explained in section 2, where certain results of [14] needed in
this work will also be summarized. Section 3 contains Maxwell’s equations in a “null” frame, to be
employed in the following, along with an analysis of the r-dependence of field components of b.w. 0.
The full asymptotic behaviour of Fab is given in sections 4 and 5 for Ricci flat and proper Einstein
spacetimes, respectively. For the case p = 2, in appendix A we give the “transverse” (i.e., non-radial)

1F0i and Fij are frame components of b.w. +1 and 0, respectively, defined in section 2.1
2In [17] it was pointed out that type N Maxwell fields with p = n

2 possess special “optical” properties (see also [18]
for related earlier results). This is indeed related to the special peeling we find, see further comments in sections 4.2.3
and 6.2.
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Maxwell equations in the various permitted cases (for R̃ = 0 only, since when R̃ 6= 0 many of those
turn out to be identically satisfied at the leading order). They are not needed to obtain asymptotic
properties of the field, yet they provide explicit relations between leading components of different
b.w., and can be viewed as a preliminary step in the direction of a systematic analysis of asymptotic
solutions of the Maxwell equations. Appendix B summarizes main results for the four-dimensional
case.

2 Preliminaries

2.1 Assumptions and notation

We consider test Maxwell fields in the background of an n-dimensional Einstein spacetime (Rab =
R
n
gab), with n ≥ 4. We restrict to Einstein spacetimes with suitable properties at null infinity, which

we formulate in terms of a congruence of outgoing null geodesics and of the Weyl tensor. Namely,
let ℓ = ∂r be a geodesic null vector field parametrized by an affine parameter r. First, we assume
that the optical matrix ρij of ℓ (defined below in (6)) is asymptotically non-singular and expanding,
i.e., the leading term of ρij (for r → ∞) is a matrix with non-zero determinant and non-zero trace
(see [4] for a related discussion in four dimensions motivating this assumption). Next, we assume
that in a frame parallely transported along ℓ the b.w. +2 components of the Weyl tensor fall off
“fast enough” along ℓ, namely

Ωij = o(r−3). (4)

This is a rather weak restriction (e.g., in 4D the spacetimes considered in [4] obey the stronger
condition Ωij = O(r−5)) and corresponds to the class of Einstein spacetimes recently studied in [14].3

It contains, in particular, asymptotically flat spacetimes [13,14], algebraically special spacetimes for
which ℓ is a WAND (i.e., a Weyl aligned null direction – in this case Ωij = 0 identically and (4)
is satisfied trivially), and of course Minkowski and (anti-)de Sitter spaces when the Weyl tensor
vanishes identically. Under the above conditions one is able to determine how the various Maxwell
tensor components fall off as r → ∞, as shown in what follows.

Throughout the paper we employ a frame adapted to ℓ consisting of two null vectors m(0) = ℓ

and m(1) = n, and n− 2 orthonormal spacelike vectors m(i), where i, j, · · · = 2, . . . , n− 1, such that
ℓ · n = 1, m(i) ·m(j) = δij and ℓ ·m(i) = 0 = n ·m(i). In terms of these one can define the frame
Weyl and Ricci tensor components and the Ricci rotation coefficients, for which we use the notation
summarized in the recent review [20] (without redefining here all symbols). In particular, the Weyl
components (4) are given by

Ωij = C0i0j = Cabcdℓ
amb

(i)ℓ
cmd

(j), (5)

and the (n− 2)× (n− 2) optical matrix ρij associated with ℓ is defined by

ρij = ℓa;bm
a
(i)m

b
(j), (6)

whose trace gives the expansion scalar
ρ = ρii. (7)

3To be precise, only leading terms of Weyl components with a power-like behaviour were considered in [14], and in
fact the weaker condition Ωij = o(r−2) was assumed. We could similarly relax (4) with no change in the results of the
present paper as far as the r-dependence of the Maxwell field is concerned. However, the slightly stronger restriction
(4) permits to determine both the leading and subleading terms in the key equation (11), which in turn will enable us
to obtain explicitly additional “constraints” on the Maxwell field components (for example, those given in point 2. of
section 3.2).
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The remaining Ricci rotation coefficients are defined analogously [20]. Similarly, one can define the
components of the Maxwell field Fab in the same frame, namely F0i (b.w. +1), F01 and Fij (b.w. 0),
and F1i (b.w. −1).

Taking r as one of the coordinates we can write the frame derivative operators as

D = ∂r, ∆ = U∂r +XA∂A, δi = ωi∂r + ξAi ∂A, (8)

where ∂A = ∂/∂xA and the xA represent any set of (n − 1) scalar functions such that (r, xA) is a
well-behaved coordinate system.

2.2 Asymptotic r-dependence of Ricci rotation coefficients and deriva-
tive operators

In the following sections we will study the Maxwell equations, evaluated in the frame defined above,
in order to fix the r-dependence of the Maxwell tensor. To that end, one first needs to know how the
Ricci rotation coefficients and the derivative operators depend on r in the considered spacetimes, as
we now summarize.

The condition that ℓ be geodetic and affinely parametrized is expressed by

κi = 0 = L10. (9)

Since the frame vectors are taken to be parallely transported along ℓ, one also has

i

M j0 = 0, Ni0 = 0. (10)

Apart from the above trivial ones, the r-dependence of all Ricci rotation coefficients and deriva-
tive operators has been obtained in [14]. Several quantities are not affected by the presence of a
cosmological constant at the leading order and are given by [14]

ρij =
δij
r

+
bij
r2

+ . . . , (11)

L1i =
l1i
r

+ . . . , Li1 =
li1
r

+ . . . ,
i

M jk =

i
mjk

r
+ . . . ,

i

M j1 =
i

mj1 + . . . , (12)

ξAi =
ξA0
i

r
+ . . . , ωi = −l1i + . . . , XA = XA0 + . . . , (13)

where bij is independent of r, the ellipsis denote generically subleading terms (of unspecified lower
order), and lowercase symbols or a superscript 0 denote quantities independent of r, which at this
stage are arbitrary integration functions (of the corresponding radial Ricci identities or commutators).
Using null rotations about ℓ one could choose a parallely trasported frame such that, e.g., l1i = 0 or
li1 = 0 – this may simplify certain expressions in the following, but for the sake of generality we will
keep our frame unspecified. Note also that if ℓ is twistfree then b[ij] = 0.

