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Cauchy-problem.

Keywords: weak subsolution, degenerate equation, unbounded domain, asymptotic be-
haviour

MSC 2000: 35K65, 35B40

1. INTRODUCTION

We consider the Cauchy problem

(1.1) % = Z %ai(x,t,u,vm —cou — f(z,t,u,Vu) in Q@ = R™ x (0,+00)
im1

(1.2)  u(xz,0)=0 in R™

assuming degenerate ellipticity condition

m

(1'3) A(l”')zai(‘rvtauvp)pi = V($)¢(t)\P|27

i=1

where v(z), 1¥(t) and A(s) are nonnegative functions verifying additional conditions

to be precised later.

Research was supported by the grant MURST 60 % of Italy.

113



A model representative of (1.1) is as follows

ou LR ou
_ a3 _ p—2
o ?_13—3%('””“—@@) Ao Byulul?,

where 0 < a < 2, 8> 0, A(z,t) € LY(Q)T and p > 2.

At present time many results have been established concerning linear and quasilin-
ear degenerate parabolic second or high-order equations. Existence and boundedness
of weak solutions of equations of the same class as in the present paper have already
been studied, for instance, in [2], [3], [4], [10] and [11]. For regularity results such as
Holder continuity we refer the reader to [12]. Our goal is to study the asymptotic
behavior near infinity of any weak solution of the problem (1.1)—(1.2). Analogous
result for quasilinear degenerate elliptic equation is contained in [5], while results
concerning asymptotic properties of the weak solutions to the parabolic equation

3D (a2 + atoyulul= = 0
v — | ai (x, t)z— a(z)u|u =0,
ot P 8331 J 8z1
subject to the Neumann boundary condition, are obtained in [6] via comparison
principles.

2. HYPOTHESES AND FORMULATION OF THE MAIN RESULT

Let R™ denote the Euclidean m-space (m > 2) with generic point z = (z1,
Z9,...,ZTm). We denote by Q7 the cylinder R™ x ]0,T[, T > 0.

Hypothesis 2.1. Let v(x) be a positive and measurable function defined in Q
such that:

Vo) € LR, v o) e 1 @) (9> 7).

Hypothesis 2.2. Let ¥(t) be a positive measurable monotone nondecreasing
function defined in 0, 4+o0].

There exists a positive number § such that 1/¢ € LI(0,T), VT > 0.

Assumptions (2.1), (2.2) are classical in the theory of weighted parabolic equations
(see [10] for more details).

The symbol W10(v), Q) stands for the set of all real valued functions u € L2(Q)
such that their derivatives (in the sense of distributions), with respect to z;, are
functions which have the following property

VW;; € LXQ), i=1,2,...,m.
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W10(ve), Q) is a Hilbert space with respect to the norm

= ou |? 2

Whi(vh, Q) is the subset of W9(vip, Q) of all functions u such that du/dt (in
the sense of distributions) belongs to L?(Q)). We can suppose that any function of
Whl(1h, Q) is continuous in [0, +oo[ with respect to values in L*(R™).

Hypothesis 2.3. The functions f(z,t,u,p), a;(z,t,u,p) (i = 1,2,...,m) are
Carathéodory functions in @ x R x R™, i.e. measurable with respect to (x,t) for any
(u,p) € R x R™, continuous with respect to (u,p) for a.e.(z,t) in Q. A: [0,+o0] —

[1, +00[ is monotone nondecreasing.

Hypothesis 2.4. There exists a function f*(z,t) € L'(Q) such that

(2.1) [f,tou,p)| < MJul) [f* (2, t) + v()e(t)|pl]

holds for almost every (z,t) € @ and for all real numbers u,p1,p2, ..., Pm.
Hypothesis 2.5. There exist a function fo(z,t) € L*(Q) N L>(Q) and a non-

negative real number ¢; < ¢ such that for almost every (x,t) € @ and for all real

numbers u, p1, p2, . . . , Pm the inequality

(2.2) wf(z,t,u,p) + cf + Au)v ()¢ (t)p]® + folz,t) >0

holds.

