133 (2008) MATHEMATICA BOHEMICA No. 4, 407–420

ON MONOTONIC SOLUTIONS OF AN INTEGRAL EQUATION OF ABEL TYPE

Mohamed Abdalla Darwish, Damanhour

(Received August 23, 2007)

Abstract. We present an existence theorem for monotonic solutions of a quadratic integral equation of Abel type in C[0, 1]. The famous Chandrasekhar’s integral equation is considered as a special case. The concept of measure of noncompactness and a fixed point theorem due to Darbo are the main tools in carrying out our proof.

Keywords: quadratic integral equation, monotonic solutions, Abel, measure of noncompactness, Darbo’s fixed point theorem

MSC 2000 : 45G10, 45M99, 47H09

1. Introduction

Quadratic integral equations have many useful applications in describing numerous events and problems of the real world. For example, quadratic integral equations are often applicable in the theory of radiative transfer, kinetic theory of gases, in the theory of neutron transport and in the traffic theory. Especially, the so-called quadratic integral equation of Chandrasekhar type can be very often encountered in many applications (cf. [6], [8], [10]–[16], [19]).

In this paper we study the nonlinear integral equation

(1.1) x(t) = a(t) + f(t, x(t)) Γ(α)

∫_t 0 g(k(t, s)) (t − s)^{1−α} x(s) ds, t ∈ [0, 1], 0 < α ⩽ 1.

Let us recall that the function f = f(t, x) involved in Eq. (1.1) generates the superposition operator F defined by the formula

(1.2) (F x)(t) = f(t, x(t)),

where x = x(t) is an arbitrary function defined on [0, 1] (cf. [1], [17]).

Using the technique associated with measures of noncompactness we show that equation (1.1) has solutions belonging to C[0, 1] and being nondecreasing on the interval [0, 1].

Our paper is motivated by [5], [8], [11] concerning quadratic integral equations of Volterra type and results in [2], [12], [20], [21] concerning Chandrasekher’s integral equation and some of its generalizations.

2. Auxiliary facts and results

This section is devoted to collecting some definitions and results which will be needed further on. Assume that (E, ‖ · ‖) is a real Banach space with zero element 0. Let B(x, r) denote the closed ball centered at x with radius r. The symbol B_r stands for the ball B(0, r).

If X is a subset of E, then X and Conv X denote the closure and convex closure of X, respectively. The symbols λX and X + Y denote the usual algebraic operators on sets. Moreover, we denote by M_E the family of all nonempty and bounded subsets of E and by N_E its subfamily consisting of all relatively compact subsets.

Next we give the concept of a measure of noncompactness [9]:

Definition 1. A mapping μ: M_E → [0, +∞) is said to be a measure of noncompactness in E if it satisfies the following conditions:

1) The family ker μ = {X ∈ M_E : μ(X) = 0} is nonempty and ker μ ⊂ N_E . 2) X ⊂ Y ⇒ μ(X) ⩽ μ(Y ). 3) μ(X) = μ(Conv X) = μ(X).

4) μ(λX + (1 − λ)Y ) ⩽ λμ(X) + (1 − λ)μ(Y ) for 0 ⩽ λ ⩽ 1.

5) If X_n ∈ M_E , X_n = X_n, X_{n+1} ⊂ X_n for n = 1, 2, 3, . . . and lim_{n→∞} μ(X_n) = 0

then^∞ ⋂ n=1 X_n ≠ ∅.

The family ker μ described above is called the kernel of the measure of noncompactness μ.

In what follows we will work in the Banach space C[0, 1] consisting of all real functions defined and continuous on [0, 1]. For convenience, we write I and C(I) instead of [0, 1] and C[0, 1], respectively. The space C(I) is equipped with the standard norm

‖x‖ = max{|x(t)| : t ⩾ 0}.

Now, we recollect the construction of the measure of noncompactness in C(I) which will be used in the next section (see [6], [7]).

