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Abstract

We consider a general Euler-Korteweg-Poisson system in R3, supplemented with the space periodic
boundary conditions, where the quantum hydrodynamics equations and the classical fluid dynamics equa-
tions with capillarity are recovered as particular examples. We show that the system admits infinitely
many global-in-time weak solutions for any sufficiently smooth initial data including the case of a van-
ishing initial density - the vacuum zones. Moreover, there is a vast family of initial data, for which the
Cauchy problem possesses infinitely many dissipative weak solutions, i.e. the weak solutions satisfying
the energy inequality. Finally, we establish the weak-strong uniqueness property in a class of solutions
without vacuum.
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1 Introduction

A general EULER-KORTEWEG-POISSON SYSTEM describing the time evolution of the density ¢ = o(t, ) and
the momentum J = J(¢, x) of an inviscid fluid can be written in the form:

Oro + divyd =0, (1.1)
i IxJ 1, 2
T + div, — )t Vap(e) = —ad + Ve | K(0)Ase + 5K'(0)IVael™ | +0VaV,  (1.2)

AV =p0—0, (1.3)

where K : (0,00) — (0,00) is a smooth function, see Audiard [4], [3], Benzoni-Gavage et al. [6], [5]. In
particular, taking K = K > 0 a positive constant, we recover the standard equations of an inviscid capillary
fluid (see Bresch et al. [7], Kotchote [18], [17]), while the choice K(p) = 4% gives rise to the so-called
quantum fluid system (see for instance Antonelli and Marcati [1], [2], Jingel [15, Chapter 14] and the
references therein). In the latter case, the equations (1.1 - 1.3), by using the Madelung transformations,
may be formally seen as a description of the evolution of the momenta

where the wave function %, in the case @« = 0 and g = 0, is a solution of the following Schrédinger-Poisson
system:

hQ
) = = Bt) = Vi + F([01)9, AV = [pf, (15)

provided p'(g) = of'(0)-
For the sake of simplicity, we consider the system (1.1 - 1.3) supplemented with the spatially periodic
boundary conditions, namely on the “flat” torus

Q=T =R3/73,

and with the initial state
Q(07 ) = 00, J(Ov ) = Jo. (16)

In view of the applications to the quantum fluid models, we consider a general non-negative distribution
of the density p including the vacuum zones where ¢ = 0. We note that the Korteweg tensor can be written
in the form

1
Ve (K(g)AIQ + 2K’<@)\vxe|2>
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= div, [odiva (K(0)V20)1] + Saiva [ (K(0) = oK'(0)) V2ol ~ diva [K (0)Vs0 @ Vo).

Thus, introducing
x(0) = 0K (o), (1.7)

we deduce that )
oV (K(Q)Aa:@ + QK’(Q)\VIQ\2> (1.8)

=V, (X(Q)Aa:@) + %Vx (X’(Q)IVxQIQ) — 4div, (X(Q)Vm@@) Vm/@) = div.K(o, Vz0),

K(0,V20) = [X(0)As0 + 3X'(D)IV20P ]I~ 4\(0) Va3 @ VayB, (1.9)

where the choice y = h/4 determines the quantum fluids while x(o0) = o corresponds to the capillary fluids
with constant capillarity. Accordingly the choice of x (o) determines the role of the quadratic nonlinearities,

in the case of the quantum fluids the term sensitive to the appearance of the vacuum, beyond the convective
term, is then Vg /0 ® V;\/0.

1.1 Energy
The Euler-Korteweg-Poisson system (1.1-1.3) admits a natural energy density, namely
_1|IP

K 1
—;g)\vx@\Q + §|vzv|2 (1.10)

113 2 1
_ 5% + P(0) +2X(0) | Vay/l + 5| VaV

where y was introduced in (1.7) and

P(Q)Z@/lgp(z)dzn

22

Indeed, taking the scalar product of the momentum equation (1.2) with J/o and using (1.1), (1.3), we obtain

the energy balance
d I
— [ E(o,Vgo,J)(t,-) de+ [ —(¢,-) de = 0. (1.11)
dt Jo Q ©

In this paper, we focus on bounded energy (weak) solutions for which E(g, V;0,J) is bounded on the
whole physical space  and for any time ¢ € [0,7]. In particular, the momentum J must vanish on the
vacuum set where ¢ = 0.



