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POSITIVE SOLUTION TO A SINGULAR (k,n — k) CONJUGATE
BOUNDARY VALUE PROBLEM

QINGLIU YAO, Nanjing

(Received October 12, 2009)

Abstract. The positive solution is studied for a (k,n — k) conjugate boundary value
problem. The nonlinear term is allowed to be singular with respect to both the time
and space variables. By applying the approximation theorem for completely continuous
operators and the Guo-Krasnosel’skii fixed point theorem of cone expansion-compression
type, an existence theorem for a positive solution is established.
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1. INTRODUCTION

Let n > 2 and 1 < k < n—1 be two fixed integers. We study positive solutions of
the nonlinear (k,n — k) conjugate boundary value problem

(=) Fu™ (1) = h(t) f(t,u(t), 0<t<1,
(P)< u(0) =0, 0<i<k—1,
u9) (1) =0, 0<j<n—k-1

Here, we call the function u* € C[0, 1] a positive solution of the problem (P), if
u*(t) is a solution of (P) and u*(¢) > 0, 0 < t < 1. We will allow the nonlinear term
h(t)f(t,u) to be singular at t =0, ¢t =1 and v = 0.

Because of widespread applications in physics and engineering (see [1], [2]) in the
past 20 years, there has been much attention paid to the nonlinear higher order
boundary value problems. Particularly, the nonlinear (k,n — k) conjugate boundary
value problem (P) has been studied by some authors, for example, see [3]-[8]. In 1997,
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Eloe and Henderson proved the following existence theorem for a positive solution
(see Theorem 7 in [3]).

Theorem 1.1. Assume that

al
a2
a3 fo f(t,u)dt < o0 for each fixed u € (0, +00);

(al) )=1and f: (0,1) x (0,400) — (0,+00) is continuous;
(a2)
(a3)
(a4) lim min f(¢,u) = +oo for each compact subset W C (0,1);
(a5)
(ab)

h(t
I,

f(t,u) is decreasing in u for each fixed t € (0,1);

u—+0teW
ab) lim max f(t,u) = 0 for each compact subset W C (0,1);

u—+00 te

a6) for each r > 0, fo f(t,rq(t))dt < 400, where

q(t) =2F* 0<t<

alt) = 277 F( -t

Then problem (P) has at least one positive solution v* € C[0,1] and there exists
6 > 0 such that u*(t) > 6q(t), 0 <t < 1.

In Theorem 1.1, f(¢t,u) may be singular at ¢t = 0, ¢ = 1 and v = 0. This is
an outstanding advantage. For the existence of a positive solution to the singular
(k,n — k) conjugate boundary value problem (P), Theorem 1.1 is a powerful tool.

The purpose of this paper is to improve Theorem 1.1 and prove a new existence
theorem, that is, Theorem 3.1. In Theorem 3.1, the conditions (al), (a2), (ad)—(a6)
are relaxed. And since the condition (a3) can be derived from (a2) and (a6), we omit
it. Particularly, Theorem 3.1 does not require that f(¢,u) be decreasing in u. There-
fore, the improvement is essential. In Remark 4.1, we will show that Theorem 1.1 is
a corollary of Theorem 3.1. Finally, we will illustrate that the improvement is true
by Example 4.2.

In order to establish the main result we will apply the approximation theorem for
completely continuous operators, the Guo-Krasnosel’skii fixed point theorem of cone
expansion-compression type and the localization method used in papers [9]-[14].
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2. PRELIMINARIES

Let C[0,1] be Banach space with the norm |u| = max |u(t)]. Let p(t) =

0<t<1
min{t* (1 —#)""*} and let
K ={ueC0,1]: u(t) > |Ju||pt), 0 <t <1}
Then K is a cone of nonnegative functions in C[0,1]. Write

K(r)={ue K: ||u]| <r},
OK(r) = {ue K: |lul =},
Kri,rol ={u e K: r; <|ul| <ra}.

Let G(t, s) be the Green function of the problem (P) when f(¢,u) = 0. According
to [7], the Green function G(t, s) has the exact expression

Ot(l_s) Th=1(r 4+ s —t)"F-ldr
(k—Dl(n—k-1)! ’

s(1=t) _n—k—1 k-1

o T (t+t—s)tdr
(k=1 (n—k—1)!

G(t,s) =

L 0<s<t<l

So G: [0,1] x [0,1] — [0, 400) is continuous and G(t,s) > 0,0 <t,s < 1.
Lemma 2.1. G(t,5) < k¥(n — k)" */n"(k — )!(n—k—-1),0<¢,s < 1.
Proof. By Lemma 1 in [7] we have

Snfk(]_ _ S)k

G9) S G k-1

0<t,s<1.