The behaviour of the remaining Ricci rotation coefficients and derivative operators depends on
the presence of a cosmological constant, and is given below separately for Ricci-flat and for proper
Einstein spacetimes. In order to have more compact formulas it is convenient to define the rescaled
Ricci scalar

R̃ =
R

n(n− 1)
. (14)
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2.2.1 Remaining quantities for R̃ = 0

For R̃ = 0 one has [14]

Nij =
nij

r
+ . . . , L11 = l11 + . . . , Ni1 = ni1 + . . . , (15)

U = −l11r + . . . . (16)

2.2.2 Remaining quantities for R̃ 6= 0

In the presence of a cosmological constant one finds instead [14]

Nij = −
R̃

2
δijr +

R̃

2
bij . . . , L11 = R̃r + . . . , Ni1 =

R̃

2
li1r + . . . , (17)

U = −
R̃

2
r2 + . . . . (18)

(Note that for Nij we have also given the subleading term, obtained in [14] under the assumption it
is also power-like. While this is not necessary in order to determine the r-dependence of the leading
order components of the Maxwell field, it will enable us to write down some constraints coming from
the non-radial Maxwell equations – cf. also footnote 3).

3 Asymptotic behaviour of b.w. 0 components

3.1 Maxwell equations in a parallely transported frame

In the frame defined in section 2.1, with the defitions (8) and with the conditions (9) and (10), the
empty-space Maxwell equations F a

b;a = 0 and F[ab;c] = 0 take the form (ordered by b.w.)

DF01 + F01ρ + δiF0i − F0iL1i + F0j

j

M ii − Fijρij = 0, (19)

DFij + 2F[i|kρk|j] + 2δ[j|F0|i] − 2F0[i|L1|j] + 2F0k

k

M [ij] + 2F01ρ[ij] = 0, (20)

2DF1i + F1iρ − 2F1jρ[ij] − δjFij − Fjk

j

M ik + Fji

j

Mkk + δiF01 − F0j(Nij +Nji) + F0iNjj = 0,(21)

−2∆F0i + 2F0iL11 − F0iNjj − 2F0j(
j

M i1 −N[ij]) + δjFij − 2FijLj1 + Fjk

j

M ik − Fji

j

Mkk

+ δiF01 − 2F01Li1 + F1j(ρij + ρji)− F1iρ = 0, (22)

δ[kFij] + 2Fl[j

l

M ik] + 2F0[jNik] + 2F1[jρik] = 0, (23)

−∆F01 − F01Nii + δiF1i + F1i(L1i − Li1) + F1j

j

M ii + F0iNi1 − FijNij = 0, (24)

∆Fij − 2Fk[i|(Nk|j] +
k

M |j]1) + 2δ[j|F1|i] + 2F1[i|(L1|j] − L|j]1) + 2F1k

k

M [ij]

− 2F0[iNj]1 − 2F01N[ij] = 0. (25)

These can also be obtained by translating the corresponding GHP equations [17] into the NP no-
tation. Note that (21) and (22) are linear combinations of two b.w. 0 equations coming, respectively,
from F a

b;a = 0 and F[ab;c] = 0. This choice will be convenient for practical purposes since separates
the derivative terms DF1i and ∆F0i into two different equations. Eq. (23) becomes a trivial identity
in 4D because of the total antisymmetrization.
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Now, we assume that for r → ∞

F0i = F
(α)
0i rα + . . . , F01 = F

(β)
01 rβ + . . . , Fij = F

(γ)
ij rγ + . . . , F1i = F

(δ)
1i rδ + . . . , (26)

where F
(α)
0i , F

(β)
01 , F

(γ)
ij and F

(δ)
1i do not depend on r. We will also assume that if a generic component

f behaves as f = O(r−ζ), then ∂rf = O(r−ζ−1) and ∂Af = O(r−ζ). We are interested in determining
the values of α, β, γ and δ (a priori not restricted to be integers or semi-integers) compatible with
Maxwell’s equations. From now on it will be understood that the results of section 2.2 will be
employed, when necessary.

3.2 Components of b.w. 0

Let us start with (19) and (20). After substituting the first three of (26), by examining the leading
order terms one concludes that the possible asymptotic behaviors generically are the following.

1. If α ≥ −2 then
γ = β = α, (27)

and

(α + n− 2)F
(α)
01 = −ξA0

i F
(α)
0i,A + (α + 1)F

(α)
0i l1i − F

(α)
0j

j
mii , (28)

(α + 2)F
(α)
ij = −2ξA0

[j| F
(α)
0|i],A + 2(α + 1)F

(α)
0[i| l1|j] − 2F

(α)
0k

k
m[ij] . (29)

Clearly F
(α)
ij is undetermined in the case α = −2.4

2. If α < −2 and n > 4 then
γ = −2 > β, (30)

with F
(−2)
ij being integration functions. Thanks to (11) we have Fijρij = O(r−4), and (19) thus

gives β = max{−3, α}, so that

• if −3 < α < −2: eq. (28) holds

• if α = −3:

(n− 5)F
(−3)
01 = −ξA0

i F
(−3)
0i,A − 2F

(−3)
0i l1i − F

(−3)
0j

j
mii + F

(−2)
ij bij (31)

• if α < −3:
(n− 5)F

(−3)
01 = F

(−2)
ij bij . (32)

In the special case F
(−2)
ij = 0, further possible subcases are:

(A) if 2− n ≤ α < −2 then γ = β = α and (28), (29) still apply;

(B) if α < 2 − n then β = 2 − n > γ, with the integration function F
(2−n)
01 . Using F01ρ[ij] =

O(r−n), (20) gives γ = max{1− n, α}, so that

• if 1− n < α < 2− n: eq. (29) holds

4For α = −2 eq. (29) becomes a constraint on F
(α)
0i . Comparison with the 4D analysis of [21] suggests that in this

special case a more general framework to consider may be that of polyhomogenous expansions. This however goes
beyond the scope of this paper, where we restrict to power-like leading terms (cf. (26)). (A similar comment applies
to case (A) below when α = 2− n.)
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• if α = 1− n:

(3− n)F
(1−n)
ij = −2ξA0

[j| F
(1−n)
0|i],A + 2(2− n)F

(1−n)
0[i| l1|j] − 2F

(1−n)
0k

k
m[ij] − 2F

(2−n)
01 b[ij] (33)

• if α < 1− n:
(3− n)F

(1−n)
ij = −2F

(2−n)
01 b[ij]. (34)

These results apply also for n = 4, but only as a special subcase of a more general behaviour
(see the next point below).

3. If α < −2 and n = 4, generically one has

β = γ = −2, (35)

with two integration functions F
(−2)
01 and F

(−2)
ij . Special subcases with F

(−2)
01 = 0 and/or

F
(−2)
ij = 0 are possible. The fall-off of the remaining components in four dimensions is given in

appendix B.

The next step is to determine the r-dependence of the b.w. −1 components F1i (and to derive
certain constraints on integration functions). However, in view of sections 2.2.1 and 2.2.2, in all the
remaining Maxwell equations some of the leading terms differ in the two cases R̃ = 0 and R̃ 6= 0,
which thus need to be treated separately.