Let us fix a nonempty and bounded subset X of C(I). For x ∈ X and ε ⩾ 0 let us denote by ω(x, ε) the modulus of continuity of the function x, i.e.,

ω(x, ε) = sup{|x(t) − x(s)| : t, s ∈ I, |t − s| ⩽ ε}.

Further, let us put

ω(X, ε) = sup{ω(x, ε) : x ∈ X}, ω_0(X) = lim_{ε→0} ω(X, ε).

Define d(x) = sup{|x(s) − x(t)| − [x(s) − x(t)]: t, s ∈ I, t ⩽ s} and d(X) = sup{d(x) : x ∈ X}.

Observe that all functions belonging to X are nondecreasing on I if and only if d(X) = 0.

Now, let us define the function μ on the family M_{C(I)} by the formula

μ(X) = ω_0(X) + d(X).

The function μ is a measure of noncompactness in the space C(I) [7].

We will make use of the following fixed point theorem due to Darbo [3]. To quote this theorem, we need the following definition.

Definition 2. Let M be a nonempty subset of a Banach space E and let P : M → E be a continuous operator which transforms bounded sets onto bounded ones. We say that P satisfies the Darbo condition (with a constant k ⩾ 0) with respect to a measure of noncompactness μ if for any bounded subset X of M we have μ(PX) ⩽ kμ(X).

If P satisfies the Darbo condition with k < 1 then it is called a contraction operator with respect to μ.

Theorem 1 [3]. Let Q be a nonempty, bounded, closed and convex subset of the space E and let P : Q → Q be a contraction with respect to the measure of noncompactness μ.

Then P has a fixed point in the set Q.

R e m a r k 1 [9]. Under the assumptions of the above theorem it can be shown that the set Fix P of fixed points of P belonging to Q is an element of ker μ.

3. Main theorem

In this section we will study Eq. (1.1) assuming that the following hypotheses are satisfied:

(a_1) a: I → R is a continuous, nondecreasing and nonnegative function on I. (a_2) f : I × R → R is continuous and there exists a nonnegative constant c such that

|f(t, x) − f(t, y)| ⩽ c|x − y|

for all t ∈ I and x, y ∈ R. Moreover, f : I × R_+ → R_+.

(a_3) The superposition operator F generated by the function f(t, x) satisfies for any nonnegative function x the condition

d(F x) ⩽ cd(x),

where c is the same constant as in (a_2).

(a_4) k : I × I → R is continuous on I × I and the function k(t, s) is nondecreasing for each variable t and s, separately.

(a_5) g : Im k → R_+ is a continuous nondecreasing function on the compact set Im k. (a_6) The inequality

(3.1) ‖a‖Γ(α + 1) + (c + mr)‖g‖r ⩽ rΓ(α + 1)

has a positive solution r_0 such that c‖g‖r_0 < Γ(α + 1), where m = max_{0⩽t⩽1} f(t, 0). Now, we are in a position to state and prove our main result.

Theorem 2. Let the hypotheses (a_1)–(a_6) be satisfied. Then Eq. (1.1) has at least one solution x ∈ C(I) being nondecreasing on the interval I.

P r o o f. Let K and F be two operators defined on the space C(I) by

(Kx)(t) = 1 Γ(α)

∫_t 0 g(k(t, s)) (t − s)^{1−α} x(s) ds,

(Fx)(t) = a(t) + f(t, x(t))(Kx)(t).

Solving Eq. (1.1) is equivalent to finding a fixed point of the operator F defined on the space C(I).

First, we prove that F transforms the space C(I) into itself. To do this it suffices to show that if x ∈ C(I) then Kx ∈ C(I). Fix ε > 0, let x ∈ C(I) and let t_1, t_2 ∈ I be such that t_2 ⩾ t_1 and |t_2 − t_1| ⩽ ε. Then we get

|(Kx)(t_2) − (Kx)(t_1)| = | | | 1 Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds − 1 Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds | | | ⩽ | | | 1 Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds − 1 Γ(α)

∫_{t2} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds | | | + | | | | 1 Γ(α)

∫_{t2} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds − 1 Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds | | | | + | | | | 1 Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds − 1 Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds | | | | ⩽ 1 Γ(α)

∫_{t2} 0 |g(k(t_2, s)) − g(k(t_1, s))| (t_2 − s)^{1−α} x(s) ds + 1 Γ(α)

∫_{t2}

t_1

|g(k(t_1, s))| (t_2 − s)^{1−α} x(s) ds + 1 Γ(α)

∫_{t1} 0 |g(k(t_1, s))|[(t_2 − s)^{α−1} − (t_1 − s)^{α−1}]x(s) ds.