1.2 Velocity Fields

As already pointed out several times, our goal is to consider the solutions that may contain vacuum zones.
In the context of quantum hydrodynamics, the classical WKB formalism does not allow the definition of the
velocity in the nodal regions, while the current measure Jdx obtained via the Madelung transform can be
differentiated in the sense of measure in odz but the velocity field defined in this way is L!(odz) only. In the
context of classical fluid mechanics, where vacuum is not permitted in the natural framework of applications
of the model, it is customary to replace the momentum J by pu, where u is the macroscopic velocity of the
fluid. We emphasize that the velocity u has a physical interpretation only on the sets where ¢ > 0 and, in
particular, it has no particular meaning on the vacuum. For these reasons, we avoid using the concept of
velocity in the formulation of our problem and we are going to develop a self consistent theory in the (o, J)
variables. The vacuum problem has been extensively discussed in [1], [2].

1.3 Weak solutions

Since the solutions of the problem (1.1-1.3), (1.6) may not be regular on the vacuum, quantum vortices
may appear and moreover the hydrodynamic variables (g, J) may not have better regularity than the energy
space, it seems natural to introduce the concept of weak solution.



Definition 1.1. We say that
0 € Cueak([0, T]; L*(2)) N L®((0,T) x Q), J € Cuear([0,T); L* (2 R?)) N L®((0,T) x Q; R?)
is a bounded energy weak solution to the Fuler-Korteweg-Poisson system (1.1-1.3), (1.6) if
o(t,) >0 a.a. in Q for anyt € (0,T), Vyo € L>((0,T) x Q), (1.12)

E(0,V20,J)(t,") < E for a.a. t € (0,T),

0(0,-) = 0o, J(0,") = Jo, (1.13)
and the following integral identities

t=T
/ 0P dx t : / / (0040 +J - V) dz dt =0, (1.14)

Q 1

JoJ .
—/ J-o dsc t / / ( - Opp + Y : Ve —i—p(g)dlvxgo) dz dt (1.15)
71
1 .
/ / ( (x(0)divyp) + ox (e '(0)|V20|?divee — 4x(0)Var/2 ® Var /o : Vﬂp) dz

+/T:2/Q(J-<p—gvxv-<p) de dt

hold for any 0 < 71 < 72 < T and any test function p € C([0,T] x Q), ¢ € C=([0,T] x Q; R3),
respectively, where the potential V is the unique solution of the Poisson equation

1
AV(t,) = o(t, ) — 3, / V(t,) dz =0, ¢ € [0,T], with 5= IQ\/ 00 da. (1.16)
Q Q

Remark 1.1. In view of (1.12), the vacuum set where o = 0 is of zero Lebesgue measure, in particular,
all terms in the integral identities (1.14), (1.15) are well defined. This is in good agreement with the
interpretation of o as the density of a quantum fluid given by (1.4), (1.5) as the nodal zones of the Schrodinger
equation are likely to be composed of “tiny” sets, see Kenig et al. [16], Seo [22].

The present paper examines the well/ill posedness of the Euler-Korteweg-Poisson system in the class of
weak solutions introduced above. Observe that for the particular choice ¢ = g, the problem (1.1-1.3) reduces
to the “damped” Euler system with zero pressure. In view of the recent ground-breaking results by DeLellis
and Székelyhidi [12], [10], [11] based on the method of convex integration, such a system is ill-posed in the



class of weak solutions, meaning it admits infinitely many solutions for any initial data.

Chiodaroli [8] obtained similar illposedness results for the compressible Euler system using a “non-
constant” coefficient version of the method of [11]; later the method was further extended in [9] in order
to attack the more complex Euler-Fourier system. The main idea, elaborated in [9], is to consider the
Helmholtz decomposition

J=v+V,V¥, div,v =0,

to determine g along with the acoustic potential ¥, and to “solve” the momentum equation for J as a
“pressureless” Euler system with nonconstant coefficients. Adapting this approach to the present problem
features an essential difficulty related to the presence of vacuum zones, where the equations become singular.
To overcome this problem, we extend the technique of convex integration to problems with non-constant
singular coefficients. In particular, we show a variant of the crucial oscillatory increment lemma on an
arbitrary open set by means of a careful scale analysis of its original version in [11] and an application of
Whitney covering lemma.