4 Full asymptotic behaviour for R̃ = 0

4.1 Sketch of the procedure

In general, the leading order term of (21) can be of order O(rα−1), O(rβ−1), O(rγ−1) or O(rδ−1),
depending on the relative value of the parameters α, β, γ, δ. In particular, at the leading order F1i

gives a term (2δ + n− 2)F
(δ)
1i rδ−1. It is thus clear that either δ ≤ max{α, β, γ} or δ = 1− n

2
. On the

other hand, the leading order term of (22) can be of order O(rα), O(rβ−1), O(rγ−1) or O(rδ−1), the

latter originating from (4 − n)F
(δ)
1i rδ−1. By combining the conditions from (21) and (22) we obtain

that either:

(i) δ = max{α, β, γ} (δ can be also smaller than this, which we consider implicitly as a “subcase”)

(ii) δ = 1− n
2
with −n

2
≤ α < 1− n

2
and β, γ < 1− n

2
.

In turn, this result must be intersected with the conditions obtained in section 3.2. Case (i) is
compatible with both cases 1. (giving δ = α) and 2. (giving δ = −2) of section 3.2 – in this case

(21) determines F
(δ)
1i (except when max{α, β, γ} = 1− n

2
, see below for details) and then (22) gives

a constraint. Case (ii) distinguishes between n = 5 and n ≥ 6: for n = 5 it falls into case 1. for

−2 ≤ α < −3
2
and in case 2. (possibly, 2.(A) if F

(−2)
ij = 0) for −5

2
≤ α < −2, while for n ≥ 6 is

must belong to case 2.(A). In case (ii) eq. (21) is identically satisfied at the leading order O(r−
n

2 ),

while the leading order O(r−α) of (22) either gives a constraint on F
(α)
0i (for −n

2
< α < 1 − n

2
) or

determines F
(1−n

2
)

1i in terms of F
(−n

2
)

0i (for α = −n
2
). The remaining Maxwell equations (23)–(25) give

constraints.
It is clear that, due to the term (4 − n)F

(δ)
1i rδ−1 in (22), the above discussion does not apply to

the 4D case: when n = 4, if δ = −1 then α, β, γ can be arbitrarily small, cf. appendix B. All the
thus obtained results are now summarized in the various possible cases, treated separately for n ≥ 6
and n = 5.
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4.2 Case n ≥ 6

4.2.1 Fall-off of F0i with α ≥ −2

If α ≥ −2 then

F0i = F
(α)
0i rα + . . . , (36)

F01 = F
(α)
01 rα + . . . , Fij = F

(α)
ij rα + . . . , (37)

F1i = F
(α)
1i rα + . . . , (38)

where F
(α)
01 and F

(α)
ij are given by (28) and (29), F

(α)
1i is given (except for α = 1− n

2
) using (21) by

(n− 2 + 2α)F
(α)
1i = F

(α)
0j (nij + nji)− F

(α)
0i njj + ξA0

j F
(α)
ij,A + F

(α)
ij (−αl1j +

j
mkk ) + F

(α)
jk

j
mik

− ξA0
i F

(α)
01,A + αF

(α)
01 l1i, (39)

and conditions (A1)–(A4) hold.
Clearly in the present case (eqs. (36)–(38)) the electromagnetic field does not peel. For α ≥ −3

2

the same results apply also for n = 5 (cf. section 4.3.1). For example, one can verify that a uniform
magnetic field in the background of asymptotically flat black holes [22] or black rings [23] has such
a behaviour (with α = 0).

4.2.2 Fall-off of F0i with α < −2: generic case

If α < −2 we generically have

F0i = F
(α)
0i rα + . . . , (40)

F01 = o(r−2), Fij =
F

(−2)
ij

r2
+ . . . , (41)

F1i =
F

(−2)
1i

r2
+ . . . , (42)

Recall that additional conditions hold that determine the leading term of F01 – cf. point 2. of
section 3.2. The above behaviour includes the special case when ℓ is a an aligned null direction of
the Maxwell field WAND, i.e., F0i = 0 (in the formal limit α → −∞). The leading term falls as 1/r2

and is of type II. In cases with F
(−2)
1i = 0 the leading field components are purely magnetic. Explicit

examples can be obtained as a “linearized” Maxwell field limit of certain full Einstein-Maxwell
solutions given in [24] for even n.

Further conditions are given by eq. (A5)–(A11).

4.2.3 Fall-off of F0i with α < −2: subcase F
(−2)
ij = 0

So far we have described the generic case α < −2 with F
(−2)
ij 6= 0. However, if the magnetic term

F
(−2)
ij vanishes we have the following subcases.

(a) For 1− n
2
≤ α < −2 we have the same results as in section 4.2.1 above (i.e., eqs. (36)–(39) with

(A1)–(A4)). Note that this subcase does not exist for n = 6.
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(b) For −n
2
≤ α < 1− n

2
we have

F0i = F
(α)
0i rα + . . . , (43)

F01 = F
(α)
01 rα + . . . , Fij = F

(α)
ij rα + . . . , (44)

F1i =
F

(1−n

2
)

1i

r
n

2
−1

+ . . . , (45)

with (28), (29). If −n
2
< α < 1− n

2
then the constraints (A1)–(A4) hold, whereas for the special

(semi-)integer value α = −n
2
one has (from (22))

(n− 4)F
(1−n

2
)

1i = −2
[

XA0F
(−n

2
)

0i,A +
(n

2
− 1

)

F
(−n

2
)

0i l11 + F
(−n

2
)

0j

j
mi1

] (

α = −
n

2

)

, (46)

with (A12)–(A14).

At infinity, the leading term of the Maxwell components (43)–(45) falls off as 1/r
n

2
−1 and is of

type N. This is characteristic of radiative fields (T11 ∝ F1iF1i ∼ 1/rn−2, i.e., the energy flux along
ℓ, can be directly related to the energy loss, at least in the case of asymptotically flat spacetimes
– cf. [5, 11, 12] for n = 4). Note that ℓ can not be aligned with Fab if radiation is present (since
α ≥ −n

2
), as opposed to the well-known four-dimensional case. Furthermore, in the case α = −n

2
,

if one assumes that F1i has a power-like behaviour also at the subleading order, from (21) one

finds F1i = F
(1−n

2
)

1i r1−
n

2 +O(r−n/2). This implies the peeling-off behaviour

Fab =
Nab

r
n

2
−1

+
Gab

r
n

2

+ . . .
(

α = −
n

2

)

. (47)

(Without assuming α = −n
2
the subleading term would be of order O(rα).) We observe that the

subleading term is algebraically general, which is qualitatively different from the 4D case (2). This
resembles the behaviour of the Weyl tensor of higher dimensional asymptotically flat spacetimes
found in [13] (see also [14]). See section 4.3.3 for a possible different peeling-off in five dimensions.