Therefore, if

ω_{g∘k}(ε, ·) = sup{|g(k(t, s)) − g(k(τ, s))| : t, s, τ ∈ I and |t − τ| ⩽ ε}

then we obtain

|(Kx)(t_2) − (Kx)(t_1)| ⩽ ‖x‖ Γ(α) ω_{g∘k}(ε, ·)

∫_{t2} 0 (t_2 − s)^{α−1} ds + ‖g‖‖x‖ Γ(α)

{ ∫_{t1} 0 [(t_1 − s)^{α−1} − (t_2 − s)^{α−1}] ds +

∫_{t2}

t_1

(t_2 − s)^{α−1} ds }

⩽ ‖x‖ Γ(α + 1) ω_{g∘k}(ε, ·)t^α_2 +

‖g‖‖x‖ Γ(α + 1)

[t^α_1 − t^α_2 + 2(t_2 − t_1)^α] ⩽ ‖x‖ Γ(α + 1) ω_{g∘k}(ε, ·) +

2‖g‖‖x‖ Γ(α + 1)

(t_2 − t_1)^α ⩽ ‖x‖ Γ(α + 1) ω_{g∘k}(ε, ·) +

2‖g‖‖x‖ Γ(α + 1) ε^α.

In view of the uniform continuity of the function k on I ×I we have that ω_k(ε, ·) → 0 as ε → 0. Thus Kx ∈ C(I), and consequently, Fx ∈ C(I). Moreover, for each t ∈ I we have

|(Fx)(t)| ⩽ | | |a(t) + f(t, x(t))

Γ(α)

∫_t 0 g(k(t, s)) (t − s)^{1−α} x(s) ds | | | ⩽ |a(t)| + 1 Γ(α)

[|f(t, x(t)) − f(t, 0)| + |f(t, 0)|]

∫_t 0 g(k(t, s)) (t − s)^{1−α} x(s) ds

⩽ ‖a‖ + c‖x‖ + m Γ(α)

‖g‖‖x‖

∫_t 0 (t − s)^{α−1} ds

= ‖a‖ + c‖x‖ + m Γ(α + 1)

‖g‖‖x‖.

Hence ‖Fx‖ ⩽ ‖a‖ + c‖x‖ + m Γ(α + 1)

‖g‖‖x‖.

Thus, if ‖x‖ ⩽ r_0 we obtain from assumption (a_6) the estimate

‖Fx‖ ⩽ ‖a‖ + c + mr_0 Γ(α + 1)

‖g‖r_0 ⩽ r_0.

Consequently, the operator F transforms the ball B_{r0} into itself.

In what follows we will consider the operator F on the subset B^+_{r0} of the ball B_{r0} defined by B^+_{r0} = {x ∈ B_{r0} : x(t) ⩾ 0, for t ∈ I}.

Obviously, the set B^+_{r0} is nonempty, bounded, closed and convex. In view of these facts and assumptions (a_1), (a_3) and (a_5), we deduce that F transforms the set B^+_{r0} into itself.

