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CONVERGENCE THEOREMS FOR THE PU-INTEGRAL
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Abstract. We give a definition of uniform PU-integrability for a sequence of u-measurable
real functions defined on an abstract metric space and prove that it is not equivalent to the
uniform p-integrability.
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INTRODUCTION

In [4] we gave the definition of PU-integral on a suitable abstract metric measure
space X and proved that this integral is equivalent to the p-integral. Moreover, we
gave an example of a non euclidean space verifying the previous results. In this
paper, we give the definition of uniform PU-integrability for a sequence {f,}, of
real functions on X and prove that this concept is not equivalent to the uniform
p-integrability. Then, given a real function f on X, a suitable sequence {f,},
converging to f is defined and some conditions on f are given for {f,}, to be
uniform PU-integrable.

PRELIMINARIES

In this paper X denotes a compact metric space, M a o-algebra of subsets of X
such that each open set is in M, p a non-atomic, finite, Radon measure on M such
that

(i) each ball U(z,r) centered at x with radius » has a positive measure,
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(ii) for every z in X there is a number h(z) € R such that p(Ulz,2r]) < h(z) x
w(Ulz,r]) for all r > 0 (where Ulz,r]) is the closed ball),
(iif) p(0U(x,r)) = 0 where OU(z,r) is the boundary of U(x,r).
We introduce the following basic concepts.
Definition 1. A partition of unity (PU-partition) in X is, by definition, a finite
collection P = {(0;, z;)}7_; where z; € X and 6, are non negative, y-measurable and

p
p-integrable real functions on X such that ) 6;(z) =1 a.e. in X.
i=1

Definition 2. Let 0 be a positive function on X. A PU-partition is said to be
d-fine if Sy, = {x € X: 6;(x) #0} C U(x4,0(x5)), 1 =1,2,...,p.

Definition 3. A real function f on X is said to be PU-integrable on X if
there exists a real number I with the property that, for every given € > 0, there is a
positive function 6: X — R such that | Z f(xi) - [y 0idp — I |< e for each d-fine
PU-partition P = {(6;,2;)},_,. The number I is called the PU-integral of f and we
write I =(PU) [ f

Definition 4. A sequence {f,}, of PU-integrable functions is uniformly PU-
integrable on X if for each € > 0 there exists a positive function § on X such that

an(xi)/Xaid/L—(PU)/an <e

for all n, whenever P = {(0;,z;)}; is a d-fine PU-partition in X.

Definition 5. A sequence {f,}, of real functions on X is a §-Cauchy sequence
if for each € > 0 there exist a positive function § on X and a positive integer 7 such

§ J n 7 61,’ E J m 7 4; !

for all m,n > n and for each d-fine PU-partition P = {(0;,2;)}:.

Definition 6. A sequence {f,}n of p-integrable functions is uniformly p-
integrable on X if for each € > 0 there exists a positive integer k such that

/ Fuldp <
AR

for all n, where A} = {z € X: |fn(x)| > k}.
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Definition 7. A real function f has small Riemann tails (sRt) if for each e > 0
there exist a positive integer 7 and a positive function é on X such that

ZfXAn(xi)/Xﬁidu‘ <e

for all n > n whenever P = {(6;,x;)}; is a 0-fine PU-partition in X, 4, = {z € X:
|f(z)| > n} and x4, is the characteristic function of A,,.

Definition 8. A function f has really small Riemann tails (rsRt) if for each
€ > 0 there exist a positive integer n* and a positive function § on X such that

‘;f(xi)/XGid,u‘ <c

whenever P = {(6;,x;)}; is an A, 0-fine family, e.g. Sp, C U(x;,(z;)), D 0i(x) <1

a.e.in X and x; € A,-.

We observe that if f has rsRt then f has sRt but the converse is not usually true.

ParT I

Proposition 1. Let {f,} be a sequence of real functions defined on X such that
(i) fn is PU-integrable on X for all n,
(ii) {fn(z)}n converges pointwise to f(x) on X,
(iii) {fn}n is uniformly PU-integrable on X,
then f is PU-integrable on X and

(PU)/ f=1lim (PU)/ fn-

X n X

Proof. Lete > 0, there exists a positive function § on X such that
P

> fulel) [ b~ @) [
i=1 X X

for all n, where P = {(0},2)}'_; is a fixed d-fine partition and by (ii), there exists

