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CONTAINERS AND WIDE DIAMETERS OF P5(G)

DANIELA FERRERO, San Marcos, MANJU K. MENON, Kalamassery,
A. VIJAYAKUMAR, Cochin

(Received November 24, 2010)

Abstract. The P5 intersection graph of a graph G has for vertices all the induced paths
of order 3 in G. Two vertices in P3(G) are adjacent if the corresponding paths in G are not
disjoint.

A w-container between two different vertices u and v in a graph G is a set of w internally
vertex disjoint paths between u and v. The length of a container is the length of the
longest path in it. The w-wide diameter of G is the minimum number [ such that there is
a w-container of length at most | between any pair of different vertices v and v in G.

Interconnection networks are usually modeled by graphs. The w-wide diameter provides
a measure of the maximum communication delay between any two nodes when up to w — 1
nodes fail. Therefore, the wide diameter constitutes a measure of network fault tolerance.

In this paper we construct containers in P3(G) and apply the results obtained to the
study of their connectivity and wide diameters.
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1. INTRODUCTION

Interconnection networks are usually modeled by graphs whose vertices represent
nodes and whose edges are associated with the communication links between nodes.
Then, a path between two vertices in the graph represents a possible communica-
tion route between the corresponding nodes in the network. Moreover, the path
length gives a measure of the communication delay experienced when communicat-
ing through the route it represents. Thus, the diameter of the graph, defined as
the maximum distance between any two different nodes, represents the maximum
communication delay between any two nodes of the network. As a consequence,
when finding interconnection network models it is important for the diameter to be
as small as possible.
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A good interconnection network model should also remain communicating, and
with reasonable efficiency, in the presence of faults. The graph connectivity measures
the maximum number of faults that a network can tolerate to remain communicating.
The efficiency of the communication under a given number of faults is quantified by
the wide diameter, which measures the increase in the maximum communication
delay between any two nodes in the networks.

Many graphs presenting good properties as interconnection network models can be
obtained using graph operators [5]. In particular, the line graph has been widely used
to obtain good interconnection network models. The path graph operator [1] has also
been shown to produce good interconnection network models. In fact, the path graph
operator can yield graphs whose degree and diameter are similar to those of a line
graph but use less edges [4]. In this paper we explore the use of the Ps intersection
graph operator [6] as a possible way to build new interconnection network models.

2. DEFINITIONS AND NOTATION

Let G = (V,E) be a simple graph (i.e. without loops or multiple edges) with
n = |V| vertices and m = |E| edges. Let u and v be any two vertices in G. A path of
length [ between u and v is a sequence v = xg, 1, ..., x; = v such that (x;,z;41) € F
for every i =0,...,l — 1. If u = v the path is a cycle. A graph is connected if there
is a path between any two different vertices. The distance between u and v in G,
denoted as dg(u,v), is the length of a shortest path between u and v. When the
graph G is clear from the context, we will abbreviate dg (u, v) to d(u,v). If the graph
G is connected, the diameter of GG, denoted as diam(G), is the maximum distance
between any two vertices in G. If G has a cycle, the girth of G, denoted as girth(G),
is the length of a shortest cycle in G. We refer the reader to [2] for graph theory
concepts not presented in this section.

Let us assume that the graph G is connected. Then the vertex connectivity «(G)
of G is defined as the minimum cardinality of a set of vertices .S such that G — S is
either disconnected or trivial (i.e. consists of one isolated vertex). As a consequence
of Menger’s Theorem, x(G) is the minimum number of internally vertex disjoint
paths between any two different vertices in G. Analogously, the edge connectivity
K'(G) of G is defined as the minimum cardinality of a set of edges whose deletion
from G results in a disconnected graph. Using Menger’s Theorem again, x'(G) is
the minimum number of edge disjoint paths between any two different vertices in
G. Since two edge disjoint paths must be internally vertex disjoint, then x(G) <
K'(G) < 6(G). A graph G is maximally connected if k(G) = £/'(G) = §(G).