(c) For 2− n ≤ α < −n
2
we have the same results as in section 4.2.1 above.

(d) For α < 2− n we have

F0i = F
(α)
0i rα + . . . , (48)

F01 =
F

(2−n)
01

rn−2
+ . . . , Fij = o(r2−n), (49)

F1i =
F

(2−n)
1i

rn−2
+ . . . , (50)

with (from (21))

F
(2−n)
1i =

1

n− 2
ξA0
i F

(2−n)
01,A + F

(2−n)
01 l1i. (51)

Recall that additional conditions hold that determine the leading term of Fij – cf. point 2.(B)
of section 3.2.

The leading term is of type II and falls off as 1/rn−2. It becomes purely electric in the case

F
(2−n)
1i = 0. This behaviour describes, in particular, the Coulomb field of a weakly charged

9



asymptotically flat black hole [22,25] or black ring5 [23] (where Fij = F
(1−n)
ij r1−n+ . . . represents

magnetic dipoles induced by rotation). One further has eqs. (A15)–(A21).

In the special subcase F
(−2)
ij = 0 = F

(2−n)
01 with α < 2 − n the same results as in section 4.2.1

again apply (in particular, for n = 5 and α = −4 this is the case of the weak-field limit of the
5D dipole black rings of [27]). This means that if the Maxwell tensor is not of type G and ℓ is
taken to be an aligned null direction, then Fab = 0 identically in this special case. Therefore,
fields more special than type G and aligned with ℓ require either F

(−2)
ij 6= 0 or F

(2−n)
01 6= 0 (or

both), so that type N fields for which ℓ is doubly aligned are not permitted here.6 The latter
property is due to the fact that an expanding aligned null direction of a type N Maxwell field is
necessarily shearing when n > 4 [28] (see [17] for extensions of this result) while our ℓ is not (at
least at the leading order), by construction (eq. (11)).

4.3 Case n = 5

4.3.1 Fall-off of F0i with α ≥ −3
2

For n = 5 with α ≥ −3
2
the same results as for n ≥ 6 with α ≥ −2 still apply, i.e., those of

section 4.2.1. This includes the already mentioned uniform magnetic fields.

4.3.2 Fall-off of F0i with −2 ≤ α < −3
2

If −2 ≤ α < −3
2
we obtain

F0i = F
(α)
0i rα + . . . , (52)

F01 = F
(α)
01 rα + . . . , Fij = F

(α)
ij rα + . . . , (n = 5) (53)

F1i =
F

(− 3

2
)

1i

r
3

2

+ . . . , (54)

with (28), (29). This is the same radiative behavior as the one described by (43)–(45) when n ≥ 6,
however here we have α ≥ −2 and thus always α > −n

2
= −5

2
. From (22)–(25) we thus obtain,

respectively, (A1)–(A4).

4.3.3 Fall-off of F0i with −5
2
≤ α < −2

If −5
2
≤ α < −2 we obtain

F0i = F
(α)
0i rα + . . . , (55)

F01 = F
(α)
01 rα + . . . , Fij =

F
(−2)
ij

r2
+ . . . , (n = 5) (56)

F1i =
F

(− 3

2
)

1i

r
3

2

+ . . . , (57)

with (28). We observe that there is no such a behavior when n ≥ 6 (cf. (40)–(42)). If −5
2
< α < −2

then (A1) holds, whereas for α = −5
2
one has (46) (with n = 5), which determines F

(− 3

2
)

1i . In both

5To be precise, the background black ring spacetime [26] has n = 5 and should thus be considered in section 4.3
below. However, as it turns out, the asymptotic behaviour described here applies also for n = 5 (cf. section 4.3.4),
thus there is no need to mention the black ring case separately.

6In fact, type N fields singly aligned with ℓ are not permitted either (since a type N Maxwell field can have only
one aligned null direction – which must thus be doubly aligned by definition of type N).
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cases we further have (A5) and (A6) (from (23), (25)). Recall also the comments in point 2. of
section 3.2. Depending on the value of α, (24) gives (A3) for −5

2
< α < −2, and (A12) for α = −5

2
.

If one assumes that F1i has a power-like behaviour also at the subleading order, from (21) one finds

F1i = F
(− 3

2
)

1i r−
3

2 +O(r−2) (with (A7)). This implies the peeling-off behaviour (for any −5
2
≤ α < −2)

Fab =
Nab

r
3

2

+
IIab
r2

+ . . . (n = 5), (58)

which at the subleading order differs from the general n ≥ 6 behaviour (47), due to the magnetic

term F
(−2)
ij . It is however a question whether full 5D Einstein-Maxwell solutions exist with F

(−2)
ij 6= 0

– results of [24] show that this is not the case, at least when ℓ is shearfree and twistfree and Fab is
aligned with ℓ.

A special subcase occurs when F
(−2)
ij = 0. For −5

2
< α < −2 this leads to all the same results

as in section 4.3.2, while for α = −5
2
one still has the asymptotic behaviour (52)–(54) but with the

conditions (46) and (A12)–(A14).

4.3.4 Fall-off of F0i with α < −5
2

When α < −5
2
one obtains the same results as for n ≥ 6 with α < −2, i.e., the fall-off (40)–(42)

with eqs. (A5)–(A11) (except that the interval −3 < α < −2 appearing there should be replaced by
−3 < α < −5

2
here). In this case ℓ can be an aligned null direction of the Maxwell field.

In the special subcase F
(−2)
ij = 0 one instead has the same results as for case (c) of section 4.2.3

for −3 ≤ α < 5
2
, and those of case (d) of section 4.2.3 for α < −3. The latter includes asymptotically

Coulombian fields.

5 Full asymptotic behaviour for R̃ 6= 0

The method used for R̃ 6= 0 is essentially the same as the one of section 4. It will thus suffice here
to emphasize the main differences and to summarize the results (also, there is no need here to treat
n = 5 separately). We note in particular that, due to (17) and (18), now both (21) and (22) contain
terms of order O(rα+1) (in addition to O(rβ−1), O(rγ−1), O(rδ−1), which keep the same form as when
R̃ = 0), as opposed to the case R̃ = 0 (cf. the corresponding comments in section 4.1). These

are given, respectively, by R̃
2
(4 − n)F

(α)
0i and R̃

2
(n + 2 + 2α)F

(α)
0i . It is thus immediately clear that

α ≤ max{β − 2, γ − 2, δ − 2} (unless n = 4 and α = −3, see appendix B), and that we can not have
δ > β, γ unless δ = α+2. In the latter case, however, (21) and (22) reveal that the only possibilities

are either α = −3, δ = −1 with F
(−1)
1i = R̃

2
F

(−3)
0i , or α = 1− n, δ = 3− n with F

(3−n)
1i = − R̃

2
F

(1−n)
0i .