The solutions obtained by the method of convex integration suffer the well-known deficit that eliminates
most of them as physically irrelevant: Although their energy remains bounded at any instant t including
t = 0, they do not satisfy the total energy balance (1.11), not even as an inequality. In particular, the energy
at any positive time may become strictly larger than that of the initial data. This motivates introducing
the energy inequality

T J 2
/ E(0,Vz0,J)(7,-) dz —|—/ / u dr dt < / E(00, Vz00,J0) dz for a.a. 7 € (0,7T) (1.17)
Q o Jao © Q

as a suitable admissibility criterion in the class of weak solutions. Indeed we show that the dissipative weak
solutions, meaning the weak solutions satisfying (1.17), enjoy the weak-strong uniqueness property - they
coincide with the strong solution emanating from the same initial data as long as the latter exists. This
result will be a direct consequence of the method of relative entropies adapted from [13], [14].

Finally, we note that even the dissipative weak solution may fail to be unique, at least for certain (non-
smooth) initial data. Such a result follows from a refined application of convex integration in the spirit of
DeLellis and Székelyhidi [11].

The paper consists of two parts. In the first one, we discuss the problem of well/ill posedness of the
Euler-Korteweg-Poisson system in the class of weak solutions. We start by stating the main result on
the existence of infinitely many solutions in Section 2. In Section 3, we show how the method of convex
integration can be adapted to the present setting and reduce the problem to oscillatory lemma proved in
Section 4. The second part concerns the dissipative weak solutions introduced in Section 5. In Section
5.2, we show that the dissipative weak solutions possess the weak-strong uniqueness property. Finally, we
discuss the ill posedness of the Euler-Korteweg-Poisson system in the class of dissipative weak solutions for
particular initial data.



2 Well/ill posedness in the class of weak solutions

We start by introducing certain technical assumptions imposed on the structural properties of the functions
p=p(0), X = x(0), specifically,

p € C0,00) N C%(0,00), p(0) =0, x € C?0,00), x > 0in (0,00). (2.1)

Note that, in view of possible applications to the theory of quantum fluids, the pressure p need not be
monotone, not even positive.
The main result of the first part of the paper reads:

Theorem 2.1. Under the hypotheses (2.1), suppose that the initial data satisfy
00 =18, 0 € C*(Q), meas {x € ‘ ro(z) = 0} =0, (2.2)

Jo = 00Uo, Ug € C*(; RY). (2.3)

Then the initial value problem (1.1-1.3), (1.6) admits infinitely many weak solutions in (0,T) in the
sense specified in Definition 1.1.

Remark 2.1. It is easy to check that the initial data satisfying (2.2), (2.3) possess uniformly bounded energy
E(00,V00,J0). The hypothesis (2.3) could be relaxed, the present form asserts the erxistence of the initial
velocity Uy.

The following two sections will be devoted to the proof of Theorem 2.1. We first extend the density o
to the whole time interval [0,7] and then construct the desired weak solutions by the method of convex

integration.

3 Convex integration

We start by extending the initial data g, Jo as a suitable solution [p,J] to the equation of continuity on
the whole time interval [0, T]. The function ¢ = o(t, -) will be the unique solution of the transport equation

0o + div,(o[Ug — Z]) = dyo + [Ug — Z] - V40 + odiv, Uy = 0, 0(0,-) = oo, (3.1)

where the spatially homogeneous vector function Z = Z(t) is chosen in such a way that
et/ o[Ug — Z] dz = / 00Uo dz for all ¢ € [0, T], (3.2)
Q Q

7



in particular Z(0) = 0.
Indeed, for any given Z € C([0,T]; R?), the Cauchy problem (3.1) admits a unique solution o and we

may define a mapping
~1
T:Zr—></90dx> (/QUoda:—e_t/goUodx>.
Q Q Q

Clearly, the satisfaction of (3.2) corresponds to finding a fixed point of the mapping 7. To this end, it is
enough to observe that the maximum of g satisfying (3.1) is independent of Z, and