Simple computations give that

meylﬂl_ﬁk_<n—k5’k(l_n—w)k_kwn—kwﬁ

0<s<1 nn

The conclusion is derived directly from these facts. O

By Theorem 4.1 in [4] we have
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Lemma 2.2. Assume that u € C"~1[0,1] N C(™)(0,1) is such that

(=) Fum(t) 20, 0<t<1,
u®(0) =0, 0<i<k—1,
u(j)(l)zo, 0<j<n—k-

Then u(t) > ||ullp(t), 0 <t < 1.

In order to prove the main result, we need the following approximation theorem
for completely continuous operators and the Guo-Krasnosel’skii fixed point theorem

of cone expansion-compression type.

Lemma 2.3. Let X,Y be two Banach spaces, let V. C X be a closed bounded
set, let T,,,: V — Y be a completely continuous operator for each m, let an operator
T: V =Y be given. If sup |Tjpu — Tul| — 0, then T: V — Y is a completely

ueV

continuous operator.

Lemma 2.4. Let X be a Banach space, let K be a cone in X, let 21,2 be two
bounded open subsets in K such that 0 € Q; C Q; C Qq, and let T: Q3 \ Q) — K
be a completely continuous operator. Assume that one of the following conditions is
satisfied:

(1) ITal| < [l2]l, @ € 90 and |Tz] > |je], « € 90,
2) 7]l > o, = € 92 and |Ta] < |lz], = € 00,.

Then T has a fixed point in Qa \ Q.

3. MAIN RESULT
We obtain the following existence theorem for a positive solution.

Theorem 3.1. Assume that

(bl) h: (0,1) — [0,+00), f: (0,1) x (0,400) — [0,+00) are continuous and
0 < [y h(t)dt < +o0;

(b2) there exist functions ¢(t,u) and g(t,u) such that

flt,u) < o(t,u)+g(t,u), (t,u) € (0,1)x (0,+00),

where ¢: (0,1) x (0,400) — [0,4+00) and g: [0,1] x [0,4+00) — [0,+00) are contin-
uous, ¢(t,): (0,+00) — [0,+00) is nonincreasing for each fixed t € (0,1);
(b3) fol h(t)p(t,rp(t)) dt < +oo for any r > 0;
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(b4) hmmfj( )/r < (n(k— 1) (n—k—1)1/kk(n — k)"=F) [fol h(t) dt] ~! where

r—-+4oo

J(r) = max{g(t,u): (t,u) € [0,1] x [0,7]};

(b5) there exist 0 < o < 3 < 1 such that 1im£rnf Izlin h(t)f(t,u) > 0.

0 agt<p
Then problem (P) has at least one positive solution u* € K.

Proof. Define an operator T' by

1
:/ G(t, s)h(s)f(s,u(s))ds, 0<t<1, ucK\{0}.
0
Step I. We prove that T: K[ry,re] — K for any 0 < r; < ra.

Let u € K|ry, 73], then r1p(t) < u(t) < r2, 0 <t < 1. Applying Lemma 2.1 and
the conditions (b1)—(b4), we get that

K — k)" [ B(s) (s, u ())+9(8 u(s))] ds

(Tu)(t) < (e Dlin k11
kk(n — k)n—k fo h(s)p(s, rlp(s)) ds  k*(n—k)"Fji(rs) fol h(s)ds
n(k—1)!(n—k—1)! n™(k—1)l(n—k—1)!

Therefore, | Tul| = fax, (Tu)(t) < 400 and Tu is well defined for any u € Klrq,ra].
For fixed w € K|[rq,rg] consider the (k,n — k) boundary value problem

(=1 Fw™M () = h(t) f(t,u(t), 0<t<1,
w®(0) =0, 0<i<k-1,
w) (1) =0, 0<j<n—k—1

By (b2) and (b3), h(-)f(-,u(-)) € L'[0,1]. By the property of the Green function
G(t, s), w(t) has the unique expression

w(t) = /0 G(t,s)h(s)f(s,u(s))ds = (Tu)(t), 0<t<1.

Therefore,
(=1)"H(Tw) ™M (t) = M(B)f(t,ut) 20, 0<t<1,
(Tu)(0) = 0, 0<i<k—1,
(Tu)9) (1) = 0, 0<j<n—k—-1.

By Lemma 2.2, (T'u)(t) >

|Tu|lp(t), 0 <t<1and Tu € K.

73



Step II. We construct a sequence {77, }°°_; of completely continuous operators
in order to approximate the operator 7.