The following concepts were introduced by Du et al. in [3] and later studied by
several authors. Let u and v be a pair of vertices of G, u # v. A container between
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u and v is a set C(u,v) of internally vertex disjoint paths between uw and v. The
length of the container C(u,v), denoted as I(C(u,v)), is the length of the longest
path in C'(u,v). The cardinality of C(u,v), denoted as w(C(u,v)), is the width of
the container C(u,v). If C(u,v) has width w, we will denote it as C,, (u, v). Notice
that the maximum integer w such that there exists a container of width w between
every pair of different vertices is the vertex connectivity x(G).

The w-wide distance between any two different vertices u and v is dy, (u, v) defined
as the minimum length of a container of width w between u and v. The w-wide
diameter of a connected graph G is denoted by D,,(G) and defined as

D, (G) = max{d, (u,v): u,v € V}.

Thus, D,,(G) is the minimum number [ such that there exists a container of width
w and length at most [ between any pair of different vertices u and v. Notice
that D, (G) = oo if w > k(G), so it is only interesting to study D, (G) when
1 <w < k(G).

The Pj5 intersection graph is a graph operator introduced by Menon and Vijayku-
mar in [6]. For a given graph G, the Ps intersection graph of G, denoted as P3(G),
has for vertices all the induced paths of order 3 in G. Two different vertices of P3(G)
are adjacent if the corresponding paths in G intersect.

Notice that the P5 intersection graph operator differs from the path graph operator
introduced by Broersma and Hoede [1] and widely studied throughout the literature.
Indeed, for a positive integer k, the k-path graph of a graph G has for vertices the
set of all paths of length k. Two vertices are adjacent whenever the intersection of
the corresponding paths forms a path of length £ — 1 in G and their union forms
either a cycle or a path of length k£ + 1 in G. Therefore, since every induced path of
order 3 is also a path of length 2, the set of vertices of the graph P;(G) is a subset
of the set of vertices of the 2-path graph of G. Also, for every graph G, the graph
P5(G) is an induced subgraph of the intersection graph of all paths of length 3 in G,
denoted as Int(Ps, G). Other results on P3(G) intersection graphs can be found in
[7]. For a survey on graph operators we refer the reader to [8].

Figure 1 illustrates the differences between the above mentioned operators.

Notice that every path of length 2 in G forms a vertex in the 2-path graph of
G and in the intersection graph Int(Ps, G). However, the paths v1vavs, v1v3v2 and
vov1v3 do not form vertices in the graph Ps5(G) because they are not induced paths
since vy, v2,v3,v1 is a cycle in G. Also, the vertices vyvsvy and vov3vy are adjacent
in P3(G) and in the intersection graph Int(Ps, G). However, they are not adjacent in
the 2-path graph of G because the union of the paths vjv3v4 and vovsvs in G does
not form a path or a cycle in G.
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Figure 1: A graph G, its 2-path graph, P3(G) and Int(Ps, G).

In this paper we study containers in P3(G) and apply the results obtained to the
study of connectivity and wide diameters.

3. CONTAINERS AND CONNECTIVITY

We recall that the Ps intersection path graph of a given graph G is the graph
P5(G) that has for vertices the induced paths of order 3 in G. Two distinct vertices
in P3(G) are adjacent if the corresponding paths intersect. Throughout this paper, if
a1, az,ag is an induced path of order 3 in G then the corresponding vertex in P5(G)
will be denoted as ajaqas.

Notice that if G is a connected graph of order at most 5, then P3(G) is either
empty or complete. Furthermore, if G is the result of removing an arbitrary edge e
from a complete graph, that is, G = K, — {e} for some integer n > 3 and some edge
e € E(K,), then P;(G) = K,,_3. Indeed, let us assume the vertices of G labeled
as {v1,...,v,}. Without loss of generality, we can assume e to be the edge (vy, v2).
Then P;(G) has n — 2 vertices, namely, viv;v9 with ¢ = 3,...,n. Besides, there is
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an edge between any two vertices, because they all share the same endpoints. As a
consequence, P3(G) = K,,_s.

