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Complete fluid systems

S Die Energie der Welt ist
L constant;

"y . Die Entropie der Welt
strebt einem Maximum zu

Rudolph Clausius
[1822-1888]

All pictures in the text thanks to wikipedia
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Fluids at equilibrium

Thermodynamic state variables

Mass density ........ ...t 0= o(t,x)
absolute temperature .......... ... o ¥ = 9(t, x)

Thermodynamic functions

PIESSUTE . .\ttt et e e e e e e e e p = p(o,?)
internal energy ........ .. e=¢e(p,?)
ENEFOPY oot s =s(o,9)

Gibbs’ relation

UDs(o,9) = De(o, V) + p(o,9)D (;)

Thermodynamic stability

Ip(o, )
do

de(p, 1)
09

> 0, >0



Dynamics, diffusion, transport

Macroscopic velocity

dX
u = u(t,x), E(t) = u(t, X(t)), X(0) = x
Viscosity - Newton’s law

2
S(Vxu) = 1 <qu +Viu— 3divXuH> + ndiv,ul,

Heat conductivity - Fourier’s law

q=—rV, 0

Energetically insulated system

u-nlpa =0, g-njspg =0, uxnljgg=0o0r (S-n) x njgg =0



Conservation (balance) laws

Mass conservation - equation of continuity

Oro + divy(ou) =0

Momentum equations - Newton’s second law

O¢(ou) + divy(ou ® u) + Vyp = divyS

Thermal energy vs. entropy balance

Ot(0€) + divx(pue) + divqu : Vyu — pdiveu

Bu(0s) + divy(ous) + divy (%) % (S V- X Zw)

Total energy balance

d

1 2
= |z 9)| dx =
dt,QLQu' + oe(o, )} x=0



Well posedness, classical way

o Existence. Given problem is
solvable for any choice of
(admissible) data

@ Uniqueness. Solutions are uniquely
determined by the data

e o Stability. Solutions depend

Jacques Hadamard continuously on the data

[1865 - 1963]
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Well posedness, modern way

@ Approximations. Given problem
admits an approximation scheme
that is solvable analytically and,
possibly, numerically

o Stability. Approximate solutions
possesses uniform bounds depending
solely on the data

@ Convergence. The family of
Jacques-Louis approximate solutions admits a limit
Lions [1928 - 2001] representing a (generalized) solution
of the given problem
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Dissipation

Dissipation inequality
d
dt Jq

© q-V, 9
— : = <
—i—/Qﬂ(S Vxu 3 )dX_O

1
LQIUI2 + oe(o,9) — Oos(o, 19)] dx

Ballistic free energy

He(o,79) = oe(o,9) — ©os(o,v)

Relative energy
£ (o.9,u

1 OHo(r,©
= [ [3eu—v2+ o) - 2L g 1)~ hio(r.0)] ax

r,®, U)




Dissipative solutions

Relative entropy inequality

e (orsliou)],
+// % (S(ﬁ,VXu) V- ‘W) dx dt
0 Q

< / R(o,%,u,r,©,U) dt
0

Test functions

r>0, >0

U satisfying the relevant natural boundary conditions




Remainder

Remainder

\R(g,ﬂ, u,r,0,U) \

:/ <Q(atu+u Vi U) (U—U)+S(197vxu):vxu> dlx
/ [(p ple, 19)>d1VU+ (U—u)- Vip(r, 6)} dx

/ ( (s 0,9) —s(r,0) )5t@+9(5(g,19)—s(r,e))u.vxe

n q(v, Vxv) -VX@) i

19
/ !
Q

(atp(r, ©)+ U - V,p(r, @)) dx
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Weak vs. dissipative solutions

Classical (strong) solutions

Equations satisfied in the classical sense

Weak solutions

@ continuity and momentum equations in the sense of
distributions

@ entropy (internal energy) inequality in the sense of distributions

@ total energy balance

Dissipative solutions
Relative energy inequality for any trio r, ©, U
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Properties of weak solutions

Compatibility

weak + smooth = strong

Weak solutions with entropy inequality are dissipative
weak = dissipative

Weak strong uniquness

Dissipative (weak) and strong solution emanating from the same
initial data coincide as long as the latter exists
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Global-in-time weak solutions, entropy

Pressure - density, temperature state equation

p(o, V) = v°/2P (193/2) + a*

a
oe(o,9) = 7195/2P (@3/2) + 2o

lim P(2)