Next, we prove that the operator F is continuous on B^+_{r0} . To do this, let us fix {x_n} to be a sequence in B^+_{r0} such that x_n → x. We will prove that Fx_n → Fx. In fact, for each t ∈ I we have

|(Fx_n)(t) − (Fx)(t)| = | | | | f(t, x_n(t)) Γ(α)

∫_t 0 g(k(t, s)) (t − s)^{1−α} x_n(s) ds − f(t, x(t)) Γ(α)

∫_t 0 g(k(t, s)) (t − s)^{1−α} x(s) ds | | | | ⩽ | | | f(t, x_n(t)) Γ(α)

∫_t 0 g(k(t, s)) (t − s)^{1−α} x_n(s) ds − f(t, x(t)) Γ(α)

∫_t 0 g(k(t, s)) (t − s)^{1−α} x_n(s) ds | | | + | | | f(t, x(t)) Γ(α)

∫_t 0 g(k(t, s)) (t − s)^{1−α} x_n(s) ds − f(t, x(t))

Γ(α)

∫_t 0 g(k(t, s)) (t − s)^{1−α} x(s) ds | | | ⩽ 1 Γ(α)

|f(t, x_n(t)) − f(t, x(t))|

∫_t 0 |g(k(t, s))| (t − s)^{1−α}

|x_n(s)| ds + |f(t, x(t))|

Γ(α)

∫_t 0 |g(k(t, s))| (t − s)^{1−α}

|x_n(s) − x(s)| ds.

Thus

(3.4) ‖Fx_n − Fx‖ ⩽ c‖g‖r_0 Γ(α + 1)

‖x_n − x‖ +

‖g‖(cr_0 + m) Γ(α + 1)

‖x_n − x‖.

This proves that F is continuous in B^+_{r0} .

Now, let us take a nonempty set X ⊂ B^+_{r0} . Fix an arbitrarily number ε > 0 and choose x ∈ X and t_1, t_2 ∈ I such that |t_2 − t_1| ⩽ ε. Without loss of generality we may assume that t_2 ⩾ t_1. Then, in view of our assumptions, we obtain

|(Fx)(t_2) − (Fx)(t_1)| = | | |a(t^2) + f(t_2, x(t_2)) Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds

− a(t_1) − f(t_1, x(t_1)) Γ(α)

∫_{t1} 0 g(t_1, s) (t_1 − s)^{1−α} x(s) ds | | | | ⩽ |a(t_2) − a(t_1)| + | | | | f(t_2, x(t_2))) Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds − f(t_2, x(t_2)) Γ(α)

∫_{t2} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds | | | + | | | f(t^2, x(t^2))

Γ(α)

∫_{t2} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds − f(t_2, x(t_2)) Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds | | | + | | | | f(t_2, x(t_2))

Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds − f(t_2, x(t_2)) Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds | | | | + | | | f(t_2, x(t_2))

Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds − f(t_1, x(t_1)) Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds | | | ⩽ ω(a, ε) +

|f(t_2, x(t_2))| Γ(α)

∫_{t2} 0 |g(k(t_2, s)) − g(k(t_1, s))| (t_2 − s)^{1−α}

|x(s)| ds + |f(t_2, x(t_2))|

Γ(α)

∫_{t2}

t_1

g(|k(t_1, s))| (t_2 − s)^{1−α} x(s) ds + |f(t_2, x(t_2))|

Γ(α)

∫_{t1} 0 |k(t_1, s)| [ (t_2 − s)^{α−1} − (t_1 − s)^{α−1} ] |x(s)| ds + |f(t_2, x(t_2)) − f(t_1, x(t_2))| Γ(α)

∫_{t1} 0 |g(k(t_1, s))| (t_1 − s)^{1−α}

|x(s)| ds + |f(t_1, x(t_2)) − f(t_1, x(t_1))| Γ(α)

∫_{t1} 0 |g(k(t_1, s))| (t_1 − s)^{1−α}

|x(s)| ds

⩽ ω(a, ε) + c‖x‖ + m

Γ(α)

‖x‖ω_{g∘k}(ε, ·)

∫_{t2} 0 (t_2 − s)^{α−1} ds + c‖x‖ + m

Γ(α)

‖g‖‖x‖

{ ∫_{t2}

t_1

(t_2 − s)^{α−1} ds +

∫_{t1} 0 [ (t_1 − s)^{α−1} − (t_2 − s)^{α−1} ] ds }

+ γ_{r0} (ε) Γ(α)