-1
8,5T[Z] = </ 00 dl‘) </ 8tQUO dx + e_t/ QoUo dl’)
Q Q Q
-1
= </ 00 d:c> </ QVIUO . [Uo — Z] dr + €_t/ QQUQ d.%') )
Q Q Q

whence the existence of a fixed point Z follows by a direct application of the Schauder theorem in a bounded
ball of C([0,T]; R?).
Since Uy enjoys the regularity (2.3), we deduce that

e o(t,-) € C*(Q) for any t € [0,T);

meas {x €N ) o(t,x) = 0} =0 for any t € [0,T7; (3.3)

o for J(t,z) = olt, ) (Uo(x) - Z(t)) we have

et/ J(t,) do = / Jo dz for any ¢ € [0,T7, (3.4)
Q Q

and

E(0,V0,J)(t,-) < E forall t € [0,T]. (3.5)

Remark 3.1. Let H denote the standard Helmholtz projection onto the space of solenoidal functions. We

have
/jdx:/H[j] dz,
Q Q

8t/QH[j] d:z:+/QH[3] dz =0, /QH[j](O,-) dx:/QH[JO] dz. (3.6)

This relation is important in the construction of the so-called subsolutions introduced below.

and (3.4) yields



3.1 Convex integration ansatz
The density o being fixed through (3.1), we look for the flux J in the form
J=w+ j,
where
W € Cyear ([0, T), L*(Q; R*) N L*°((0,T) x ; R?), div,w =0, w(0,-) = 0. (3.7)

In particular, the equation of continuity (1.14), together with the initial conditions (1.13), are satisfied.
In order to comply with (1.15), the function w must be taken such that

o <w+3) + div, <(W+J) iﬁ: (W+J)> + Vap(o) + <w+3) = (3.8)

Ve (X(Q)Axg> + %Vx (%(@)!%9!2) — 4div, (X(Q)Vm\/é ® Vm/@) + oV, V

in the sense of distributions. Note that, in accordance with (3.3), (3.5), all quantities are bounded continuous
functions on the (open) set where ¢ > 0, the complement of which in € is of zero measure.
For future analysis, it is convenient to rewrite (3.8) in a different form. We proceed in several steps:

Step 1 .
To begin, we write J in terms of the Helmholtz projection as

J =H[J] + V. M;

whence, replacing w ~ w + H[J|, we convert (3.7), (3.8) to

W € Oyeak ([0, T], L*( R*)) N L=((0,T) x Q; R?), div,w =0, w(0,-) = H[Jo], (3.9)
Oyw + div, ((W Vo) 65 (w+ va)> +w+ V. (plo) + M + M) = (3.10)

Ve (M(0)8s0) + 5V (X (0)|Va0l?) — Adive (M(0) Va2 ® Va/2) + V.V,

Step 2

Multiplying (3.10) by €' and introducing a new quantity v = e’

w we obtain
v € Cyear ([0, T], L2(Q; R®) N L®((0,T) x Q; R?), div,v =0, v(0,-) = H[Jq], (3.11)

(v+eV,M)® (v+ eV, M)
eto

Ov + div, < > + V. (e'po) + 'O M + ' M) = (3.12)
t 1 to 1 2\ ¢ ¢
Vele'x(o)Azo) + QVI e'x'(0)|Vzo| 4div, (€' x(0)Var/0 ® Vo) + €0V, V,

9



Step 3
Finally, writing

1 1
oV,V = div, (VIV ® V.V — vaan!QH) + V. (QV - 6]VIV!Q>

and introducing new quantities
r(t,x) = e'o(t, z),

h(t,z) = 'V, M(t,x),

1 4 1
1(t,2) = ¢ (p(e) + 90 + 3 = X()Bag — 3 (@IVa0 + (@I~ 2V + V.V E)

1 1 1
H(t,z) = 4e' <X(Q)Vx\/§® Vi /0 — gx(g)Wm\/@Q]I — ZVQCV Q@ V.V + 12]VIV|2H> ,

we obtain (3.12) in a concise form

(v+h)® (v+h)

Opv + divy, ( + H> + V, 11 =0, (3.13)

where H is a symmetric traceless tensor.

