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A PU-INTEGRAL ON AN ABSTRACT METRIC SPACE
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Abstract. In this paper, we define a PU-integral, i.e. an integral defined by means of
partitions of unity, on a suitable compact metric measure space, whose measure y is com-
patible with its topology in the sense that every open set is py-measurable. We prove that
the PU-integral is equivalent to p-integral. Moreover, we give an example of a noneuclidean
compact metric space such that the above results are true.
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INTRODUCTION

In 1984, Jarnik and Kurzweil gave the idea of PU-integral on R™ (cf. [8]), which
permitted to define an integral on an abstract space. In fact they used partitions of
unity by suitable functions instead of simple objects of the topology of the space, as
rectangles in R™.

In [12], Pfeffer used a PU-integral on an abstract measure space (X, M, u) and
proved some of its properties under the following assumptions:

i) each p-integrable function is PU-integrable,

ii) each PU-integrable function is p-measurable.

In [7], Henstock defined the Davies-McShane integral on a measure space (X, M,u),
using partitions of X by means of measurable sets. He proved the equivalence be-
tween this integral and the p-integral for p-measurable functions, however, leaving
open the question whether Davies-McShane integrable (D-McSh-integrable) func-
tions are p-measurable.

This work was supported by M.U.R.S.T.
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In this paper [Sections 1, 2, 3], we define a PU-integral on a measure space
(X, M, 1) and give some conditions on the measure space to prove the assumptions
i) and ii) used by Pfeffer [12]. Moreover [Section 4], using the results of Henstock [7],
we show the equivalence between the u-integral and the PU-integral. This last result
gives an affirmative answer to the open question of Henstock on the p-measurability
of a D-McSh-integrable function.

Finally [Section 5], we give an example of a noneuclidean measure space on which
our results can be verified.

PRELIMINARIES

In this paper X denotes a compact metric space, M a o-algebra of subsets of X
such that each open set is in M, p a non-atomic, finite, Radon measure on M such
that:

«) each ball U(z,r) centered at = with radius r has a positive measure,
B) for every x in X there is a number h(z) € R such that u(U[z,2r]) < h(z) x
w(U[z,r]) for all r > 0 (where Uz, r]) is the closed ball),
v) p(0U(z,r)) = 0 where OU(z, ) is the boundary of U(z,r).
We introduce the following basic concepts.

Definition 1. A partition of unity (PU-partition) in X is, by definition, a finite
collection P = {(0;,z;)};_; where z; € X and 6; are non negative, u-measurable and

P
p-integrable real functions on X such that > 6;(z) =1 a.e. in X.
i=1

Definition 2. Let § be a positive function on X. A PU-partition is said to be
0-fine if
S@i = {l‘ € X: 01(27) 7é 0} C U(xia(s(xi))a 1=1,2,...,p.

Definition 3. A real function f on X is said to be PU-integrable on X if there
exists a real number I with the property that, for every given € > 0, there is a

P
positive function §: X — R such that | Y f(z:) - [ 6;du — I| < € for each é-fine
i=1 X

PU-partition P = {(6;,2:)}",

i=1"

The number I is called the PU-integral of f and we write I = (PU) [ f.
X
It is easy to verify that if I exists, it is unique.

If A C X is compact, we can view it as a compact space in its own right, and
define the integrability of a function f on A as above.
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1. PU-INTEGRAL

Proposition 1.1. If § is a positive function on X, there exists a §-fine PU-
partition.

Proof. Consider the family & = {U(z, Z)) x € X}. Since U is an open cover
s

(o4 ),i=1,2,...,n} of X.

of X, there is a finite subcover {U(x;, =5

Set

i—1
= Ular, %51, Vi = Ules, %54 = |J Ulaw, %54] i=2,....m.

The functions

6:(2) () 1 ifzxeV
i xTr) = a xTr) =
v 0 ifz¢V;
verify the relation )~ 6;(z) =1 and the partition P = {(6;,z;)}}_, is é-fine. O

=1

Proposition 1.2. A real function f on X is PU-integrable if and only if for
every ¢ > 0 there exists a function §: X — R™ such that, if P = {(0.,z})}}_, and

Q= { 07, ;’ j—y are two 0-fine PU-partitions then the inequality

P

St [oian=3 ) [oau] <
X j=1 X

i=1

holds.