‖g‖‖x‖

∫_{t1} 0 (t_1 − s)^{α−1} ds + cω(x, ε) Γ(α)

‖g‖‖x‖

∫_{t1} 0 (t_1 − s)^{α−1} ds

⩽ ω(a, ε) + cr_0 + m Γ(α + 1) r_0ω_{g∘k}(ε, ·)t^α_2 + cr_0 + m Γ(α + 1)

‖k‖r_0 [t^α_1 − t^α_2 + 2(t_2 − t_1)^α] + γ_{r0} (ε) + cω(x, ε)

Γ(α + 1)

‖g‖r_0t^α_1

⩽ ω(a, ε) + r_0(cr_0 + m) Γ(α + 1)

[ω_{g∘k}(ε, ·) + 2‖g‖ε^α] +

‖g‖r_0 Γ(α + 1)

[γ_{r0} (ε) + cω(x, ε)].

Hence,

ω(Fx, ε) ⩽ ω(a, ε) + r_0(cr_0 + m) Γ(α + 1)

[ω_{g∘k}(ε, ·) + 2‖g‖ε^α] +

‖g‖r_0 Γ(α + 1)

[γ_{r0} (ε) + cω(x, ε)].

Consequently,

ω(FX, ε) ⩽ ω(a, ε) + r_0(cr_0 + m) Γ(α + 1)

[ω_{g∘k}(ε, ·) + 2‖g‖ε^α] +

‖g‖r_0 Γ(α + 1)

[γ_{r0} (ε) + cω(X, ε)],

where

γ_{r0} (ε) = sup {|f(t_2, x) − f(t_1, x)|: t_1, t_2 ∈ I, x ∈ [0, r_0], |t_2 − t_1| ⩽ ε} .

In view of the uniform continuity of the function g ∘ k on the set I × I and the continuity of the function a on I, the last inequality implies

(3.5) ω_0(FX) ⩽ c‖g‖r_0 Γ(α + 1) ω_0(X).

In what follows, fix an arbitrary x ∈ X and t_1, t_2 ∈ I with t_2 > t_1. Then, taking into account our assumptions, we have

(3.6) |(Fx)(t_2) − (Fx)(t_1)| − [(Fx)(t_2) − (Fx)(t_1)] = | | | |a(t^2) + f(t_2, x(t_2)) Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds

− a(t_1) − f(t_1, x(t_1))

Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds | | | − [ a(t_2) + f(t_2, x(t_2)) Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds

− a(t_1) − f(t_1, x(t_1))

Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds ]

⩽ {|a(t_2) − a(t_1)| − [a(t_2) − a(t_1)]} + | | |f(t^2, x(t^2))

Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds − f(t_1, x(t_1))

Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds | | | + | | | | f(t_1, x(t_1))

Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds − f(t_1, x(t_1))

Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds | | | |

− {[ f(t_2, x(t_2)) Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds − f(t_1, x(t_1)) Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds ]

+ [ f(t_1, x(t_1)) Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds − f(t_1, x(t_1)) Γ(α)

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds ]}

⩽ { |f(t_2, x(t_2)) − f(t_1, x(t_1))| − [f(t_2, x(t_2)) − f(t_1, x(t_1))] } × 1 Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds + f(t_1, x(t_1)) Γ(α) {| | | ∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds −

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds | | | | − [ ∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds −

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds ]} .

Now, we will prove that

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds −

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds ⩾ 0.

In fact, we have

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds −

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds = ∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds −

∫_{t2} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds + ∫_{t2} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds −

∫_{t1} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds + ∫_{t1} 0 g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds −

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds = ∫_{t2} 0 (g(k(t_2, s)) − g(k(t_1, s))) (t_2 − s)^{1−α} x(s) ds +

∫_{t2}

t_1

g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds + ∫_{t1} 0 g(k(t_1, s))[(t_2 − s)^{α−1} − (t_1 − s)^{α−1}]x(s) ds.