3.2 Subsolutions

Let
Ry = {(t,x) € (0,T) x ] r(t,z) > o}

denote the set of positivity of the density p. In accordance with (3.3), Ry is an open set of full measure in
(0,7) x Q.
Following DeLellis and Székelyhidi [11], we introduce the set of subsolutions

Xo.o = {v € Cuear ([0, T]: L2(2; R?)) ’ v(0,-) = H[Jo]

v € C1((0,T) x Q; R?), 9yv +div,U =0 in (0,T) x Q for a certain U € C'((0,T) x Q;Rg’;nio),
3 [(v—l—h)@(v—i—h)

5 )\max

+H—U} <einR+},
r

where A\pax[A] stands for the maximal eigenvalue of a symmetric matrix A.
Here, the functions h, r, H are the same as in (3.13), whereas the “energy” e is taken in the form

et z) = w(t) — gH(t, 7)) (3.14)

10



where II is the “pressure” in (3.13) while w is a suitable spatially homogeneous function specified below. In
accordance with (3.5), we have

ITe L*(0,T) x Q), IT € C(Ry). (3.15)
Finally, seeing that

5 )\max

3 [(v—l—h)@(v—i—h)

rai]

we introduce a non-positive functional

1 h2 T 1 h2
Z[V]:/ (‘V—H—e) dz dt:/ /<’v+—e> dz dt. (3.16)
Ry 2 T 0 Q 2 T

3.3 Proof of Theorem 2.1 by convex integration

The crucial ingredient of the proof of Theorem 2.1 is the following oscillatory lemma.

Lemma 3.1. Let U C R x R? be a bounded open set. Suppose that

g€ C(U;R%), We C(U;RE3 ), e,reC(U), 1>0, e<einU

are given such that

§)\max [% — W] <einU.
2 T

Then there exist sequences

w, € C®(U; R?), V,, € C°(U; R332 ), n=0,1,...

sym,0
such that
orwy, + div,V, =0, divy,w, =0 in R3,
gAmaX [(g + Wn) f’ (8 +Wn) _ gy Vn)] <einl,
and

2 112\ 2
liminf/ [wnl® dz dt > c(é)/ (e - —@> dz dt.
n—o00 U T U 2 r

Remark 3.2. We point out that the functions g, W are continuous but not necessarily bounded on the open
set U. Similarly, r need not be bounded below away from zero. Thus Lemma 3.1 can be interpreted as a
singular version of similar results in [8], [11].

11



The proof of Lemma 3.1 will be given in Section 4. Taking this result for granted, the proof of Theorem
2.1 follows the arguments similar to [11]:

Step 1
First we observe that the set of subsolutions X . is non-empty, at least for a sufficiently large function
w in (3.14). To see this, it is enough to take

v = ¢'H[J].

As a consequence of (3.5) we get

~ 2
|V+h|2 H[J] + V.M ‘j|2

= <FE.
r 1 o
Thus it is enough to find a suitable field U € C1((0,7T) x €; RS;&O) such that
div,U = —0v.

This can be achieved by solving, for instance, the elliptic system
2
divy <Vmw + Viw — 3divmw]l> = —0Oyv

since we have, by virtue of (3.6),

/8tV dwzat/etH[j] dz =0.
Q Q

As II(t, z) is bounded, we can choose w in (3.14) so large that v € X .

Step 2
Applying oscillatory lemma (Lemma 3.1) with

U=R,, g=h+v, W=H-U
we deduce that cardinality of the space Xg . is infinite.

Step 3

The last step leans on a sophisticated Baire category argument due to DeLellis and Székelyhidi [11].
Endowing Xg . with the metrizable (on Xo.) topology of the space Cyeak([0,T]; L*(Q; R3)), we deduce, by
means of that the functional Z, defined through (3.16), admits infinitely many points of continuity on the
closure of X, satisfying

2 2
w—§H:e: 1|v+h| U—H+ (vt+h)®(v+h) 1|v+h| ,
2 2 r T 3 7
Oyv + div,U = 0 in the distributional sense, v(0,-) = H[Jo],
which is exactly equation (3.13), cf. [11].
We have proved Theorem 2.1.

(3.17)

12



4 Oscillatory lemma

Our goal in this section is to prove Lemma 3.1.

4.1 Basic result

We start with the following basic result due to DeLellis and Székelyhidi (cf. also Chiodaroli [8]).