Lemma 3.1. Let G be a graph of order n different from K,, — {e}. If there exists
a container of width w between any two distinct vertices in G, then there exists a
container of width w between any two distinct vertices in Ps(G).

Proof. Let us assume there exists a container of width w between any two
distinct vertices in GG. Let us also assume that ujusus and vivovs are two dis-
tinct vertices in P3(G). We distinguish two cases and give a construction of a
Cy(urusus, v1v2v3) in P3(G) for each case.

Case 1. Suppose there exist u; € {u1,u2,us} and v; € {v1,vs,v3} such that
u; is not adjacent to vj. Let u;,a1,a9,as,...,a5-1,v; € Cu(u;v;). If it is
an induced path then wjusus,u;aiaz,...,ax—2ar-1v5,v1v2v3 is a path joining
ujugusg and vivavs in P3(G). If it is not an induced path, then there exists an
induced path u;,b1,b2,...,by,v; where the internal vertices satisfy b1, b2,...,b,, €
{a1,a2,...,ax—1}. Since all paths in Cy (u;,v;) are internally vertex disjoint, the
new paths in P3(G) joining ujuous and vivevs obtained by the previous procedure
are also internally vertex disjoint.

Case 2. Suppose that each u; € {u1, ug, us} is adjacent to a vertex v; € {v1,v2,v3}.
In particular, let us assume that w; is adjacent to u, for v, € {v1,v2,v3} and let us
consider a container C,,(u1,vp). Then we proceed with each path of length at least 2
in Cy(u1,vp) as we did in Case 1 and obtain a set of internally vertex disjoint paths
in P3(G) joining ujugus and vivevs. However, since u; is adjacent to uy, there is a
possibility that the path w1, v, is in Cy,(u1,vp), so the previous process will only lead
to w — 1 internally disjoint paths joining ujusus and vivevs in P3(G). In that case
we can add the path uiusus, usu1vp, v1v2v3 to the w — 1 paths previously obtained.
Clearly, this leads to a C,(ujuous,vivavs) in P3(G). O

Lemma 3.2. Let G be a graph of order n different from K,, — {e}. Then k(G) <
k(P5(G)) < 9:(Q).

Proof. Let G be a connected graph with vertex connectivity «(G). From the
above lemma we conclude that x(G) < k(P5(Q)).

Let ujusus and vivavs be any two non adjacent vertices in P3(G). According to
Menger’s theorem, there exists «(G) internally vertex disjoint paths between u; and
vj for 4,5 € {1,2,3}. Since there are 9 pairs of vertices u,; and v; for ¢,j € {1,2,3},
the set of all those paths has cardinality 9x(G). Since every path joining ujugus
and vivous in P3(G) is associated with a path between a pair of vertices u; and v,
for 4,5 € {1,2,3} in G, having more than 9x(G) paths between an arbitrary pair of
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different vertices ujuous and vivovs in P5(G) implies having more than x(G) between
every pair of different vertices u; and v; for ¢,j € {1,2,3} in G. O

Lemma 3.3. For any connected graph G, A(P3(G)) < (9A%(G)—17A(G) +6)/2.

Proof. Let ujusus be a vertex in P3(G). Then ujugus has the maximum
degree in P3(G) when wuq,u2,us and all their neighbors in G have degree A(G).
Notice that the number of induced paths of order 3 will be maximum if G is Ks-
free. Let u;; denotes the neighbors of u; and w;j;, denotes the neighbors of u;;. The
induced paths of order 3 containing u; are wy, w1s, 1455 Ui, U1, U155 Ui, U1, U2, Where
i, 5,k € {1,2,...,A(G)—1} which is (A(G)—1)(A(G)-1)+(A(G)-1)(A(G)-2)/2+
(A(G) — 1) in number. Similarly for uz. The induced paths of order 3 containing
U are Uz, Ug;, W2ij; Uak, U2, U2i; Uas, U2, U1} Ui, U2, u3 Where 4,k € {1,2,...,A(G) —
2};5€{1,2,...,A(G) —1}. Therefore, the total number of induced paths of order 3
containing either w1, ug or us is (A(G) —2)(A(G) — 1) + (A(G) — 2)(A(G) —3) /2 +
2(A(G)—2). The mentioned induced paths of order 3 correspond to all the neighbors
of uyugugs in P3(G). Thus, the degree of ujugus is d(ujugus) < 2[(A(G) —1)(A(G) —
2)/2+ (A(G) — (A(G) = 1) + (A(G) — 1)] + (A(G) — 2)(A(G) — 3)/2+ (A(G) -
2)(A(G) — 1) +2(A(G) — 2) < (9A2(G) — 17TA(G) + 6) /2. O