Since k(t, s) is nondecreasing with respect to t, we have that k(t_2, s) ⩾ k(t_1, s); moreover, g is nondecreasing, hence g(k(t_2, s)) ⩾ g(k(t_1, s)), and therefore

(3.7)

∫_{t2} 0 (g(k(t_2, s)) − g(k(t_1, s))) (t_2 − s)^{1−α} x(s) ds ⩾ 0.

On the other hand, since the term (t_2 −s)^{α−1} −(t_1 −s)^{α−1} is negative for 0 ⩽ s < t_1, we have

∫_{t1} 0 g(k(t_1, s))[(t_2 − s)^{α−1} − (t_1 − s)^{α−1}]x(s) ds +

∫_{t2}

t_1

g(k(t_1, s)) (t_2 − s)^{1−α} x(s) ds

(3.8) ⩾ ∫_{t1} 0 g(k(t_1, t_1))[(t_2 − s)^{α−1} − (t_1 − s)^{α−1}]x(s) ds +

∫_{t2}

t_1

g(k(t_1, t_1)) (t_2 − s)^{1−α} x(s) ds

= g(k(t_1, t_1))x(s)

[ ∫_{t2} 0 ds (t_2 − s)^{1−α} − ∫_{t1} 0 ds (t_1 − s)^{1−α} ]

= g(k(t_1, t_1)) t^α_2 − t^α_1 α x(s) ⩾ 0.

Finally, (3.7) and (3.8) imply ∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds −

∫_{t1} 0 g(k(t_1, s)) (t_1 − s)^{1−α} x(s) ds ⩾ 0.

This together with (3.6) yields

|(Fx)(t_2) − (Fx)(t_1)| − [(Fx)(t_2) − (Fx)(t_1)] = {|f(t_2, x(t_2)) − f(t_1, x(t_1))| − [f(t_2, x(t_2)) − f(t_1, x(t_1))]} × 1 Γ(α)

∫_{t2} 0 g(k(t_2, s)) (t_2 − s)^{1−α} x(s) ds ⩽

‖g‖r_0 Γ(α + 1) d(F x).

The above estimate implies

d(Fx) ⩽

‖g‖r_0 Γ(α + 1) d(F x).

Therefore, d(Fx) ⩽ c‖g‖r_0 Γ(α + 1) d(x)

and consequently,

(3.9) d(FX) ⩽ c‖g‖r_0 Γ(α + 1) d(X).

Finally, from (3.5) and (3.9) and the definition of the measure of noncompactness μ, we obtain μ(FX) ⩽ c‖g‖r_0 Γ(α + 1) μ(X).

Now, the above obtained inequality together with the fact that c‖g‖r_0 < Γ(α + 1) enables us to apply Theorem 1, hence Eq. (1.1) has at least one solution x ∈ C(I). This completes the proof.

4. Examples

E x a m p l e 1. If f(t, x) = 1 and g(u) = u, then Eq. (1.1) becomes the well-known linear Abel integral equation of the second kind

(4.10) x(t) = a(t) +

∫_t 0 k(t, s) (t − s)^{1−α} x(s) ds.

Abel integral equations have applications in many fields of physics and experimental sciences. For example, problems in mechanics, spectroscopy, scattering theory, elasticity theory and plasma physics often lead to such equations, [18].

E x a m p l e 2. If α = 1, f(t, x) = x and g(u) = u, then Eq. (1.1) is the well-known quadratic integral equation of Volterra type

(4.11) x(t) = a(t) + x(t)

∫_t 0 k(t, s)x(s) ds.

In the case a(t) = 1 and k(t, s) = t(t + s)^{−1}φ(s), Eq. (4.11) takes the form

(4.12) x(t) = 1 + x(t)

∫_t 0 t t + s φ(s)x(s) ds.

Eq. (4.12) is a Volterra counterpart of the famous quadratic integral equation of Chandrasekhar type

(4.13) x(t) = 1 + x(t)

∫_1 0 t t + s φ(s)x(s) ds.