Lemma 4.1. Let
Q= {(t,x) ‘ te(0,1), z € (0, 1)3}, VERL UeRY3, e>0

satisfying
3 _
5/\max[V®V—U] <e<e.
Then there exists sequences
w, € C°(Q; R?), V, € C°(Q; R332 ), n=0,1,...

sym,0

such that
Ow, + divyV,, = 0, divyw, = 0 in R?,

3 ,
§Amax (Vv+wy)@((V+w,) —(U+V,)]<e<einQ.
w,, — 0 weakly in L*(Q; R?),
1 2
liminf/ |wp|? dz dt > c(e)/ (e - |V|2> dz dt
Remark 4.1. It is important that the constant in (4.3) is independent of e, v, and U.

4.2 Extending by scaling

Rescaling w,, ~ wy(t/L,z/L), V), = V,(t/L,z/L) we can extend the validity of Lemma 3.1 to an arbitrary

cube
Qu=L1Q={(t.2) [ te (0,1), v € (0,L)*}, L>0,

with the same constant c(€) in (4.3).
Now, using additivity of the integral, we observe that Lemma 3.1 holds on any domain

Qrr = {(t,x) ‘ te(0,T), = c (0,L)3}, T.L>0,

via a decomposition of Q7 7, on a (finite) number of cubes.

13



Finally, introducing a new scaling

W ~VTW (/T x), Vi =TV (t/ /), t e (0,T), z € (0,L)3,
for a positive constant 7, we conclude that the hypothesis (4.1) may be replaced by

VRV

)\max|: _U:|<€§€7

with the conclusion of Lemma 3.1 valid with the obvious changes

(V+wy)®(V+wy,)

- [w? § HRY
lim inf —— dz dt > ¢(e) e—=-—— | daxdt
=0 JQr, T Q7,1 2 r

n (4.2), (4.3), respectively.

Amax [ —(U+ w} <e<é, (4.4)

4.3 Continuous perturbation

Our goal is to extend Lemma 3.1 to the case, where v, U, » > 0, and e are continuous functions on the
(closed) cube @, satisfying

3 _
2Amm[v®v—44‘<6§€h]Qb
T

Let us point out that 7, being continuous on @, is bounded below away from zero.
Now, choosing § > 0 small enough we decompose

QL =UL@Q, Q'NQ =0 fori#j,
where @' are cubes that can be taken small enough so that

3

V; Q@ V;
§Amax [ - -

—&}<q—5mQﬂi—L“wm (4.5)

i
for arbitrary constant quantities

Vi =V(tiv, Tin), Ti = r(tiz, @ip), Ui = Ui, i), € = e(tip, Tiy), (ti,2i.) € Q"
Moreover, by the same token, we may assume that

(Vvi+w)® (vi+w)
1

(vo+w)® (v +w)
2

‘ §)\max |:

. _ (U + V)] - ;Amax {

— (Us —i—V)] ‘ < g (4.6)

14



provided w, V are bounded and
vj = V(tj’v’xjﬂ;), rj = T(tj7T7$j7T)7Uj = U(t]’u, rj7u)7 (tjz" xj:')’ € QZ’ j - 1’ 2'

Thus, using (4.5), (4.6), together with the result for the constant coefficients shown above, we obtain
the desired sequences {wy,}52 ;, {V,}°° satisfying

- w2 _ Lv[*)*
lim inf —— dz dt > ¢(e) e—0——-— | dxdt
n=oe JQrn T Qr,L 2 r

As 0 > 0 can be taken arbitrarily small, we conclude.

4.4 A decomposition lemma and the final result
To conclude, we make use of the standard Whitney decomposition lemma, see Stein [23]:
Lemma 4.2. Let U C RN be an arbitrary open set. The there exists a countable family of (dyadic) open
cubes Q' such that A
U=U2,Q", QN =0 fori#j,
and

diam[Q"] < dist[Q*,0U] < 4diam|[Q"] for all i =1,,... (4.7)

Decomposing the domain U in Lemma 3.1 as in Lemma 4.2 and using the results of Section 4.3 on each
cube @, we complete the proof of Lemma 3.1. Note that, thanks to (4.7), the restriction of the continuous
function r to Q' is bounded below away from zero.