Proof. The proposition can be easily proved using the technique of Prop. 2.1.8
in [13]. |

Proposition 1.3. If f: X — R is PU-integrable on X and if A C X is a
compact subset of X then f/A: A — R is PU-integrable on A.

Proof. Ife >0, there exists §: X — Rt and we set §/A: A — R™T to be the
restriction of § to A. Since A is compact, there exist -fine PU-partitions in A, and
let P = {(0; o\, (1))}p ; and Py = {(0 ,g2),ﬂc,(f))}7;:1 be two such partitions. Extend
9§-1) and 9,(92) onto X setting

95-1)(37) = 9,(92) (x) = 0 for ¢ A; we have then 5’95_1), S9£2) C A, for each j and k.

By Prop. 1.1, there exists a ¢-fine PU-partition in X, P = {(0;, z;)};, such that
w(Se; N Sp,;) = 0 for i # j. If we set A; = Sp, N A and A = Sy, N (X — A) for each i
we get :
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AU A} = Sp,,0; = 0; + 0 where 0; = 0; - xa; and 0] = 6; - xar.

The family P = {(0}, x;)}7™, U{(0),x;)}™, is i-fine; therefore P is a PU-partition
in X.

Now if we consider

Pr={(65, 22 U (0], i)y,

Py = {0, 200y U (6], )V,

it is clear that P; and P, are §-fine PU-partitions in X.

By Prop. 1.2 we have
Sty [ o aus 3 s [0
Y X i X

> @) [ 07 du =Y F) - eé’d‘
S [0 S [

X

X
S [0 a3 1l [0 au.
. ) k

J X

g >

which proves the PU-integrability on A of f/A. |

2. u-MEASURABILITY OF A PU-INTEGRABLE FUNCTION

In this section we are going to study the py-measurability of PU-integrable func-
tions. For this purpose, we recall some classical results.

Theorem 2.1. Let X be a metric space, M a o-algebra of subsets of X and B
a Vitali system with B C M. If ¢ and p are totally additive set functions on M,
then the derivative of ¢ with respect to u and the system B at a point z € X is a
u-measurable function.

Proof. See[5] p. 247. O

Theorem 2.2. If X is a metric separable space, if the closed sets belong to a
measure space (X, M, ) of subsets of X, and if to every x € X there is a finite
number p(x) > 0, such that u(U[z,2r]) < p(z) - w(U[z,r]), then the system C of the
closed balls Ulx,r| (for all x € X and all r > 0) is a Vitali system.

Proof. See [5] p. 263. O
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Now we show our results about the u-measurability of the PU-integrable functions.

Proposition 2.1. If f is PU-integrable on X and (C;)%_, is a finite family of
compact subsets of X such that

k
u(X—i:LJlCZ) =0 and p(C; N C;) =0 for i # j,

then (PU) | £ = é(PU) I

Proof. Using Prop. 1.3, we can say that f is PU-integrable on C; for every i;
therefore, if ¢ > 0 there exists §: X — RT such that for each d-fine PU-partition
in C;, P; = {(6%) a:(.z))}ﬁ.’:l and for each J-fine PU-partition in X, P = {(04,z)}7_,

%jf(w?’) : /05-” du — (PU) /f' <o

i i

we have

and

€
> o) [onau-ev) [ 1] <5,
h X X
_ ok .
Consider the d-fine PU-partition in X given by P = |J P; where we set GJ(-” (x)=0
i=1

forz e X — C;. =
Then we have:

‘(PU)/fzk:(PU)/f‘ < ‘(PU)/fZ(Zf(x?))-/ﬁf) dp)

X =1 e} X =1 j &

k . k

+3° Zf(x(.”)./eg” duZ(PU)/f'
=1 j ¢ =1 Io?