These observations imply that case 1. (α ≥ −2) of section 3.2 is thus forbidden when R̃ 6= 0, and
in fact necessarily α ≤ −3 here. Further using the results of section 3.2 and the Maxwell equations
(21)–(25) one readily arrives at the following possible behaviours (we observe that in several cases
some of the eqs. (23)–(25) are identically satisfied at the leading order, and thus will not appear
below, nor a separate appendix will be now necessary).

(a) The “generic” behaviour is

11



F0i =
F

(−3)
0i

r3
+ . . . , (59)

F01 =
F

(−3)
01

r3
+ . . . , Fij =

F
(−2)
ij

r2
+ . . . , (60)

F1i =
R̃

2

F
(−3)
0i

r
+ . . . , (61)

where F
(−3)
01 is determined by (31) (except for n = 5), and (23) gives

ξA0
[k F

(−2)
ij],A + 2F

(−2)
[ij| l1|k] + 2F

(−2)
l[j

l
mik] = −2R̃F

(−3)
0[j bik]. (62)

The leading asymptotic term is of type N.

(b) If F
(−3)
0i = 0 then (59)–(61) reduce to

F0i =
F

(−4)
0i

r4
+ . . . , (63)

F01 =
F

(−3)
01

r3
+ . . . , Fij =

F
(−2)
ij

r2
+ . . . , (64)

F1i =
F

(−2)
1i

r2
+ . . . , (65)

with (32) and (by combining (21) and (22))

F
(−2)
1i = −F

(−2)
ij lj1 −

R̃

2
F

(−4)
0i , (66)

−(n− 5)R̃F
(−4)
0i = ξA0

j F
(−2)
ij,A + F

(−2)
ij (2l1j +

j
mkk ) + F

(−2)
jk

j
mik + (n− 6)F

(−2)
ij lj1. (67)

Here (23) gives (A5).

The leading term is of type II. In this case α < 4 (i.e., F
(−4)
0i = 0) is also permitted and, in

particular, ℓ can be aligned with Fab. As in the corresponding case with R̃ = 0 (eqs. (40)–(42)),
cf. (the weak-field limit of) certain solutions of [24] for examples.

(c) If instead F
(−2)
ij = 0, i.e., the magnetic term vanishes, then (59)–(61) are replaced by

F0i =
F

(−3)
0i

r3
+ . . . , (68)

F01 =
F

(−3)
01

r3
+ . . . , Fij =

F
(−3)
ij

r3
+ . . . , (69)

F1i =
R̃

2

F
(−3)
0i

r
+ . . . , (70)

with F
(−3)
01 and F

(−3)
ij determined by (28), (29) with α = −3 (except that F

(−3)
01 remains arbitrary

for n = 5). However, (29) together with (25) can be rearranged as

F
(−3)
ij = 2F

(−3)
0[i lj]1, (71)

ξA0
[j| F

(−3)
0|i],A + 2F

(−3)
0[i| l1|j] + F

(−3)
0k

k
m[ij] − F

(−3)
0[i lj]1 = 0, (72)
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while (23) gives

R̃F
(−3)
0[j bik] = 0. (73)

Here the leading term is of type N.

(d) If both F
(−3)
0i = 0 and F

(−2)
ij = 0 then we have

F0i =
F

(1−n)
0i

rn−1
+ . . . , (74)

F01 =
F

(2−n)
01

rn−2
+ . . . , Fij =

F
(1−n)
ij

rn−1
+ . . . , (75)

F1i = −
R̃

2

F
(1−n)
0i

rn−3
+ . . . , (76)

where F
(1−n)
ij is determined by (33).

The leading term is of type N.

(e) If (in addition to F
(−3)
0i = 0 and F

(−2)
ij = 0) also F

(1−n)
0i = 0 then (74)–(76) reduce to

F0i =
F

(−n)
0i

rn
+ . . . , (77)

F01 =
F

(2−n)
01

rn−2
+ . . . , Fij =

F
(1−n)
ij

rn−1
+ . . . , (78)

F1i =
F

(2−n)
1i

rn−2
+ . . . , (79)

with (34) and (by combining (21) and (22))

F
(2−n)
1i = F

(2−n)
01 li1 +

R̃

2
F

(−n)
0i , (80)

(n− 3)R̃F
(−n)
0i = ξA0

i F
(2−n)
01,A + (n− 2)F

(2−n)
01 (l1i − li1). (81)

Eq. (23) gives an equation containing the derivatives ξA0
[k F

(1−n)
ij],A , where, however, (34) (together

with (80) and (81)) should be substituted – this is not very useful for the purposes of the present
paper and we shall therefore not present it.

In this case the leading term is of type II. Values α < −n (i.e., F
(−n)
0i = 0) are also permitted and,

in particular, ℓ can be aligned with Fab. Higher dimensional spinning AdS black holes carrying
a “small” charge [29] have the above behaviour.

(f) If instead F
(2−n)
01 = 0, i.e., the Coulomb term vanishes (in addition to F

(−3)
0i = 0 and F

(−2)
ij = 0)

then (74)–(76) are replaced by

F0i =
F

(1−n)
0i

rn−1
+ . . . , (82)

F01 =
F

(1−n)
01

rn−1
+ . . . , Fij =

F
(1−n)
ij

rn−1
+ . . . , (83)

F1i = −
R̃

2

F
(1−n)
0i

rn−3
+ . . . , (84)
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with F
(1−n)
01 and F

(1−n)
ij determined by (28), (29) with α = 1 − n. However, (28) together with

(24) can be rearranged as

F
(1−n)
01 = F

(1−n)
0i li1, (85)

ξA0
i F

(1−n)
0i,A + (n− 2)F

(1−n)
0i l1i + F

(1−n)
0j

j
mii − F

(1−n)
0i li1 = 0. (86)

The leading term is of type N.

If, additionally, also F
(1−n)
0i = 0 then one has Fab = 0 identically.

Similarly as in the case R̃ = 0 (section 4.2.3) it follows that fields more special than type G must

have (if ℓ is chosen to be aligned) F
(−2)
ij 6= 0 (case (b)) or F

(2−n)
01 6= 0 (case (e)) – in particular, type

N fields having ℓ as an aligned null direction are not permitted. Note also that, as opposed to the
case R̃ = 0, due to the presence of a cosmological constant the range of permitted values of α does
not coincide with the set of real numbers and certain intervals are forbidden.