Notice that here exists infinitely many graphs attaining the above upper bound,
as the following theorem proves.

Theorem 3.4. If G is a d-regular graph with girth(G) > 6, then P53(G) is a
d'-regular graph where d' = (9d* — 17d + 6)/2. Moreover, P3(G) is maximally edge
connected.

Proof. Let G be a d-regular graph. Let ujusus be any vertex in P3(G). Let
the neighbors of u; be denoted by w;j, j = 1,...,d and the neighbors of u;; be
denoted as u;jx, k =1,...,d. Since girth(G) > 6, the vertices u;, up and u3 do not
have common neighbors. Similarly, the neighbohoods of w;;,{ = {1,3} and wug; for
ie{l,2,....,d—=1}, j € {1,2,...,d — 2} are mutually disjoint. Notice that since
girth(G) > 6, u1; and us; do not have common neighbors. Then, the only vertices
in P3(@G) which are adjacent to ujusus are the following ones.

The vertices corresponding to the induced paths of order 3 in G that contain
the vertex w; are wjuq;u1,; and ug;uiuig, @ # k where 4,5,k € {1,2,...,d — 1}.
Similarly for the induced paths of order 3 that contain the vertex us. Thus, there
are 2[(d—1)%+(d—1)(d—2)/2] vertices in P5(G) adjacent to ujugus. Now, the vertices
in P3(G) corresponding to the induced paths of length 3 in G that include the vertex
ug are in the form wugug;ug;; or ugususy; i # k where 4,k € {1,2,...,d — 2} and
j €{1,2,d—1}, so there is a total of (d—2)(d—1)+(d—2)(d—3)/2 such vertices. There
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also exist vertices in P3(G) corresponding to the induced paths of order 3 in G which
have common vertices u; and up which are of the form uq ;, u1, u2 and w1, us, uaj,
i€{1,2,...,d—1} and j € {1,2,...,d—2}. Similarly, there exist 2[(d — 1) + (d — 2)]
vertices in P3(G) corresponding to the induced paths of order 3 having vertices
ug and ugz in common. Thus, the total number of vertices adjacent to ujusug is
2[(d—1)24+(d—=1)(d—2)/2]+ (d—=2)(d—= 1)+ (d—2)(d—3)/2+2[(d— 1)+ (d — 2)] =
(9d% — 17d + 6)/2.

Next we prove that P;(G) is maximally edge connected. That is, x(P5(G)) = d'.
To this end, we prove that between any two adjacent vertices ujusus and vivsv3 in
P5(@) there exist d’ edge disjoint paths.

Case 1. Let us assume that wui,us,u3 and v, vs,v3 are two induced paths of
order 3 with two vertices in common. Notice that the case u; = v1, uz = vz and
ug # vo cannot arise because girth(G) > 6. Therefore, without loss of generality, let
us assume u; = v1 and uy = vy, and ug # vs.

Consider the following d’ edge disjoint paths between wjusuz and vivavs in P3(G).
U U2U3, UV2V3.

U U2U3, UU2V3, V1U2V3.

UTULUS, UTzpU1 ULy, V1V2V3; T, Y € {1,2,...,d}, & # Y, U1y 7 Uz, Uty 7 U2 .

UTULUS, UTUIzU1gy, V1V2U3; T,y € {1,2,...,d}, U1y # uo.