Eq. (4.13) has been considered in many papers and monographs (cf. [2], [8], [12], [19] for instance). Note that in order to apply our technique to Eq. (4.12) we have to impose an additional condition that the characteristic function φ is continuous nondecreasing and satisfies φ(0) = 0. This condition will ensure that the kernel k(t, s) defined by

k(t, s) =

0, s = 0, t ⩾ 0 t t + s φ(s), s ≠ 0, t ⩾ 0

is continuous on I × I in accordance with assumption (a_4).

E x a m p l e 3. If g(u) = u, then Eq. (1.1) takes the form

(4.14) x(t) = a(t) + f(t, x(t)) Γ(α)

∫_t 0 k(t, s) (t − s)^{1−α} x(s) ds.

This equation is a special case of the quadratic integral equation of fractional order

(4.15) x(t) = a(t) + f(t, x(t)) Γ(α)

∫_t 0 u(s, x(s)) (t − s)^{1−α} ds studied by Banaś and Rzepka in [4]. The authors in [4] used a simpler measure of noncompactness than that we used here. Also, in our assumptions, we relaxed the condition in [4] that the function f is nondecreasing with respect to each of the variables separately.

E x a m p l e 4. Consider the quadratic integral equation of Abel type

(4.16) x(t) = t^2 + tx(t) 2(1 + t^2)Γ(^1_2 )

∫_t 0 ln(1 + √ t + s) √ t − s x(s) ds.

In this example we have a(t) = t^2 and this function satisfies assumption (a_1) and ‖a‖ = 1. Here k(t, s) = √ t + s and this function satisfies assumption (a_4). Let g : [0, √ 2] → R_+ be given by g(y) = ln(1 + y), then g satisfies assumption (a_5) with ‖g‖ = ln(1 + √ 2). Also, f(t, x) =^1_2 tx(1 + t^2)^{−1} and it satisfies assumption (a_2) since f : I × R_+ → R_+ and |f(t, x) − f(t, y)| ⩽^1_4 |x − y| for all x, y ∈ R and t ∈ I. Moreover, the function f satisfies assumption (a_3). Indeed, taking an arbitrary nonnegative function x ∈ C(I) and t_1, t_2 ∈ I such that t_2 ⩾ t_1, we obtain

|(F x)(t_2) − (F x)(t_1)| − [(F x)(t_2) − (F x)(t_1)] = |f(t_2, x(t_2)) − f(t_1, x(t_1))| − [f(t_2, x(t_2)) − f(t_1, x(t_1))] = | | | t_2 2(1 + t^2) x(t_2) − t_1 2(1 + t^2_1) x(t_1) | | | − [ t_2 2(1 + t^2) x(t_2) − t_1 2(1 + t^2_1) x(t_1) ]

⩽ t_2 2(1 + t^2)

|x(t_2) − x(t_1)| + | | | t_2 2(1 + t^2) − t_1 2(1 + t^2_1) | | |x(t1) − t_2 2(1 + t^2)

[x(t_2) − x(t_1)] −

[ t_2 2(1 + t^2) − t_1 2(1 + t^2_1) ] x(t_1) ⩽ t_2 2(1 + t^2)

{|x(t_2) − x(t_1)| − [x(t_2) − x(t_1)]} ⩽ t_2 2(1 + t^2) d(x) ⩽ 1 4 d(x).

In this case inequality (3.1) has the form (α =^1_2 , c =^1_4 , m = 0) Γ ( 3 2 ) + 1 4 ln(1 + √ 2)r ⩽ rΓ ( 3 2 ) and this admits

r_0 =

Γ(^1_2 )

Γ(^1_2 ) − ln √ 1 + √ 2 as a positive solution since Γ(^1_2 ) ≃ 1.77245 and ln √ 1 + √ 2 ≃ 0.440687. Moreover,

c‖g‖r_0 = ln √ 1 + √ 2 Γ(^1_2 ) − ln √ 1 + √ 2 Γ ( 3 2 ) < Γ (3 2 ) .

Theorem 2 guarantees that equation (4.16) has a nondecreasing solution.