Define functions f,, as follows:

uLv<1l/m

min  f(t,v), 0<u<1/m,
Im(t,u) =
o {f(t,u), 1/m < u < +o0.

Then 0 < fin(t,u) < f(t,u), (t,u) € (0,1) x [0,400). The function h(t)fn,(t,u) has
the following properties:

(p1) For each fixed t € (0, 1), A(t) fm(t,-): [0,+00) — [0, +00) is continuous.

(p2) For each fixed u € [0,400), A(:)fm(-,u): (0,1) — [0,400) is lower semi-
continuous. Consequently, i(-) frm (-, u): (0,1) — [0, +00) is measurable.

(p3) For any r > 0 and (¢,u) € (0,1) x [0,7],

)
)

DO flt0) < 10500 <00 [o (1 2000)) +max {3 (1) 0 }].

For u € K and 0 < ¢ < 1, define operators T),, A,, and B as follows:

)(t) / G(t,s)h(s) fm(s,u(s))ds,
(Amu)(t) = h(t) fm(t, u(t)),

)(¢) / G(t,s)
Then T,, = Bo A,,.
Let u;,uo € K,i=1,2,... and |Ju; — ug|]| — 0. Then Jnax |u;(t) —uo(t)] — 0. By
the property (pl), we have

() fon (£, 0 (£)) = B(8) fn (w0 (£))] = 0 (i = 00), 0 <t < L.

Let 7 = max{||lu;||: i =1,2,...}. Then 0 <u;(t) <7,t€[0,1],5=1,2,.... By (p3),
we have

h(t) frn (8, ui (t)) < h(t) {gp <t, %p(t)) + max {j <%> ,j(F)H , 0<t<l1.

Here h(t) [¢ (t,m™'p(t)) + max {j (1/m), j(¥)}] is a nonnegative integrable function
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on [0, 1] by the conditions (bl)—(b4). By the Lebesgue dominated convergence the-
orem (see [15]), we get that

1

lim | [1(8) fon (5 i (£)) — () fin (8, o (£))] 2

i—00

= [ Jim 0) £t 0(6) = B0 (1 )t =

1— 00

This implies that A,,: K — L[0,1] is continuous.

Applying the Arzela-Ascoli theorem, we can prove that B: L'[0,1] — C]0,1]
is completely continuous. Imitating the proof in Step I, we have T,,: K — K.
Therefore, T,,: K — K is completely continuous.

Step III. We prove that T: K[r1,re] — K is completely continuous for any
0<ry <re.

Let E(rp,m) = {t € [0,1]: rp(t) < 1/m} for r > 0. If mr > 2m&x{kn=k} then

Consequently, E(rq,m) — {0,1}, m — oc.

By (b3), fol h(t)p(t, rp(t)) dt < +oo. From the condition (bl), fol h(t)dt < 4o0.
By the absolute continuity of the integral (see [15]), we have

lim h(t)p(t,rp(t))dt = 0,
M=o JE(rp,m)
lim h(t)dt =0
M=o JE(rp,m)

Let w € K[r1,re] and let E(u,m) = {t € [0,1]: u(t) < 1/m}. Since rip(t) <
u(t) < re, 0 <t <1, we have

E(u,m) C E(rip,m),
o(t,u(t)) < e(t,rp®), gt ut)) <j(ra).
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Since f(t,u) = fm(t,u), (t,u) € (0,1) x (0,400), we obtain that

sup Tu—Tyul| = sup max [(Tu)(t) — (Tmu)(t
el | | sesup T2]0<t<1[( )(t) = (Trmu) ()]

= o mas / Gt $)R(5)[f (5, u(s)) — fon(s, u(s))] ds

u€K|[ry,rsa)

< sup max /E(u " G(t,s)h(s)f(s,u(s))ds

u€K|[ry,rsa) (UNAS

< su max G(t,s)h(s)f(s,u(s))ds

e [E GRS u(s)

< swp  max / G(t, $)(s) (s, u(s)) + g5, u(s))] ds
E(rip,m)

uweEK|[ry,rz] 0<t<1
Ko — k) [ [ heetsnpenas i) [ ws) ds]
(]f — 1) (n —k— 1)' E(rip,m) ot ? E(rip,m)

—0 (m— ).

By Lemma 2.3, T': K[ri,r2] — K is a completely continuous operator.

Step IV. We prove that the problem (P) has a positive solution v* € K.

Let ¢ = $[n"(k —1)!(n —k — 1)I/k¥(n — k)% [ h(t)dt — liminf j(r)/r]. By

r—400
(b4), e > 0.