Hypothesis 2.6. There exists a function a*(x,t) € L?(Q) such that, for almost
every (z,t) € Q, we have

23) 2L P A(ula* (e,0) + /ool

for any real numbers u, p1,p2, ..., Dm-

Hypothesis 2.7. The condition (1.3) is satisfied for almost every (z,t) € @ and
for all real numbers u, p1,po, - - -, Pm-

Hypothesis 2.8. For almost every (z,t) € Q we have

z:l

115



for any real numbers u, p1,p2,...,Pm,q1, 92, - -, ¢m; the inequality holds if and only
if p #q.
Now, we are in position to give the definition of weak solution of the equation

(1.1).

Definition 1. A weak solution of the problem (1.1)—(1.2) in @ = R™ x [0, +00]
is a function u(z,t) € WHO0(vyp, Q) N L°°(Q) such that the equality

+oo m
(2.5) /0 /m { ; ai(x,t,u, Vu) S;i + couw + f(z,t,u, Vu)w — u%} dxdt =0

holds for any w € Wh (v, Q) N L>(Q).

Under Hypotheses 2.1-2.8 the existence of a weak solution u of the equation (1.1)
follows from the results of [3], [4], [7], [8] and [9].

The following theorem states the asymptotic behavior of the solutions near infinity.

Theorem 2.1. Let Hypotheses 2.1-2.8 be satisfied and let Ry be a positive real
number such that

supp a”(z,t),supp fo(x,t),supp f*(z,t) € {x € R™; [z] < Ro} x [0, +oc].
Take a function u(x,t) € WHO0(v, Q) N L>°(Q) which satisfies (2.5) for all w €

Wh(vh, Q) N L>®(Q). Then for any T > 0 there exist two positive constants 3 and
¥, depending on L = esssupg, |u(x,t)|, such that

N _ A(R—Rg)?
(2.6)  Hr(T) < B{llfollerry + 1f 1@m } e @™ VR > Ry,

where

T
HR(T):/ uQ(x,T)dm+// v |Vul® de dt,
[z|>R 0 J|z|>R

and

n(R)= sup v(z).
R<|z|<2R
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3. PROOF OF THEOREM 2.1
Let R> Ry, 0 < o< R and

0 if 2| <R

|z - R

§(x) = &(|f) = if R<[z] <R+o

1 if |z| = R+ o.

For fixed T' > 0, we extend u(x,t) by zero in R™ x ]|—o0, +oo[ and for any n, s € N,
we define

0 ift<0
nt if0<t<+
0,1 =<1 if L <t<T
1+n(T—t) fT<t<T+41
0 ift>7T+1,

t+1/s
v (2, 1) = s@n(t)/ w(w, Mulz, )[FOI(A) dA
t

where v > 0 will be chosen later.

Taking £2(z)vs (z,t) as test function in (2.5) we obtain
+o00 m o
(3.1) /0 /m { Zzzl a;(z,t, u, Vu)a—xi(g(x)vfl) + coul?(z)vs (x,t)
t+1/s
+ flz, t,u, Vu){Q(x)va(z, t) — u§2(x)®/(t) (s/ u(z, N)|u(z, )\)|7®Z+1()\) d/\)
t

- u§2(z)®n(t)% (s /:Jrl/su(z, Nu(z, )01+ () d>\> } dedt = 0.

We note that

9 _ s0,(t) / O M ule N 7 () A
al‘i sY9n ] 8361 u\z, ul\zr, n ’

so, according to the Hypothesis 2.2, we have
ovy 2

v(x)(t) o,

t+1/s 2
<onla) [ WOV (l Vlute A1) | 0
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Moreover, it follows that

/O+°°/m u£2(x)®n(t)% (S /t“rl/s (s N ulz, A)[7OTFL () d)\) de dt
= S/_:O/m u(, 1)E% ()0 (1) [u(xt + %) u(x,t n é) !