A c k n o w l e d g m e n t. The author thanks the referee for his/her valuable corrections. This work was completed when the author was visiting the Abdus Salam ICTP, Trieste, Italy as Regular Associate. It is a pleasure for him to express gratitude for its financial support and warm hospitality. The revised version of the paper was completed when the author was visiting MIT, USA as Visiting Scholar. It is a pleasure for him to express gratitude to the Egyptian government (Ministry of Higher Education) for the financial support of his visit to MIT.

References

[1] J. Appell, P. P. Zabrejko: Nonlinear Superposition Operators. Cambridge Tracts in Mathematics, vol. 95, Cambridge University Press, 1990.

[2] I. K.Argyros: Quadratic equations and applications to Chandrasekhar’s and related equations. Bull. Aust. Math. Soc. 32 (1985), 275–292.

[3] J. Dugundji, A. Granas: Fixed Point Theory. Monografie Matematyczne, PWN, Warsaw, 1982.

[4] J. Banaś, B. Rzepka: Monotonic solutions of a quadratic integral equation of fractional order. J. Math. Anal. Appl. 332 (2007), 1370–1378.

[5] J. Banaś, J. Caballero, J. Rocha, K. Sadarangani: Monotonic solutions of a class of quadratic integral equations of Volterra type. Comput. Math. Appl. 49 (2005), 943–952.

[6] J. Banaś, A. Martinon: Monotonic solutions of a quadratic integral equation of Volterra type. Comput. Math. Appl. 47 (2004), 271–279.

[7] J. Banaś, L. Olszowy: Measures of noncompactness related to monotonicity. Comment.

Math. 41 (2001), 13–23.

[8] J. Banaś, M. Lecko, W. G. El-Sayed: Existence theorems of some quadratic integral equations. J. Math. Anal. Appl. 222 (1998), 276–285.

[9] J. Banaś, K. Goebel: Measures of Noncompactness in Banach Spaces. Lecture Notes in Pure and Applied Mathematics 60, Marcel Dekker, New York, 1980.

[10] J. Caballero, B. López, K. Sadarangani: On monotonic solutions of an integral equation of Volterra type with supremum. J. Math. Anal. Appl. 305 (2005), 304–315.

[11] J. Caballero, J. Rocha, K. Sadarangani: On monotonic solutions of an integral equation of Volterra type. J. Comput. Appl. Math. 174 (2005), 119–133.

[12] S. Chandrasekhar: Radiative Transfer. Oxford University Press, London, 1950. [13] M. A. Darwish: On monotonic solutions of a singular quadratic integral equation with supremum. To appear in Dynam. Syst. Appl.

[14] M. A. Darwish: On solvability of some quadratic functional-integral equation in Banach algebra. Commun. Appl. Anal. 11 (2007), 441–450.

[15] M. A. Darwish: On global attractivity of solutions of a functional-integral equation. Electron. J. Qual. Theory Differ. Equ. 21 (2007), 1–10.

[16] M. A. Darwish: On quadratic integral equation of fractional orders. J. Math. Anal. Appl.

311 (2005), 112–119.

[17] W. G. El-Sayed, B. Rzepka: Nondecreasing solutions of a quadratic integral equation of Urysohn type. Comput. Math. Appl. 51 (2006), 1065–1074.

[18] R. Gorenflo, S. Vessella: Abel Integral Equations: Analysis and Applications. Lect.

Notes Math., vol. 1461, 1991.

[19] S. Hu, M. Khavani, W. Zhuang: Integral equations arising in the kinetic theory of gases.

Appl. Analysis 34 (1989), 261–266.

[20] R. W. Leggett: A new approach to the H-equation of Chandrasekhar. SIAM J. Math. 7 (1976), 542–550.

[21] C. A. Stuart: Existence theorems for a class of nonlinear integral equations. Math. Z.

137 (1974), 49–66.

Author’s address: Mohamed Abdalla Darwish, Department of Mathematics, Faculty of Science, Alexandria University at Damanhour, 22511 Damanhour, Egypt, e-mail: darwishma@yahoo.com.