UTULUS, UzpUalay, V1V203; &, Y € {1,2,...,d}, & # Y, Uog 7 U1, Uz # U3, Usg F V3.
UTULUS, U2U2zUdgy, V1V2U3; &,y € {1,2,...,d}, uoz # i, Uzz # U3, U2z # U3,
U2y 75 us.

U UU3, UU2U2g, V1V2V3; & € {1,2,...,d}, Usy # U1, Uy F U3, Uy F V3.

U UU3, ULzUI U2, V1V2Vs; & € {1,2,...,d}, U1y # Us.

U UU3, Uglalog, V1V2V3; T € {1,2,...,d}, Usy # U1, Uy F U3, Uy F V3.

U UU3, V3Ualay, V1V2V3; & € {1,2,...,d}, oy # U1, Uzy 7 U3, U2y F V3.

ULUU3, URUZU3e, V1V2V3; T € {1,2,...,d}, uze # ua.

ULUU3, UV3V3z, V1V2V3; T € {1,2,...,d}, v3, 7# ua.

UIUUS, U3z U3 Uy, U3U2U, U2 U2U2y, U2yU2V3, V32 U3V3y, V1V2V3; T, Y € {1; 2, d}a
T F Y, U3y F U2, U3y # U, Usg 7 Ug, U3y # Uz, Uy F UL, Uy F U3, Uz F V3.
UTULUS, UUSZUSzy, U3U2V3, V3U3gVsy, V1V2U3; X,y € {1,2,...,d}, @ # Y, use # us,
U3z 7& U2.

Case 2. Let the induced 3-paths u1, us, usz and vy, vo, v3 have a vertex in common.
We distinguish the following cases:
Case 2a. Let uy = vy. This case is equivalent to us = vz, u; = vz or ug = vy.
Then, the d' edge disjoint paths between wujusus and vivavs in P3(G) are the
following ones:
U1U2U3, V1V2V3.
U1U2U3, U2ULV2, V1V2V3.
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UTULUS, UizUiUly, V1V203; &, Y € {1,2,...,d}, & # Y, g # U2, Uiz # V2.

UTULUS, UIUIzUlgy, V1V2V3; T,y € {1,2,...,d}, w1z # U2, Uiy F V2, Ulay F Ui.

U UU3, UU2U2g, V1V2V3; © € {1,2,...,d}, ugy # U1, U2y F Us.

U UU3, UIV2V2y, V1V203; T € {1,2,...,d}, Vog # V1, Uy 7 Us.

UTULUS, U2z UaUoy, U2U1V2, VagUolsy, V1U2V3; T,y € {1,2,...,d},  # vy, U2y # w1,
Uy F U3, V2g # V1, U2z # U3

UTULUS, U2U2gV2ay, U2UIV2, V2V2gVagy, V1V203; T,y € {1,2,...,d}, & # y, sy # w1,
Vg F# V1.

ULU2UZ, U3z USUZy, UZU2U2z, U2 U2U2y, U2UIV2, V25 V2V2y, V3V2V2y, V3xV3V3y, V1V2V3;
x,y € {1,2,...,d}, ¢ # y, ugg # U1, Uzy # U3, Ugy F U2, Uzy F# U1, U2y F Vs,
V3 # V2, U2y # V3.

U UUS, UBUZZ U3y, U3z U3U2, U2U1V2, V2VU3V3e, U3V3zV3zy, V1V203; T,y € {1,2,...,d},
x # Y, U3z # U2, U3y # V2.

U UUZ, UspUzlz, UozUll, UiUaV2z, U2U3V3s, V1U2Vs; & € {1,2,...,d}, usy # us,
Uy 7 UL, U2g F U3, U3z 7 V2, V2g 7 V1, U2z 7 U3

ULUU3, UBURU2E, URV1V2, V3V2V2s, V1V2V3; T € {1,2,...,d}, uzs # U1, U2z # U3,
Vag F V1, V2z F V3.