Z—00 25/3 = 7 =

Transport coefficients

w(1+9%) < p@) <m(l+9%), n®¥) <71+9%), ac(2/5,1],

K(1+93) < k(¥) <R +0%)
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Global-in-time weak solutions, internal energy

Pressure - density, temperature state equation
e(o,9) = ¢,V + H(o)
plo,9) = 0" + 09, v >3

Transport coefficients

© >0, n >0 constant
(1 +9%) < w(9) < E(L+9?)
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Regularity criteria

Weak solutions with entropy inequality

The weak solution emanating from smooth initial data remains
smooth as soon as

[Viul| oo (0, Tyx0) < €

Weak solutions with internal energy inequality

The weak solution emanating from smooth initial data remains
smooth as soon as

Jull o= (0, Tyx:r5) + [[divieull 2o, T (@) < ¢, ¥ <0
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Existence theory - a priori bounds

Integral bounds - conservation laws
Jeu € L0, T; L2(Q; R%))
0 € L=(0, T; L53(Q))
¥ € L>(0, T; LY(Q))

Gradient bounds - energy dissipation

8
5—-—«

Vau e 120, T; L9(Q; R3*%)), q =

V.9 € L2(0, T; L2(Q; R%))
V. log(¥) € L2(0, T; L3(Q; R?))

Pressure bounds

p(o,0)0” € L1((0, T) x Q) for a certain 5> 0




Convergence, sequential stability

Div-Curl lemma [F.Murat, L.Tartar, 1975]

Let
v, — v weakly in LP,
w. — w weakly in L9,
with
1 1 1
S+S=Z<1
p q r

Let, moreover,
div[v.], curl[w.] be precompact in W~*

Then
Ve -w, — v-w weakly in L".
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Weak sequential stability of convective terms

Ansatz for Div-Curl lemma

Ve = [Qastua]a W, = [u£7070a0]a =123

Aubin-Lions argument (Div-Curl lemma)

OsUe — ou

Ol U, — ou U

0:5(0,9: )0 — 0s(0, )9
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Pointwise convergence of temperature,

GOAL: Use monotonicity of s(p,?) in ¥ to show

=
/ / (Qas(gevﬁs) — 0:5(0e, 79)) (W —9) dx dt —» 0
0 Q
=
|9 — Iz — O

STEP 1: Aubin-Lions argument (Div-Curl lemma)

.
/ / 0e5(0e,0:) (¥ =) dx dt — 0
0 Q
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Pointwise convergence of temperature,

STEP 2: Renormalized equation of continuity [DiPerna and
P.-L. Lions, 1989]

0ub(0) + divi(b()u) + (b (e)e — b(e) ) diveu =0

STEP 3: Aubin-Lions argument (Div-Curl lemma)

b(0)g (V) = b(o) &(V)
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Pointwise convergence of temperature, ||

Fundamental theorem on Young measures, [J.M Ball 1989,
P.Pedregal 1997]

Letv. : Q € RN — RM be a sequence of vector fields bounded in
LY(@; RM).
Then there exists a subsequence (not relabeled) and a family of
probability measures {v,},cq on RM such that:
For any Carathéodory function ® = ®(y, Z), yin@, Z € RM such
that

®(-,v.) — & weakly in L}(Q)

we have

B(y) = /RM By, Z) du,(Z) for aa. y € Q.
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Pointwise convergence of temperature,

STEP 4:
Since we already know from STEP 3 that

V[Qsﬂs] = V[Qs] ® sz]v

Fundamental theorem yields the desired conclusion

.
/ / 0:5(02,9)(9: — ) dx dt — 0
o Ja

Conclusion

Y. =Y a.a. on (0, T)xQ
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Pointwise convergence of density,l

STEP 1: Renormalized equation of continuity

Or(0log(0)) + divy(olog(o)u) + odiv,u = 0

O¢(0log(p)) + divy(elog(e)u) + ediviu =0

Propagation of density oscillations

4 [ (2To8() - olog(e)) ax = - /Q (edivn — pdiv,u) dx
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Pointwise convergence of density, ||

STEP 2: Effective viscous pressure [P.-L.Lions, 1998]

p(o,9)b(e) — p(e, V) b(e) = [R : S]b(e) — [R : S]b(e)

where
Rij =0 A 10y
Commutator
R85 =|R 5 (3u() +n())diven |+ (3u00) + n(0))divs
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Commutator estimates

Commutator lemma [in the spirit of Coifman and Meyer]
Let w € WHT(RN), V € LP(RV; RN) be given, where