1
X @Z"H (t + —) - u(x,t)|u(:z:,t)|7@?l+1(t)} dz dt
s

o0 1(r42) ; poo N
s(/+ / |u($,t)|7+2€2($)@j1+2(t)da:dt> ’ (/+/ u(ﬂc,t—ké) ’

1 T Feo
X €2(2)00+2 (t + —) dz dt) s / / lua, )] F2E2(2)O12 (1) da dt = 0,
s oo Jrm
Then, from (3.1), letting s — 400, we get
s [T {2 o (ufu€ ) €772
i a;i( 8 ulu i

+ Co|u|7+2§2($)92+2( )+ f, t,u, Vu)ulu|7E% (2)07T2(2)
- |u|”+252<x>e;<t>ez“<t>} Az dt <0

2

On the other hand, for o € ]0, 1], we have

—+o00
(3.3r / [ reeme;mert @ dear

1/n T+o/n
/ / |u| Y 262( dmdt—&—n(l—a”“/ / |u"*2€ () dar dt.

Combining (3.2) and (3.3), for n — +00, we obtain

(3.4) /O T/ ) { ;al .t u, Vu aii (ulu"€(x)) + colu 122 (z)

+ flx, t,u, Vu)u|u|’7§2(x)} dz dt

. U)"’Ha/ lu(z, T)+262(x) dz < 0.

Let us prove, for instance, that

+oo a
i [ et T (e 074 s

//mzal aa (ulu["€?(x)) dadt.
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In fact

0 ift<0
Out) — <1  if0o<t<T
0 ift>T

moreover, the integration of the first term of the previous relation can be evaluated
in R™ x 10,7 + 1[ where a.e. we have

Z a;(x,t,u, Vu)a% (U|U|7§2($)) 971+2(t)‘
i=1 ‘

<Y lai@, t,u, V)l ‘% (ulu|"€(x)) ‘ vn € N.

Then with respect to these facts, our assertion is true due to the Lebesgue theorem.
Next, choosing o = (v + 2)~! and using the growth conditions in the right-hand
side of the inequality (3.4) we have

/OT/ (v + 1)Jul” V(w) |Vau|® €2(z) dz dt + (co — c1) /T/m u["+2€2(2) da dt

vy 2 1 ¥ 221, T
) [ i@ aras s [ e e

</O/m|fo|IUI”§2($)d$dtQ/O/m;ai(

and from this, for v such that (y +1)/A(L) = ML) > 1 (v > 1),

(x) dx dt,

7

1

(3.5) // 0 [V €(a) dwdt +

< / / ol €2 )
0
a .

T m
+2// Z|ai(zat7uavu)| a..
0 JR™ ;—1 g

By Hypothesis 2.6 and the Young inequality it results

//m2|azxtuVu|§§
w{ [ vwirerve aans s [ i o e avar

// viplu 72| Vel dxdt}

/ (e, T)[2€2(2) da

(z) dz dt.

Ju| " E(x) da dt
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Hence, taking into account that suppa*(x,t) and supp fo(z,¢) are subsets of
{z € R™; |z| < Ro} %[0, 400[, from (3.5) for € > 0 sufficiently small, we obtain

T T
(3.6) /0/[R lu] v |Vul® €2 (z) de dt < 52/0 /[R vip|ul? |VE* dadt.

On the other hand, from (3.4) for v = 0 and 0 = 3, we get

[ e

( (x )) + cou’?(z) —i—f(a:,tu,Vu)qu(x)}dxdt

1

% Jom |u(x, T)|*¢*(z) dz < 0.