3
S k.= =
< -+ % g,
which proves the proposition. O

Proposition 2.2. Ife > 0 and if f is PU-integrable on X and P = {(0;, z;)};_;
is a d-fine PU-partition in X with ; = xc, where C; is a compact subset of X and
w(C; NCj) =0 for i # j, then

>

icJ

Fa1) '!Xc,- dp (PU)/f‘ <2

i
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for any J C {1,2,...,p}.

Proof. Ife >0, there exists §: X — R* such that, if P = {(xc;,=:)}}_; is a
0-fine partition (P exists by Prop. 1.1), we have

if(xi)-/xai dH(PU)/f' <%
= J

By Prop. 2.1, we have

N

Zp:[f(wi)-/xa- du(PU)/f]‘ <
=1 X

C;

For each i ¢ J, there exists §;: C; — R such that for every d;-fine PU-partition
in C;, P; = {(Xc; ,» Ti k) } &, we obtain

zk:f(rk)'/xa-,k du(PU)/f‘ < %

i i

where m = p — card(J).

If we suppose &; < 4 for each i, the family P = |J {(xc;,2;)} U U {(xc;.4> Tik) e
jeJ igJ
is a d-fine partition in X.
By the PU-integrability of f, we have :

Z(f(xj)'!xojdu(PU)C/f)‘—

Z(f(xj)'/chdu(PU)/f>
X &

Y X (e ! Xeu du— (PU) / ]
_% [%j(f(xk).!xo,.,k d#—(PU)Cl f>”
< jesz<xj).!xoj dwg[%j(f(xk)‘x/x%du)]
_LGZJ(PU)ij+%<§k:(PU)£f>”
+NZ; zk:f(a:k)-x/xci,kdu—(PU)Cé f‘<%+m%:a
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Dividing the lefthand side into subsums of the positive and the negative terms and
applying our result separately to each of them, we obtain the assertion of Prop. 2.2.
d

Proposition 2.3. If f is PU-integrable then

(PO fg, f .
flz) = Cl:rilz e a.e. inX,

where C,, are closed balls centered at x with radius r, > 0 and C,, converges to x in
the sense that r, converges to 0.

Proof. We use the same technique as in [11], Prop. 4.4.
Set [
(PU) Jo, |
A=qze X: f(z)# lim ————=— 3,
{ (07 ke, #(Cn)

for each xo € A there exist a sequence {C,,},, of closed balls converging to xo and a
number &(zg) > 0 such that for every o > 0 there is ng with the property that

®U) [, f
#(Cny)
Set A, = {z € Ale(z) > 1}, then A = |JA,. Given € > 0, if §: X — R* is

the corresponding positive function from the definition of integral, for each xy € A,
there is a closed ball C[zo] C U(zo,0(z0)) such that

(PU) Joreo f
1(Clo])

Observe that the family {C[zo]: o € A,} is a cover of A4, and since the system

Cpny CU(z0,0) and — f(zo0)

> e(xz).

1
> —
n

- f(wo)

C of all closed balls is a Vitali system by condition 3 on the space (X, M, 1) and by
Theorem 2.2, there exist a countably many disjoint sets C|z;], ¢ = 1,... such that
0 < Y Xcwi)(®) <1 ae in X. For each k € N the family {(xc(z,], i) }5=; can be
considered as part of a J-fine partition in X, P = {(xr,,x;), F; closed set }: so by

Prop. 2.2 applied for o= instead of ¢, we obtain

i,u(C[xi]) < ni ‘ ((PU) / f—fz)- u(C[xJ))‘ <n- % =¢ for every k € N

1=1 Clzi]

and

1t (A = (An N Ucm}) < “(UCW) = Zu(cm]) <e

i

it follows that u(A,) = 0. O
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Proposition 2.4. If f is PU-integrable then f is u-measurable.

Proof. Itisaconsequence of Prop. 2.3, of the condition 3 on the measure space
M and of Theorems 2.1 and 2.2. In fact, by Prop. 2.3 f(x) is almost everywhere
in X the derivative of the set function ¢: C — R, where ¢(C) = (PU) [ f, with

c

respect to the measure p and the Vitali system C. O

3. PU-INTEGRABILITY OF A W-INTEGRABLE FUNCTION

Proposition 3.1. If f is u-measurable and p-integrable, given € > 0 there exists
a function 6: X — R such that

> (f(zi)-)(/ﬂidu)[fOidu>‘<e

for each d-fine partition P = {(0;,z;)}; € X.