1 1 1
1<r<N,1<p<oo, —4+—-———<1
r p N

The for any s satisfying

+

N =
T~
=2~
0|

there exists 8 > 0 such that

[RWV] = wR[V]|lws.s(rr,rr) < cllwllwor [V ]ee-
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Pointwise convergence of density,lll|

STEP 3: Effective viscous pressure revisited

4 — .
0 < p(o,9)o — p(o,9)o = (g,u(ﬂ) +n(9)) (leVXU - levxu)
yielding

olog(o) = olog(o)

Conclusion

0 > pa.a. in(0,T)xQ
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Pointwise convergence of density - general case, |

STEP 1: Renormalized equation of continuity:

O:(oLk(0)) + divyx(oLk(0)u) + Tk(o)diviu =0

Or(oLk(0)) + divx(oLk(o)u) + Tk(o)divyu =0

Cut-off functions

Tk(0) = min{o, k}

Lk(o) = log(o), o < k
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Pointwise convergence of density - general case, Il

Density oscillations

% o (QT(Q) - QLk(Q)) dx = /Q (Tk(g)divxu — Wdim&) dx

+ /Q (Tk(g)divxu . Tk(g)divxu) dx

STEP 2: Effective viscous flux revisited
p(o;9) Tk(0) — p(o,¥) Tk(o)

= (39) + () (Tule)iv, — Tid)divw)
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sup
k>1

Hinaup

/T/ |Tk(-Qs)— Tk(g)|q o dt] < o
o Jo

i
v

«O0r» «Fr «=» « .




Convergence of the density - general case,lll

STEP 3: Boundedness of oscillation deffect measure

@ The limit functions g, u satisfy the renormalized equation of
continuity

/ (Tk(g)divxu — Tk(g)divxu> dx — 0 for k = oo
Q

Pointwise convergence of density

olog(o) = oLi(0) = lim olLy(0) = olog(o)

lim
k— o0

0 > pa.a. on (0, T)xQ
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Stability for fluids



[Sr]0:0 + divy(ou) =0
—

[S110(w) + dive(ou® ) + 1 T [Miaz] Vxp(e)

- [%] div,S(Vyu) + (external forces)
—




Characteristic numbers - Strouhal number

Strouhal number
length
[Sr] = 5 cha
timecharvelocity pax

char

Cen&k Strouhal
[1850-1922]

Scaling by means of Strouhal number is used in the study of the long-time
behavior of the fluid system, where the characteristic time is large
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velocity o,

\/pressure,,, /density ..

[Ma] =

Mach number is the ratio of the characteristic speed to
the speed of sound in the fluid. Low Mach number limit,
where, formally, the speed of sound is becoming infinite,
characterizes incompressibility




Reynolds number

Reynolds number

density .., velocity o length ..

[Re] =

ViSCOSitY char

Osborne Reynolds
[1842-1912]

High Reynolds number is attributed to turbulent flows, where the
viscosity of the fluid is negligible

Eduard Feireisl Stability for fluids



[Ro] = velocity .,

Weharlength ..

Rossby number characterizes the speed of rotation of the fluid

=
Stability for fluids




Scaled Navier-Stokes system

Continuity equation

0r0 + divy(ou) =0

Momentum equation

1 1
9¢(ou) + divy(ou ® u) + gf X u+ T V«p(0)

= [* [div, S(V,u) + E% oV G

Newtonian viscous stress

2
S(Viu) = (qu + Viu— 3divXuH> + ndiv,ul, >0

f-plane approximation

f=1[0,0,1], V4G = [0,0,—1]
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Q=R>x(0,1)

u-n=ulsq =0, [S:nlanlon =0

0— 0, u—0as |x| = o0

V,p(6.) =eXm MgV, G, m>n, g. +1lase =0

«O)» «F»r «

it
it
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N
¥l
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Mach number ~ £™:

compressible — incompressible

Rossby number ~ ¢:
3D flow — 2D flow

Reynolds number ~ e ~*:

viscous (Navier-Stokes) — inviscid (Euler)

—>n>1

DA



Uniform bounds

Energy inequality

[ [pelo + = (00 - @ - ) - H@)| () a

—i—ao‘/ / S(Vxu) : Veu dx dt
0o Ja

= = 00,e|Uo,e
aQl2

e
p(z 3
H(o) = Q/ 7;) dz, p(e) = a0”, v > 3
1

24 g (H(e0) ~ H(@:)ene — 62) — H(G)| ax

lll-prepared initial data
- i (@ 1 1) . 1
o0 = G-+ ™5, of) = o in 12(Q), [16§2 i < e,

ug. — ug in L*(Q; R®)
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ess sup |lo=(t, ") = 1|y (@) <eMc
te(0,T)

weakly-(*) in L°°(0, T; L2(Q2; R%)),
Vosu: = v
strongly in L}.((0, T) x Q; R%) |,
Ov+v-Vw+V,MN=0in(0,T) x R?