2R

<<
3

a positive integer n* such that

p i ; Y ! / €
;fn(xi)/)(eidu_;fm(xi)/)(gidu‘ <z

for all m,n > n*.
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Consider

‘(PU)/an—(PU)/Xfm’
< ‘(PU)/an—ifn(x;)/Xg;du‘

2 p
+ ;fn(xi)/XﬂidM—iz_;fm(aci)/}(gidu‘
p
+ iz_;fm(a%)/xgidu—(PU)/Xfm‘
€ 5
<—+§+§:€

for all m,n > n*.
So the sequence {(PU) [y fn}n is a Cauchy sequence and let a be its limit. For
each € > 0 there is a positive function § on X such that

S hule) [ 6= @v) [ £,

<<
3

for all n, whenever P = {(0;,z;)}; is a d-fine PU-partition, and there is a positive

©0) [ 1,

'Zf(xi)/xeid/i—an(xi)/xeidﬂ‘ < %»

integer 7 such that

<
3

and

for all n > n.
Hence

‘;f(xi)/xeid:u_a
< ‘Zﬂxi)/xeid“_Zf"(”i)/xaid“‘
+‘Zf"($i)/xgidﬂ—(PU)/an —'(PU)/an—a

So f is PU-integrable and a is its PU-integral. O

<e.
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Note 1. We observe that this theorem is not equivalent to the generalized Vitali
convergence theorem. In fact, if we consider the sequence { f,, },, so defined f,,(x) =0
if x € (0,1] and fp(x) = 2n if x = 0, it is easy to verify that it is uniformly u-
integrable but it is not uniformly PU-integrable.

Proposition 2. Let {f,}, be a sequence of PU-integrable functions. Then
{fn}n is a 6-Cauchy sequence iff { f,,}, is uniformly PU-integrable and the sequence
{(PU) [ fu}n converges.

Proof. If the sequence {f,}, is uniformly PU-integrable and the sequence
PU n}n converges, for ¢ > 0 there are a positive function § on X and a
X
positive integer @1 s.t. for each m,n > @

©0) [ g-00) [ 5] <5

and for each J-fine partition P = {(6;,z;)}; we have

‘(PU)/an_zi:f"(xi)/Xgidu <§

and

'(PU)/Xfm—;fm(xi)/X@dM < g

Hence

me@i)/xeidu—an(xi)/xeidu‘ <e

for all m,n > @ and for each §-fine partition P.

Now, suppose that {f,}, is a §-Cauchy sequence.

Let € > 0, there exist a positive integer 7 and a positive function § on X s.t. for
each d-fine partition P = {(6;,2;)}; and for m,n > 7, we have

‘(PU)/Xfm—Eijfm(xi)/Xeidu <5
‘(PU)/an—an(xi)/Xeidu <f

and z
;fmm)/xeidu—;fnm)/xeidu <L
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For a fixed é-fine partition P = {(6, })};, consider

®0) [ g ev) [ 1]
<|evv) [ o= 3 I [t

+’(PU)/an—an(x§)/X€§du’
5 e [ Oidn =3 ) [ dian <<

+

for all m, n > . So it follows that the sequence {(PU) [ fu}n is a Cauchy sequence.
Now, for € > 0, for each n there is a positive function d,, on X s.t.

(%) ’(PU)/an—an(xi)/X@idu’ <e

whenever P = {(0;,2;)}; is a d,,-fine partition.
Set o =min {01, d2,...,d7-1}, then the condition (x) is true for 1 < n < (7 — 1),
whenever P is a dg-fine partition. Choose an integer ng > 7 s.t.

‘(PU)/an - (PU)/Xfm’ <

for all m, n > ng. Set d; = min{d, 6, }; for each n > ngy, we have
PU) [ = Y e /eidu‘
\( JREDIIOY
< ‘ano(xi)/ Ouds = 3" fules) [ eidu‘
i X i X
+P0) [ fug =3 o) | eidu‘
|< IR MATY

" '(PU) | r=@v) [ £,

whenever P = {(0;,;)}; is a 6;-fine partition.

<e€

Hence, set § = min{dy,d0}, the relation (x) is true for each n, whenever P is a
é-fine partition. O
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Part 11

Let f be a y-measurable function on X if {f,}, is the sequence defined so that

(@) @] <n,
f"("”)_{o if | £(z)| > n.

then the following propositions hold:

Proposition 3. The sequence {f,}, is uniformly PU-integrable iff f has small
Riemann tails.