Case 2b. Let u; = vy. This case is equivalent to uz = w9, v1 = us or vy =
uz. Then, the d’ edge disjoint paths between ujusus and vivavs in P3(G) are the
following ones:

U1U2U3, V1V2V3.
UiuU2u3, U2U1V1, V1V2V3.
Uiu2u3, U2U1V3, V1V2V3.

UTULUS, Uz U1 U1y, V1V203; &,y € {1,2,...,d}, ¢ # y, w1z # U2, Uiy 7 V1, Uig # U3,
Uty 75 U2, Uiy 75 V1, Uly 75 V3.

UTULUS, UTUIzULgy, V1V2V3; T,y € {1,2,...,d}, w1y # U2, Uty F V1, Uiy 7 Us.

U U2U3, U UU, V1V2V3; T € {1,2,...,d}, ugy # U1, Uoe 7 Us.

U UgU3, UV V1, V1V20s; T € {1,2,...,d}, V1, # us.

U UgU3, UIV3V3, V1V20s; T € {1,2,...,d}, vsy # uq.

UTULUS, U2zU2U2y, U2UIVT, VigV1V1y, V1V2U3; T,y € {1,2,...,d}, ¢ # vy, uaz # ui,
U2y # U1, Ugg F U3, U2y # U3, Vig 7 V2, U1y # V.

UTULUS, UoU2g U2y, U2UIV1, V1VU1gV1zy, V1V2U3; T, Y € {1,2,...,d}, @ # Y, Uy # w1,
Uy 7 U3,V1g F V2.

ULUU3, U3LUZUy, U3zU3UZ, UUIVT, V1gV1V1y, V1V203; T,y € {1,2,...,d}, © # y,
Use 7 U2, Uy 7= U2, Vig 7 U1, Uiy 7 U1

UTULUS, UUSZUSpy, UspUSUL, U2UIV3, V3V35U3gy, V1V2VU3; X,y € {1,2,...,d}, ug, #
Uz, U3z # V2.

UTULUS, UTVI V1, V1gV1V1y, V1gV1V2, V1U2V3; T, Y € {1,2,...,d}, vig # v1y # va.
UULUZ, UTVZV3g, V3 V3V3y, U3gV1V2, V1V2V3; X, Y € {1,2,...,d}, v3y # v3y 7# V2.
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ULUU3, UZLUZU, U2z UUT, UIV1V1g, UIV3V3z, V1V2V3; T € {1,2,...,d}, uz: # ug,
Uy F U1, Uy F U3, U3z # V2, U2z & {1, 03, u2}.
U UU3, UgUglag, UaU1V3, U3UaVoz, V1U2V3; & € {1,2,...,d}, ugy # u1, Ugs # us,
V2g ¢ {vla Vs, Ug}.
Case 2c. Let us = vo. Then, the d’ edge disjoint paths between ujusuz and vivov3
in P3(G) are the following ones:
U1U2U3, V1U203.
Uiu2u3, U1U2V1, V1U2V3.
Uiu2u3, U1U2V3, V1V2V3.
U1U2U3, U3U2V1, V1V2V3.
U1U2U3, U3U2V3, V1V2V3.

U U2U3, Uz UIU2, V10203, T € {1,2,...,d}, U1y 7 us.

U UgU3, Uz UsU2, V1V2Vs; T € {1,2,...,d}, ugy 7 us.

U UU3, V1zV1U2, V1V203; & € {1,2,...,d}, Vi # ua.

U UU3, V3zV3U2, V1V203; & € {1,2,...,d}, v3y # ua.

ULU2UZ, U2zU2U2y, V1V2V3; T,Y € {]—a27"'7d}7 z # Y, U2 ¢ {ulvu?nvlvv?)}a U2y ¢
{ula us, vi, 1)3}.

UTULUS, UU2zUogy, V1V2V3; T,y € {1,2,...,d}, uss & {u1,us, v1,v3}, Usgy 7 Us.
UTULUS, UTUIULgy, U2UI UL, V1V2V3; T, Y € {1,2,...,d}, w1y # Ua.