6 Behaviour of p-form fields

6.1 General comments

The full set of Maxwell equations was given in GHP notation in [17] for any p-form field Fa1...ap (we
take 2 ≤ p ≤ n− 1).7 The method used in the previous sections for the case p = 2 can be similarly
applied to the case of a generic p, after translating the equations of [17] into NP notation. As in
(26), we assume that for r → ∞

F0i1...ip−1
= F

(α)
0i1...ip−1

rα + . . . ,

F01i1...ip−2
= F

(β)
01i1...ip−2

rβ + . . . , Fi1...ip = F
(γ)
i1...ip

rγ + . . . , (87)

F1i1...ip−1
= F

(δ)
1i1...ip−1

rδ + . . . .

We do not want to investigate here again all possible cases (for various choices of boundary conditions)
but just make some general comments, especially concerning radiative fields. We will also point out
a unique asymptotic behaviour for the special case p = n/2 in even spacetime dimension n which
is qualitatively different from that of the case p = 2 when n > 4 (and in fact of any other p). We
assume the same Einstein spacetime background as in the previous sections, so that the expressions
of section 2.2 for the Ricci rotation coefficients and derivative operators still apply.

We observe that in order to determine the asymptotic properties of the field Fa1...ap along ℓ, the

crucial terms to consider are those of order O(rβ−1) in (3.3, [17]), i.e., F
(β)
01i1...ip−2

(β + n− p), of order

O(rγ−1) in (3.4, [17]), i.e., F
(γ)
i1...ip

(γ + p), and of order O(rδ−1) in (3.5, [17])’ and (3.5, [17]), i.e.,

F
(δ)
1i1...ip−1

(2δ + n− 2) and F
(δ)
1i1...ip−1

(−2p+ n).

In particular, it follows that when R̃ = 0 the boundary conditions −n
2
≤ α < 1 − n

2
along with

F
(p−n)
01i1...ip−2

= 0 (for p > n
2
) or F

(−p)
i1...ip

= 0 (for p < n
2
) lead again to the radiative case (43)–(45) (just

add the appropriate number of spacelike indices in those formulas). In order for the radiative type N

term F
(1−n

2
)

1i1...ip−1
in (45) to be non-zero, it is necessary that F0i1...ip−1

fall offs not faster than 1/r
n

2

(except if p = n
2
, see also (89)–(91) below), and for α = −n

2
eq. (46) generalizes to

(n− 2p)F
(1−n

2
)

1i1...ip−1
= −2

[

XA0F
(−n

2
)

0i1...ip−1,A
+
(n

2
− 1

)

F
(−n

2
)

0i1...ip−1
l11 +

p−1
∑

s=1

F
(−n

2
)

0i1...is−1kis+1...ip−1

k
mis1

]

. (88)

7The integer p of the present paper is (p+ 1) in [17].
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A peeling-off as in (47) also holds here, and the energy flux is given by T11 ∝ F1i1...ip−1
F1i1...ip−1

∼
1/rn−2.

However, as already observed for the case p = 2, the behaviour (43)–(45) is not permitted when
R̃ 6= 0. Instead, we note that if one looks for a possible (peeling-like) fall-off with δ > β, γ (i.e., with
b.w. −1 components F1i1...ip−1

falling off more slowly than b.w .0 components F01i1...ip−2
and Fi1...ip),

one finds from (3.5, [17]) and (3.5, [17])’ that either α = −p − 1, δ = −p + 1 or α = p − n − 1,
δ = p−n+1. The further requirement δ = 1− n

2
> β, γ (as in (45)) can be satisfied only when p = n

2
,

thus giving α = −1 − n
2
, δ = 1 − n

2
. Eqs. (3.3, [17]) and (3.4, [17]) then further give β = −n

2
= γ.

The same asymptotic behaviour follows also for p = n
2
with R̃ = 0 if one just assumes the boundary

condition α = −1− n
2
(this can be understood as a “subcase” of (43)–(45)).

6.2 Asymptotic behaviour of n/2-forms (even dimensions)

In view of the above comments, for the special case p = n
2
in even dimensions we can thus present

the unified asymptotic behaviour (for both R̃ = 0 and R̃ 6= 0)

F0i1...ip−1
=

F
(−1−n

2
)

0i1...ip−1

r
n

2
+1

+ . . . , (89)

F01i1...ip−2
=

F
(−n

2
)

01i1...ip−2

r
n

2

+ . . . , Fi1...ip =
F

(−n

2
)

i1...ip

r
n

2

+ . . . ,
(

p =
n

2

)

(90)

F1i1...ip−1
=

F
(1−n

2
)

1i1...ip−1

r
n

2
−1

+ . . . . (91)

The leading term is of type N and falls off as 1/r
n

2
−1, similarly as for p = 2 with R̃ = 0, i.e.

case (b) of section 4.2.3 (and as in the case of a generic p mentioned above). However, as in the
standard 4D case (2) (n = 4, p = 2, α = −3), and in contrast to the behaviour (43)–(45) for p 6= n

2
,

any of the terms in (89)–(91) can vanish without affecting the remaining expressions. In particular,
algebraically special Maxwell fields of type N aligned with ℓ (i.e., with only (91) being non-zero) are
now permitted, cf. the 6D example of section 6.2.1 below.8 Simple examples of type D aligned with
ℓ and with n (with only the terms (90) being non-zero and both falling off at the same speed) can
also be constructed (section 6.2.1).

Furthermore, if we assume that also the subleading term of F1i1...ip−1
is power-like, it is easy to

see from (3.5, [17])’ that (91) can be refined as F1i1...ip−1
= F

(1−n

2
)

1i1...ip−1
r1−

n

2 +O(r−
n

2 ). This implies the
peeling-off

Fa1...ap =
Na1...ap

r
n

2
−1

+
IIa1...ap
r

n

2

+ . . .
(

p =
n

2

)

, (92)

which is clearly qualitatively different from that of the case p = 2 (cf. (47)), and also holds in the
presence of a cosmological constant. For n = 4 this agrees with the standard result (2).

6.2.1 Examples for n = 6, p = 3

To conclude, let us give two simple examples of 3-forms that solve Maxwell’s equations in the back-
ground of a six-dimensional Schwarzschild-Tangherlini black hole (which is of Weyl type D). The
corresponding metric can be written as

8It is worth recalling that the existence of a type N Maxwell n
2 -form in n even dimensions is equivalent to the

integrability of a certain maximally totally null distribution [18] (see also [30] for an alternative proof based on
tensors).
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ds2 = r2P−2δîĵdx
îdxĵ + 2dudr − 2Hdu2, (93)

with

P = 1 +
K

4
ρ2, ρ2 =

5
∑

î=2

(xî)2,

2H = K −
Λ

10
r2 −

µ

r3
(K = 0,±1), (94)

where the hat over the indices î, ĵ, . . . indicates that they are coordinate (and not frame) indices.
The “null” frame

ℓ = ∂r, n = ∂u +H∂r, m(i) =
P

r
∂î, (95)

is parallely transported along the null geodesic vector field ℓ (which is expanding, twistfree and
shearfree [31]), and will be used below to evaluate the frame field components. Both ℓ and n are
multiple WANDs [31].