Proof. Givene >0, set n= H:ﬁ

By Vitali-Caratheodory theorem, there are two real u-measurable functions a(x)
and b(x) defined on X such that

a(z) is upper semicontinuous and upper bounded,

b(x) is lower semicontinuous and lower bounded,

a(z) < f(z) < b(z) for each z € X, / (b(z) — a(z)) du < n.

For each z € X there exists a ball U(z,d(z)) such that
a(y) <a(x)+n < f(@)+n, bly) >blx) —n> f(x)—n for each y € U(z,d(x)).

For each é-fine partition in X, P = { (6;, x,)}z the following relations hold:

[atsan—n [o:an< [ 1o 0su-sn [o:au—n [0
X X X X X
= /f(:vi)-ﬁid,ug/b@idp—i—n/ﬁidu,
X X X

/a-aidus /feidus/beidu
X X X
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Since > 0;(z) =1 a.e in X, we have

‘Z(/f(wi)-eidu—/feidu)‘S‘Z</b9idu+n/9idu—/a9idu)‘
AN J ~\/ J /
—ZI(){/(ba)-Gidu-Fﬂ!Hidu) SX/(ba)d“+77)(/d/‘<77+77'u(X)—€.

O

Proposition 3.2. If f is u-measurable and p-integrable, then f is PU-integrable
and we have (PU) [ f = [ fdp.
X X

Proof. Ife > 0, we take §: X — RT as in the previous proposition and let
P = {(0;,x;)}; be a d-fine partition in X. By Prop. 3.1, we have

o fue f1u]- [
B X X g X iy
:‘Z(f(wi)‘/eidu—/feidu>‘<5,
i X X

from which, recalling Definition 3, the proposition follows. O

4. EQUIVALENCE BETWEEN THE PU-INTEGRAL AND THE pu-INTEGRAL

In [7] the Davies-McShane integral is defined in an abstract measure space and it
is proved that it is equivalent to u-integral for each p-measurable function.

In this section, we suppose that (X, M, 1) is a topological compact measure space,
with a finite non atomic measure p and with topology T C M. A real function f
on X is said to be Davies-Mc-Shane integrable if there exists a number I with the
property that given € > 0, there is a function G: X — T where G(z) is an open
neighborhood of z, such that for every finite family {(I;,z;)}; with I; € M and
I; C G(z;), p(X —UIL;) =0 and p(I; N I;) =0 for i # j, we have

S f) wll) - I‘ <,

and in this case we write  =(D-McSh) [ f.
X
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Proposition 4.1. If f is PU-integrable then f is (D-McSh)-integrable and the
two integrals coincide.

Proof. Given ¢ > 0, we find the positive function ¢ from Definition 3 and
set G(z) = U(x,6(z)). If {(L;, =)}, is a family with I; € M, I; C U(zs,d6(x;)),

h

w(I; NI;) =0for i # j and u(X — |J I;) = 0 then the family {(xr,,z:)",,z; € X}
=1

is a d-fine partition in X . Therefore we have

h

Zf(wi)-x/m d,u(PU)X/f‘ _

=1

>

ﬁiﬂw%uaﬂann/fy
=t X

O

Proposition 4.2. If f is PU-integrable then f is p-integrable and (PU) [ f =
X
J fdp.
X

Proof. This proposition is a consequence of Prop. 2.4, Prop. 4.1, [7] and
Prop. 3.2. O

Remark. In [7] the p-measurability of D-McSh integrable function is left an
open problem. Prop. 2.4 and Prop. 4.1 give an affirmative answer to this question if
we modify the definition of PU-integral and use only functions 6; = x, with I; € M.

5. EXAMPLE OF A NONEUCLIDEAN COMPACT METRIC SPACE

In this section we give an example of a noneuclidean compact metric space, satis-
fying the conditions «, (3, v of this paper.

Let us consider the space E“) of the infinite strings from the alphabet E = {0,1}
(cf. [4]).