Proof. We observe that the functions f,, are u-integrable and by [4] they
are PU-integrable. So, if {f, }, is uniformly PU-integrable, by Proposition 1, f is

PU-integrable and
(PU) / f = lim(PU) / 7.
X n X

Fixed € > 0, there exists a positive function § on X s.t.
€
PU/f— fxi/eid,u‘<—
v [ 15 1) [ o] <

" ®0) [ 7= S Faten) [ o] < 5

for each n, whenever P = {(;,2;)}; is a d-fine PU-partition in X.

‘(PU) /X 7. - (PU) /X f

for each n > @, and let P, = {(0},2;)}; be a d-fine PU-partition in X; for n > n
consider

‘zi:fXAn(xi)/Xa;du’
B ‘zi:f(x;)/xggd“‘Xi:fn(wé)/xegdu’
+’(PU)/XJ‘n—(PU)/Xf’ e

Choose 71 s.t.
- €
3

thus f has small Riemann tails.
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Now, suppose that f has sRt, then the sequence {(PU) fX fa} is a Cauchy se-
quence. In fact, fixed € > 0, there exists a positive integer 72 s.t. for m,n > @ there
is a positive function § on X with the property that if P = {(0;,;)}; is a o-fine
PU-partition in X, we have

ev [ 5,-w0) [ 7]
< '(PU)/){fn—Z:fn(xi)/)(aidM‘+‘(PU)/){}m_;fm(xi)/)(0idu'
S SEEY RETED s ATy X7
S stw) [ o= 32Tt [ o
=|wv) [ 7= S [ oau] €0 [ 5= STt [ 0

zi:fXAn(%)/X@idu‘ + zi:fXAm(xi)/Xﬂidu’ <§

+

+

for all m,n > 7.

Let £ > 0, there exist ng and a positive function §; on X s.t.

zi:fXAn(xi)/XGid'u‘ < Z

for each n > ng, whenever P is a §;-fine PU-partition in X.

Choose n1 > max{n,ng} s.t.

o

PU f. —(PU f
®0) [ 7= w0 [ <
for each m,n > ny, and choose § < dy s.t.
_ _ €
©0) [ 7S [ o] < ]

for 1 < n < ni, whenever P = {(0;,2;)}; is a d-fine PU-partition.
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Moreover, for each o-fine PU-partition P — {(6:,:)}s and for n > ny we have
®0) [ 7,- STl [ s
< ‘Zﬂ;i) [ =37t [ o
Z > st [ eidul—me(xi) |
+|<fo> /. fnl—an:m) [ b +|ow [ -0 [ 7,
- ‘Zmﬂ @) | eid/:' ¥ ‘ > Fe @) [ 6
Z+'<PU> /. fnl—;m;i) [ ol +|ev) [ 7,- 00 [ 7,

+

< c + c + £ + R
4 4 4 4 7
which proves the uniform PU-convergence of the sequence {f, }. (]

Proposition 4. f has really small Riemann tails iff the sequence {f,}, is
uniformly p-integrable.

Proof. Set A, = {z € X: |f(x)| > n}, we observe that |f], = |f,| and if the
sequence {f,}, is uniformly yu-integrable then so is the sequence {|f],}n.
By the generalized Vitali theorem, it follows that

lip/X|fn|du=/X\f|du

and
tim [ |flxca,ds =t [ (11~ |7, D =0.
noJx noJx
Thus, for each € > 0 there exists a positive integer @ s.t. for each n > @ we have

3
[ 1t du< 5
X

and there exists a positive function é on X s.t.

zi:|fXAﬁ(xi)L6idu_Lf|XA,—ld/1/' <§
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whenever P = {(0;,x;)}; is a 6-fine PU-partition in X.
We have

S 1hea(e) [ e

<\Z|f|x,4ﬁ [ | |f|><Aﬁdu'+ JRIoRY
i X X X

<€+E—s
2 2

whenever P is a J-fine partition.
Suppose that Py = {(6;,2})}; is an Ay d-fine family [see Definition 8], then it can
be extended to a d-fine partition P = {(6;,z;)}; in X and we have

Zf(xé)/xﬂédu' SZIf(xQH/X&ng

<D |fxa (@) /X fidp < e.

Hence f has rsRt.

Now, suppose that f has rsRt, then f has sRt and by the previous Proposition 3
the sequence {f, }, is uniformly PU-integrable; so f is PU-integrable and by the
results of [4] f is p-integrable and so the sequence {f,}, is uniformly p-integrable.

O

Note 2. By the results of the two previous propositions, we observe that for
the sequence {f,}, the uniform PU-integrability is equivalent to the uniform u-
integrability, but in the general case, they are not equivalent [see Note 1].
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