UL UQUS, UZUSZUSzy, U2USU3E, V1V203; T,y € {1,2,...,d}, usy # ua.

UL UUS, U2V1V1g, V1V1V1zy, V102035 T,y € {1,2,....d}, vig # us.

UTULUS, U2V3V3y, V3V35U3gy, V1V2V3; T,y € {1,2,...,d}, vsy # ua.

UTULUS, U1zU1ULy, UTULVT, V1gV1V1y, V1U2V3; T,y € {1,2,...,d}, * # vy, u1s # us,
Uty 7 U2, Vig 7 U2, U1y 7 U2.

UTULUS, U3z U3USy, U3UV3, U3zU3Vsy, U1V2V3; T,y € {1,2,...,d}, ¢ # vy, uzs # us,
Uy 7 U2, Ve 7 U2, Usy 7 Ug. |

4. CONTAINERS AND WIDE DIAMETERS

Theorem 4.1. Let G be a connected graph with vertex connectivity k(G). For
every integer w with 1 < w < k(G),

D (P3(G)) < [Dw(G)/2] + 1.

Proof. Let D,(G) = 1. Then there exists a container of width w and length
at most [ between any two vertices v and v in G. Let ujuous and v1v2v3 be any two
vertices in P3(G). Then by Lemma 2.1, there exists a container C, (ujusus, v1v203)
corresponding to the container C,,(u;,v;). If Cy(u;, v;) has length [, then the length
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of Cy(urugus, vivovs) is also . Let w;,a1,a9,...,a;-1,v; be a path of length [ in
Cuw(ui,v;). This corresponds to a path of maximum length in Cy, (uiugus, vivovs).
Clearly the maximum length occurs when u;, a1, aq,...,a;—1,v; in Cy(u;,v;) is an
induced path. Then the path ujugus, usaiaz, azazas, asasas, . . ., ax—20x—1v;, V10203
is in Cy(u1ugus, v1vevs) and has length [(I 4+ 1)/2] if [ is even and [I/2] + 1 if [ is
odd. It only remains to observe that if [ is even, then [(I4+1)/2] =[i/2]+1. O

Theorem 4.2. Let G be a connected graph and let w be an integer such that
k(P3(G)) = w > k(G). Then

D, (P;(G@)) < max{Ds(G), 1 < B < k(G)}.

Proof. Let ujugus and vivavs be any two vertices in P3(G). Then there exist
k(P3(@G)) paths between them. Without loss of generality, choose ujugus and v1v9v3
in such a way that there exists a container of length | = D,,(P3(G)) between them.
Then there is a path of length [ between u; and v;, u; € {u1uous} and v; € {vivovs}.
In that path, there is an induced path of length say, I’, joining the vertices u; and
v;j. Then dg(u,v) > 1’. Thus | <1’ < dg(u,v) < Dg(G) for any 1 < 8 < (G). O

5. FUTURE RESEARCH

This paper explores the possible use of the P3(G) intersection graph in the design
of interconnection networks. While the results are auspicious, many questions remain
open. The following ones are just a sample:

1. Theorem 3.4 shows that if a graph G satisfies certain conditions, then Ps5(G) is
regular and maximally edge connected. It would be interesting to find families
of graphs G satisfying the conditions in the theorem for which the diameter
of P5(G) is relatively small in comparison with its order and degree. That
would yield a family of graphs that has good properties for the degree/diameter
problem [2].

2. In Section 4 we presented upper bounds for the w-wide diameters of P5(G) in
terms of the corresponding w-wide diameters of G. However, it would also be
interesting to know upper bounds for D,,(P3;(G)) in terms of the diameter of
P;(@G).

3. The Pj5 intersection graph of a graph G has for vertices all induced paths of
order 3 and the 2-path graph of G has for vertices all paths of length 2. That
is the set of vertices is the same if G has girth at least 4. In this case it will be
interesting to compare the properties of the Ps intersection graph of a graph G
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with those of the 2-path graph of G and determine under what circumstances
a P intersection graph or a 2-path graph would constitute a more suitable

interconnection network model.
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