Type D field A solution of Maxwell’s equations having only b.w. 0 components and both electric
and magnetic terms is given by

F = QE
P 2xî

r2ρ4
du ∧ dr ∧ dxî +QM

ǫîĵk̂l̂x
l̂

ρ4
dxî ∧ dxĵ ∧ dxk̂, (96)

where QE and QM are two arbitrary constants parametrizing, respectively, the electric and magnetic
field strength, ǫαβγδ is the Levi-Civita symbol of the transverse 4-space of constant u and r (such
that ǫ2345 = +1), and sum over repeated indices is understood.

In the frame (95) the fall-off behaviour of (96) is given by F01i ∼ 1/r3, Fijk ∼ 1/r3 (all other
components being zero), in agreement with the general result (90).

Type N field An example of a type N Maxwell field (following from a discussion of optical struc-
tures in Robsinson-Trautman spacetimes [32]) is given instead by

F = Kîĵ(u)du ∧ dxî ∧ dxĵ, (97)

where the Kîĵ(u) can be arbitrary functions of u (this is a partial extension of a type N 4D solution
in a Minkowski background given in [33], and a subcase of a solution given in [34]).9 In the frame
(95), from (97) one finds the only non-zero components F1ij ∼ 1/r2, in agreement with (91).

Furthermore, thanks to the linearity of Maxwell’s equations one can obviously superimpose the
solutions (96) and (97), obtaining the peeling-off Fabc = Nabc/r

2+Dabc/r
3, which is a special instance

of the general result (92) (in the present case all higher order terms vanish identically).

7 Conclusions

We have determined the asymptotic behaviour of test Maxwell fields near null infinity in a class of
higher dimensional Einstein spacetimes (including in particular asymptotically flat spacetimes, and
constant curvature spacetimes). The obtained possible decays are given for R̃ = 0 by (36)–(38),

9The solution (97) can in fact be straightforwardly generalized to any even n dimension in the background (93)

(for arbitrary n the last term of H reads −µ/rn−3) by just adding the necessary number of 1-forms dxî.
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(40)–(42), (43)–(45) and (48)–(50) (but recall some additional special cases for n = 5 in section 4.3),
and for R̃ 6= 0 by (59)–(61), (63)–(65), (68)–(70), (74)–(76), (77)–(79) and (82)–(84). The full fall-off
in general follows only once boundary conditions on field components of b.w. +1 and 0 are fixed.
This is different from the situation in four dimensions and, correspondingly, results in a new peeling-
off in higher dimensions. We did not assume a series expansion for the Maxwell field and stopped at
the (sub)leading order. For that reason, we expect that several of the results of the present paper
will apply also to the full Einstein-Maxwell theory, at the leading order. However, a careful analysis
of the Bianchi/Ricci equations as done in [14], but also taking into account the back-reaction of
the Maxwell field, would be required to say when precisely that happens (for example, “uniform”
magnetic fields in the full theory are described by Melvin-like solutions, which have an asymptotics
different from their test-field limit mentioned in this paper). Note also that we have studied only
the r-dependence, and not the full integrability, of the Maxwell equations. The latter would be
necessary in order to rigorously prove that all the possible cases that arose indeed really exist, but
it goes beyond the scope of this paper. However, in several cases we mentioned explicit examples
falling into those classes of solutions, thus proving they are not empty.

We also discussed the case of general p-forms that solve the Maxwell equations. Perhaps not
entirely surprisingly, the case p = n

2
in even dimensions turned out to be special, exhibiting a

peeling-off similar to the standard four-dimensional case (both with and without a cosmological
constant) and qualitatively different from that of any other p. Simple examples demonstrating how
p = n

2
is special have been provided.

Acknowledgments
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A Non-radial Maxwell equations in the case R̃ = 0 (p = 2)

We give here the “transverse” Maxwell equations for the cases described in section 4.2. Although
there such equations are already referred to where appropriate, for further clarity we keep here for
subsections the same titles as those used in section 4.2.

A.1 Fall-off of F0i with α ≥ −2

For (36)–(38), from (22)–(25) one obtains

XA0F
(α)
0i,A − F

(α)
0i l11(α + 1) + F

(α)
0j

j
mi1 = 0, (A1)

ξA0
[k F

(α)
ij],A − αF

(α)
[ij| l1|k] + 2F

(α)
l[j

l
mik] + 2F

(α)
0[j nik] = 0, (A2)

XA0F
(α)
01,A − αF

(α)
01 l11 − F

(α)
0i ni1 = 0, (A3)

XA0F
(α)
ij,A − αF

(α)
ij l11 − 2F

(α)
k[i

k
mj]1 − 2F

(α)
0[i nj]1 = 0. (A4)

In all the above equations the expressions (28) and (29) can of course be substituted, if desired.
(The same results apply in certain subcases with α < −2 mentioned below.)
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A.2 Fall-off of F0i with α < −2: generic case

For (40)–(42), for all values α < −2 we have (from (23) and (25))

ξA0
[k F

(−2)
ij],A + 2F

(−2)
[ij| l1|k] + 2F

(−2)
l[j

l
mik] = 0, (A5)

XA0F
(−2)
ij,A + 2F

(−2)
ij l11 − 2F

(−2)
k[i

k
mj]1 = 0. (A6)

Further conditions depend on the value of α because of the O(rα) terms in (22) and (24).

• If −3 < α < −2, (21) gives

(n− 6)F
(−2)
1i = ξA0

j F
(−2)
ij,A + F

(−2)
ij (2l1j +

j
mkk ) + F

(−2)
jk

j
mik , (A7)

and (22), (24) give, respectively, (A1) and (A3). F
(−2)
1i is thus here undetermined in the special

case n = 6.

• If α = −3, (21) and (22) can be combined to obtain

F
(−2)
1i = −F

(−2)
ij lj1 −

(

XA0F
(−3)
0i,A + 2F

(−3)
0i l11 + F

(−3)
0j

j
mi1

)

, (A8)

ξA0
j F

(−2)
ij,A + F

(−2)
ij (2l1j +

j
mkk ) + F

(−2)
jk

j
mik

+ (n− 6)
[

F
(−2)
ij lj1 +

(

XA0F
(−3)
0i,A + 2l11F

(−3)
0i + F

(−3)
0j

j
mi1

)]

= 0, (A9)

while (24) gives an equation containing the derivatives XA0F
(−3)
01,A and ξA0

j F
(−2)
1i,A (where, however,

(31) and (A8) should be substituted), which we omit.