From this, according to Hypotheses 2.4, 2.6 and 2.7, we have

1 T 2 2 1 2¢2
— v dedt + — T d
o // sORR s T

(// lu| Yoy |Vul” €2 (x dxdt) (// vip [Vl €3( )dasdt>7
+2/\(L)/O /m v |Vul [ulé(x) V€| dedt

and, after a simple calculation,

T
// m/)|Vu|2§2(ac)dmdt+/ lu(a, T)2€2(x) da
0 m m

T T
<53< N m|u|ww|w|2§2<x>dxdt>+ﬂ4 | vt v asat,

The above inequality and (3.6) give

T
[ [ vomeP @@ [ jue)Pe ) da
O m m
T
< 2|VE)? dadt;
< [ [ voluP|veP doar

in this way, by the definition of £(z), we get

(3.7) HiolT) < (R R 4 o / () Hr(r) dr,
where if Ry < Ro, 7(R1,R2) = sup  v(x).
R1<|Z|<R2
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Let us prove, by induction, the following inequality

: . (TY(T)" :
(3:8) Hryiho(T) < B {llfollzr@r) + 1 *Il2r@nr } g VBt o Ro+ ko)l
Our next claim is that to prove (3.8) where k = 0.
Choosing vg (z,t) as test function in (2.5) and proceeding analogously to the proof

of (3.4), we get

T m T
(3.9) / / (v+1) Z a;(z,t, u, Vu) gu |u|” dz dt + o / / |u[ 7% dx dt
0 JRm i1 Li 0 JrRm

),
S w(z, T) " 2dz <0
012 le (z, 1)

T
—|—/ flz,t,u, Vu)ulu|" dz dt +
0 JRrm

and from this for v > A\?(L) + A\(L) — 1

1

T
3.10 // ul v V’U,le'dt+7/ w(z, T) 2 dz
10) [ [ Py g L )

v T
<( ess sup |u|) // | fo(z,t)| dz dt.
R x]0,+00] 0 JRm

On the other hand if we write (3.9) for v = 0 we obtain

1 [T 9 1 9
— dedt + — T)°d
s L [ el dsaie [ e ) Pas

T T
g)\(L)/O/m[|f*(:v,t)|—i—mp|Vu|2]|u|dxdt<L)\(L)/O/m|f*(x,t)|dxdt

~—

+ A(L)(/OT/m | v [V dzdt) ; (/OT/m v |Vl dzdt> ’

Hence using the Young inequality we conclude that

T
1
// vip |[Vul> dedt + — [ Ju(z, T)]> dz
0 m 2e Rm™
T T
<ﬁs// |f*(x,t)|dxdt+ﬁ7<// lu| v |Vul® dxdt>
0 m 0 JRrRm™
and finally, according to (3.10), that

(3.11) Hpo(T) < B{llfollr@r) + 1/ 1@ } -
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Let us assume that the inequality (3.8) holds for some integer & > 0. Due to (3.7)
and (3.8), we obtain

HRoJr(kJrl)g(T)\g (Ro + ko, Ro + (k +1)o / Y(T)HRy+1o(T)
\g (Ro + ko, Ro + (k + 1)g / B L follrom + 1 12om
X % [7(Ro + ko, Ro + (kK + l)g)]k dr
6k+1

— k
= Q2R [7 (Ro + ko, Ro + (k+ 1)o)" ™ { I foll L (@r) + 1 Il 21@r) }

T
x / ™ [p(r)]) " dr.
0
According Hypothesis 2.1, taking into account that

7 (Ro + ko, Ro + (k +1)0) < sup v(z),
R+o<|z|<Ro+(k+1)o

the last inequality implies (3.8) for k + 1. Let £ > 1. Choosing in (3.8) o =
(R — Ry)/k we obtain

(T)(T))" k2

k
o

Hp(T) < (" {||f0||L1(QT) + ||f*||L1(QT)}

From this inequality, using also Stirling’s formula, it follows that

R—RO)

_ El
(3.12) Hr(T) < {Ilfollzr(@r) + 1F* I 1(@p) } e "8 Fntmrers .

Now, if
B (R~ Ry)* <
en(R)Ty(T) ~

the estimate (2.6) easily follows from (3.11). Otherwise, we can obtain (2.6) from
(3.12) taking as k the integer part of

(o)
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