Fixing two symbols, say 0 and 1, we consider finite strings made up of these
elements. For example 100010. The set E = {0,1} is called the alphabet of the
strings. The number of symbols in a finite string « is called the length of the string
and denoted |a|. By convention we say that there is a unique string of length 0 called
empty string and denoted by A. The string 100010 cited above has the length 6.

We write E(™ for the set of all the strings of length n and we set

E® =FOyUEYUE@UyU...uUE™U...

If o and ( are two strings, we may form the string a3, called the concatenation
of a and g, by listing the symbols of string a followed by the symbols of the string
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8. For example if a = 010,38 = 10101 then o = 01010101. If || > n we write a|n
for the initial segment of « of length n.

Now, let E(“) be the set of infinite strings of the alphabet E. We define in E“)
a metric ¢ as follows:

if 8,7 € E“) and g = af, v = vy, where a € E™) is the longest common initial
string and 3,7 € E(“), we set o(8,7) = (%)m and o(8,8) = 0. If « = A then we
set 0(8,7) = 1.

To verify the triangle inequality it is sufficient to verify the so called ultra-triangle
inequality, that is:

if 8, v, o in E) then o(3,7) < max[o(B,0), 0(y,0)].

The last inequality allows us to say that the space E() is not euclidean. Tt is
called an ultrametric space.

We suppose that (3,v,0 are all different and o(8,0) = (%)" < 1 and o(o,7) =
(1)™ < 1. If we set k = min{n,m}, then 3 and v have at least a common initial
segment of length k, and 0(83,7) < (3)F = max{(3)", (3)™} = max{0(3,0), 0o(c,7)}.

The geometric and topological properties of an ultrametric space are quite different
from those of a euclidean space. Let’s give some properties:

1) every triangle is isosceles,

2) the ball U(z,r) has diameter at most r and each of its points is a center,

3) every ball is a closed and an open set (clopen set), so its boundary is empty.

It is not difficult to verify that E() is a complete, separable and compact space
(cf. [4]). Tt is important to observe that the set [a] = { € E“): g = af for
some ('} is an open set, and, given any ball U(z,7), there exists a € E®*) such that
[a] =U(z,r).

We define a measure on E®). On A = {[a],a € E™} we define the set function
my([a]) = (3)le! and extend my onto X in the following way:

m’% (A) = Ui[Lr:]fDA {m% <Z[a,]> } for each A C X.

i=1

In [4], p. 142, it was proved that m7 is a metric outer measure that is an outer
measure such that if A, B C X and Q(Az, B) > 0 then m% (AUB) = m} (A) +m? (B).

Let M% be the o-algebra of all m*%—measurable setsgin CaratheodZOry sensei and
put my (M) = m%(M) for each M € M.

In [4], p. 138, it was proved that the open sets are M1 -measurable, so the condition
« of the Preliminaries is true. Condition ~y is a consequence of the metric properties,
so the condition 3 only must be proved.

93



Proposition 5.1. For each k € Rt and for every x € E“) we have

(U (=, 2k))

Uz, k)

Proof. Observe that for each a,3 € E“) we have o(a, ) < 1 so that 2k < 1
and k < 1. Given k > 0 there exist 7,y € E® such that U(z,k) = [7] and
U(z,2k) = [7]. Let h = min{t € N|(})* < k} and hy = min{t' € N|(%)t/ < 2k}. So
the inequalities h > log% k and hy > log% 2k hold.

Then '
h_{[log;k]Jrl if logi k ¢ N

log%k if log%kGN
and
B [log% 2k +1  if log1 2k ¢ N
B {logé 2k if logs 2k €N,

where [a] denotes the integral part of a.
Note that

1 (Uk) ("

my(U(z,2k)) (3™ B (1)hrh
2

m

but

hy — h = [logs 2k] + 1 — [log1 k] — 1 = [log 2k] — [logs k]
= [logs 2 +1logs k] — [logy k] = [—1 + logy k] — [logy K]
=—1+ [logs k] — [logs k] = =1 if log1 k ¢ N,
hl—hzlog%2k—log%k=—1 if log%keN.
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