.

o» <9 »

o
it
it
N
el
Q



Relative entropy inequality

Relative entropy

Es [,Q, u

= [ [3elu= P + =5 () - H (e - 1) - HE) | ax

r, U}

Relative entropy inequality
& (g, r, U T)—|-€ / / S(Vx U)) (vxu—vxu) dx dt
r(0,-) //’R@urU ) dx dt

S 56 (90,67 U, e

Test functions

r>0, U-njgpg =0, (r—9:), U—0as|x| = oo
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Remainder

//R(g,u,r,U)dxdt
o Ja

:/T/g(atu+u-vxu)-(U—U) dx dt

—l—e//SVU «(U—u) dx dt+= // (Fxu)-(U—u) dx dt

s [ = 00 () + V() - (@) - (0 - )] ax

52’"/ /leX p(o)— ( dx dt—i——/ / 0—r)V,G-U dx dt
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Em
[qu VE]
[s, Vel

= Qe+ 5, QU =V + V.

non-oscillatory component

oscillatory component
e [gz; ] 4 diVx[Qeue] =0

eM0:[o-uc] + ™ X [o-u] + Vi [

Qs;l] —of

divev. =0, e™ M xv.+Vyeg. =0

|

| m

<O «Fr «=>»

<

it
it
N
¥l
Q



r= o0+ 8'"(% + 55)
U=v.+V,
052 = (g: +5:)(0,), o = (ve + V2)(0,)
«O0)>» «4F» « =» <« Q>
-~ Eduard Feireisl Stability for fluids
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wfxv. +V,q. =0, w=c¢

m—1
weurl v, = —Agq.

1
9¢ (Age —w?q:) — =V'q. - V (Ag. —w?q.) =0
1
2 0’. _

1
(Aqe —w qe) (0,-) = weurl [/ Uo,c dX3:| = w2/ 00 dx3
0 0

2
«40» «4F)»r « =) 4« Q>




8'"31»55 + divxve =0

MOV +wf XV, +V,s. =0, w=em"1!

Antisymmetric acoustic propagator |
B(w) - [ \S/ ] = [ div,V

wfo+VXs]'

«40r «4F»r « =) 4 Q™

it
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£ [ Vi k) ] = A& kow) [ VK ]

0 & & k
. 0 i 0
iB(w) =~ A(¢, k,w) = 2 i 061 0
k 0 0 O

2 2 2 1/2
A2(§ ko w) =+ [w T+ +\/(w22+|£|2+k2)2_4ww]

2 2 2 1/2
A3a(é kw) =+ [u ek _\/(wz+|£|2+k2)2_4w2k2]




k fixed, ¥ € C°(0,00), 0 < <1

Z(r, 3 ko) = F2,, [exp (£iN(IE] ko)) w(€DAE)] 7 = t/em

”Z(T7 R ka w)||L°°(R2)

< 7t [exe (£ itiel ko dr)utie]] oy I0ge

L= (R?)

Fe [ (00 ko w)r )6 0ieD)] ()

= /000 exp (:I: iN(r, k,w)T)1/1(r)rJo(r|Xh|) dr,

DA



van Corput’s lemma

Lemma

Let A = A(z) be a smooth function away from the origin,
9,\(z) monotone, |0,A(z)] > Ny >0

for all z € [a,b], 0 < a < b < o0. Let & be a smooth function on [a, b].
Then

/ exp (IN(2)7) ®(z) dz

<c——
AT

where ¢ is an absolute constant | independent | of the specific shape A\

and O.

()] + / 10:0(2)| dz] ,
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1Z(7, -, k,w)lle(rey < (9, p, k) max { Y

1
for p > 2, —

p'

+

T =

=1, >0, \j #0.

1 \¢
b Ml

wre™ t/em

)

1 1 1
< ce?2 P max S
LP(R2) — ! {t1—1/2m t1/2m

1-
} 1Al ey

~
S
4
*
€

‘ )
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