• If α < −3, we get the same equations as for the previous case α = −3, except that the now
subleading terms F

(α)
0i disappear, i.e.,

F
(−2)
1i = −F

(−2)
ij lj1, (A10)

ξA0
j F

(−2)
ij,A + F

(−2)
ij (2l1j +

j
mkk ) + F

(−2)
jk

j
mik + (n− 6)F

(−2)
ij lj1 = 0. (A11)

A.3 Fall-off of F0i with α < −2: subcase F
(−2)
ij = 0 (case −n

2 ≤ α < 1− n
2)

(a) See point (a) of section 4.2.3.

(b) Here only equations for the case (43)–(45) with α = −n
2
need to be given (cf. point (b) in

section 4.2.3). These are (from (24), (25), (23))

XA0F
(−n

2
)

01,A +
n

2
F

(−n

2
)

01 l11 − F
(−n

2
)

0i ni1

− ξA0
i F

(1−n

2
)

1i,A − F
(1−n

2
)

1i

(n

2
l1i − li1

)

− F
(1−n

2
)

1j

j
mii = 0, (A12)

XA0F
(−n

2
)

ij,A +
n

2
F

(−n

2
)

ij l11 − 2F
(−n

2
)

k[i

k
mj]1 − 2F

(−n

2
)

0[i nj]1

(

α = −
n

2

)

+ 2ξA0
[j| F

(1−n

2
)

1|i],A + 2F
(1−n

2
)

1[i|

(n

2
l1|j] − l|j]1

)

+ 2F
(1−n

2
)

1k

k
m[ij] = 0, (A13)

ξA0
[k F

(−n

2
)

ij],A +
n

2
F

(−n

2
)

[ij| l1|k] + 2F
(−n

2
)

l[j

l
mik] + 2F

(−n

2
)

0[j nik] + 2F
(1−n

2
)

1[j bik] = 0. (A14)
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(c) See point (c) of section 4.2.3.

(d) For all values α < 2− n we have from (24)

XA0F
(2−n)
01,A + (n− 2)F

(2−n)
01 l11 = 0. (A15)

The conditions following from (22), (23) and (25) depend on α ((51) is also used in (A16) and
(A19)).

• If 1− n < α < 2− n: eqs. (A1), (A2) and (A4) hold.

• If α = 1− n:

ξA0
i F

(2−n)
01,A + (n− 2)F

(2−n)
01 (l1i − li1)

− (n− 2)
[

XA0F
(1−n)
0i,A + (n− 2)F

(1−n)
0i l11 + F

(1−n)
0j

j
mi1

]

= 0, (A16)

ξA0
[k F

(1−n)
ij],A + (n− 1)F

(1−n)
[ij| l1|k] + 2F

(1−n)
l[j

l
mik] + 2F

(2−n)
1[j bik] + 2F

(1−n)
0[j nik] = 0, (A17)

XA0F
(1−n)
ij,A + (n− 1)F

(1−n)
ij l11 − 2F

(1−n)
k[i

k
mj]1 − 2F

(2−n)
01 n[ij] − 2F

(1−n)
0[i nj]1

+ 2ξA0
[j| F

(2−n)
1|i],A + 2F

(2−n)
1[i|

[

(n− 1)l1|j] − l|j]1
]

+ 2F
(2−n)
1k

k
m[ij] = 0, (A18)

with (33).

• If α < 1 − n: one has the same equations as for the previous case α = 1 − n, but without
the now subleading terms F

(α)
0i , i.e.,

ξA0
i F

(2−n)
01,A + (n− 2)F

(2−n)
01 (l1i − li1) = 0, (A19)

ξA0
[k F

(1−n)
ij],A + (n− 1)F

(1−n)
[ij| l1|k] + 2F

(1−n)
l[j

l
mik] + 2F

(2−n)
1[j bik] = 0, (A20)

XA0F
(1−n)
ij,A + (n− 1)F

(1−n)
ij l11 − 2F

(1−n)
k[i

k
mj]1 − 2F

(2−n)
01 n[ij]

+ 2ξA0
[j| F

(2−n)
1|i],A + 2F

(2−n)
1[i|

[

(n− 1)l1|j] − l|j]1
]

+ 2F
(2−n)
1k

k
m[ij] = 0, (A21)

with (34).

B Asymptotic behaviour for n = 4

In this appendix we briefly summarize the asymptotic behaviour of Maxwell fields (p = 2) in four
dimensions, still assuming a power-like behaviour of the leading terms. As in the main text, it is
necessary to consider the cases without/with a cosmological constant separately. Recall that for

p = 2 the case n = 4 is special essentially due to the term F1j(ρij +ρji)−F1iρ = (4−n)F
(δ)
1i rδ−1+ . . .

in (22).

B.1 Case R̃ = 0

If α ≥ −1 then

F0i = F
(α)
0i rα + . . . , (B1)

F01 = F
(α)
01 rα + . . . , Fij = F

(α)
ij rα + . . . , (α ≥ −1) (B2)

F1i = F
(α)
1i rα + . . . . (B3)
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If −2 ≤ α < −1 then

F0i = F
(α)
0i rα + . . . , (B4)

F01 = F
(α)
01 rα + . . . , Fij = F

(α)
ij rα + . . . , (−2 ≤ α < −1) (B5)

F1i =
F

(−1)
1i

r
+ . . . . (B6)

Finally, if α < −2 then

F0i = F
(α)
0i rα + . . . , (B7)

F01 =
F

(−2)
01

r2
+ . . . ,

F
(−2)
ij

r2
+ . . . , (α < −2) (B8)

F1i =
F

(−1)
1i

r
+ . . . . (B9)

Special cases where only F1i is non-zero (and the field is thus of type N aligned with ℓ) do exist [33].
For α = −3 this fall-off agrees with the standard results [6,8,9] (and is also contained in the general
result (89)–(91) with n = 4 = 2p). Recall, however, the more general analysis of [21] for cases with
α > −3. Some comments for a possible case with α > −3 in the full Einstein-Maxwell theory are
also contained in [6].

B.2 Case R̃ 6= 0

In the presence of a cosmological constant one necessarily has α ≤ −3 (recall the discussion at the
beginning of section 5), and the fall-off

F0i =
F

(−3)
0i

r3
+ . . . , (B10)

F01 =
F

(−2)
01

r2
+ . . . ,

F
(−2)
ij

r2
+ . . . , (B11)

F1i =
F

(−1)
1i

r
+ . . . , (B12)

also in agreement with [6] (and again contained in (89)–(91)). We further observe that if α < −3,

then necessarily α ≤ −4 (because of (22)), but F
(−1)
1i can still be non-zero, as opposed to the case

n > 4 (section 5).
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[14] M. Ortaggio and A. Pravdová. Asymptotic behaviour of the Weyl tensor in higher dimensions.
2014. arXiv:1403.7559 [gr-qc].
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