Let n = Jnax faﬁ G(t,s)h(s)ds. By the inequality G(t,s) > 0, 0 < t,s < 1 and
the condition (b5), n > 0 and there exists 7o > 0, v > 0 such that f(t,u) > ~,
(t,u) € [a, B] x (0,7].

Let 71 = min{rg,yn}. If u € OK (1), then 0 < u(t) < 71 < rg, 0 <t < 1 and
ft,u(t)) =, t € [a, 8]. It follows that

B
| Tu|| > max/ G(t,s)h(s)f(s,u(s))ds

t,s)h(s)ds = .
0122“‘2‘1/ G(t,s) s=n 21 = |ul

On the other hand, if » > 1, then ¢(s,7p(s)) < (s, p(s)) and

1
lim - max/ G(t,s) ,u(s))ds
r—-+oo 1 uEdK(r) 0<t£1
k*(n !
< I
oo (k — 1)! (n —k—1)! / hs)e(s,rp(s)) ds

kk( _ k)n—k

S rEIJPoo rn™(k—1)(n—k—1)! /0 hs)e(s;pls)) ds = 0.
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So, there exists 72 > max{1, 7o} such that

kk(n — k)n—k
<
weotn 02121 / G(t:s) ) ds S T i — k= 1)

j(72) < <nn(kk;(;)f7;)_nl_€k_ Dt 6> {/01 h(t) dt} B T2

Consequently, j(rg fo t)dt < (n"(k—1)!(n —k—1)/k*(n — k)" =% — &)ra.
If w € OK(72), then

€T,

[Tull < maX/ G(t, s)h(s)[w(s, uls)) + g(s, u(s))] ds

0<i<1 Jo
1
<
< 01252{1/ G(t, s)h(s)p( ())ds—l—orrtla;)i G(t, $)j(72 / h(s)ds
k*(n — k)"~
<
\Orgta<X1/ G(t,s)h u(s))ds—l—nn(k_ Nn—k —1"7 / s

)n k
S n”(k )!(n—k—l).
k

Kk (n — k)n=F n"(k—1!(n—k—1)! ~
ik — Di(n —k — 1)1 < Kr(n—k)y—F 5) "2

ETo

By Lemma 2.4 there exists u* € K[r,72] = K(72) \ K(71) such that Tu* = u*.

*

By the equivalence between the integral equation 7w = w and the problem (P), u
is a solution of (P). Since u*(¢) > mip(t) > 0,0 <t < 1, u* is a positive solution. [

4. REMARK AND EXAMPLE

Remark 4.1. Theorem 1.1 is a simple corollary of Theorem 3.1.

Assume that the conditions (al)—(ab) are satisfied. Then we have h(t) = 1. In
Theorem 3.1, let g(t,u) = 0, p(t,u) = f(t,u). It is clear that the conditions (bl),
(b2) and (b4) are satisfied. Moreover, the condition (b5) can be derived from (a4).
Since 2~ max{kn=k}g(#) < p(t) < q(t), we have

min{2% 2" Fp(t) < q(t) < max{2*, 2" FIp(t), 0<t< 1.

This shows that the condition (a6) is equivalent to (b3) with h(t) = 1. Therefore,
we can prove Theorem 1.1 by applying Theorem 3.1.
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Example 4.2. The example illustrates that Theorem 3.1 improves Theorem 1.1
even if h(t) = 1.

Consider the (2,4 — 2) conjugate boundary value problem

|1 — 2¢|(1 + sin(u(t)))

u®(t) = \/]1 — 2tu(t) + 0

, 0<t<l,

In this example n = 4, k = 2, p(t) = min{t?, (1 — )%}, n"(k — )!(n—k —1)!/
B — k) = 16, h(t) = 1, £(t,0) = /[T = 20+ |1 — 26|(1 + sinw),/ /i

Let g(t,u) = /|1 — 2t|u. Then
J(r) = max{/|1 = 2t|u: (t,u) € [0,1] x [0,7]} = /.

So hIJP Jj(r)/r =0. Let o(t,u) = 2/¥u. Then f(t,u) < g(t,u)+¢(t,u) and p(t, u)

is nonincreasing in u for each fixed ¢t € [0, 1]. Moreover, for any r > 0,

! Looqt 2 [t dt
/0 o(t,rp(t)) dt < /0 W = % ; E/[min{t, = t)}]2 < +00.

Therefore, the conditions (b1)-(b5) are satisfied. By Theorem 3.1, the problem
has a positive solution u* € K.

However, f(t,u) is not decreasing in w and the conditions (a4) and (a5) are not
satisfied. The existence conclusion cannot be derived from Theorem 1.1.
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