5 Dissipative weak solutions

A weak solution p, J is called dissipative weak solution if, in addition to the stipulations listed in Definition
1.1, it satisfies the energy inequality (1.17). It is worth revisiting the weak solutions constructed in the proof
of Theorem 2.1 in the light of (1.17). We recall that the energy of these reads

1]J)2 1
B0, V20.3) = 570 + P(o) + 2@ Va2 + V.V P,
where, by virtue of (3.14), (3.17),
1@ —t (t) — §H(t )
2 0 2

The function w(t) could be chosen arbitrary but large enough, here large means in terms of the initial data.
Going back to the energy inequality (1.17) we get

% /Q E(0,V0,J) da + /Q 'JQ'Z dxze—t|ﬂ|(w/<t)+w(t>) +h(t)
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for a certain function h depending solely on the initial data. Thus, taking
w(t) =e M, M = M(T) large enough,

we obtain q )
/ E(0,Vz0,J) dx+/ Cl —e QM + h(t) <0in (0,T).
dt Jo o o

(5.1)

We conclude that the weak solutions in Theorem 2.1 can be constructed to satisfy the energy inequality in
the open interval. On the other hand, in general, they are not expected to satisfy (1.17), meaning the energy
balance may be violated at the initial time ¢ = 0. We come back to this issue at the end of this section.

5.1 Relative energy (entropy) inequality

To simplify the forthcoming presentation, we restrict ourselves to the case of constant “capillarity” tensor
K =1 or, equivalently, x(g) = 0. Motivated by the analysis in [13], we introduce relative energy functional

5(@,.] ‘ r,L)

2
1
+ P(o) = P'(r)(e =) = P(r) + 5|Va0 — Vor?| dz,

B / 1 1J L
Ja 20 o T
where r > 0, L are smooth functions. Note that the expression

1 |J L
2QQT

T_1PP L1 P
200 r 292

makes sense for any finite energy weak solution to the Euler-Korteweg-Poisson system.
Similarly to [13], [14], we derive an inequality describing the time evolution of £.

Step 1
Taking L/r as a test function in the momentum balance (1.15) we obtain

t=To 2
/ J. L d:z:) = / / [J - O <L> Jod 1 Vg <L> + p(o)div, (L)] dx dt
0 T t=m1 o Ja T 0 r r
—/ / [ng -V [gdivx (L)} — E\ng\Qdivx (L> + V08 Vz0:Vy <L>] dx
1 Q r 2 r r
() s ()] are
1 Q r r

Step 2
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Similarly, the choice ¢ = $|L|?/r in (1.14) gives rise to
L i / /| L L
dzx = 00, J-V, dz dt. 5.4
2/&;9 7‘2 t T1 t + 2 ( )
Step 3

Taking ¢ = P’(r) in (1.14) we get

/QP’( t_” / / [00:P'(r) + 3 - V. P'(r)] da dt. (5.5)

tT1

Step 4
Finally, the test function p = A,r in (1.14) yields

t=T
/vxg.vxr d:c ’ / / (00: Ay + 3 - Vo Ayr) da dt =0, (5.6)
Q t=7
Step 5

Summing up (5.1), (5.3 - 5.5) we obtain the relative energy inequality

t=To

= [P L2 : ! :
& (03| r.L) )t:n—/Q[QQ—J 24 S0t 4 Pl) — P'(r)o+plr) + 3 Vao — Varl?| da]

1 R A £
< —/ V. V| dx’ — / / — dz dt +/ / (00iAyr +J - Vo Apr — OyrAyr) do dt
2 Jo t=r1  Jr Jo @ n Jo
T2 L L L
—/ / {J - O <> + @ : Ve <> + p(o)div, ()] dx dt
n Ja T 0 r r
T2 L 1 L L
- / / [vmg.vm [,Qdivr <)} _ 119, 02div, () Ve0® Va0 Vs ()] de
n Ja r 2 T r
T2 T2 2 2
+/ / [J-<L>—gva-<L>} dzx dt+1/ / [Q@t (’Li)—i—J'Vx <|LZ|>] dx dt
n Ja T T 2 )4 Ja T T

- /TQ/Q [00,P'(r) +J -V, P'(r) — 0yp(r)] dz dt

t=71

that can be written in a more concise form:

t T J L
S(g,J’r,L ’ / /< — ) <—> dz dt (5.7)
t=71 Y
1 t=r L
<—/|VZV|2 da:‘ 2—/ /g-<—) da dt
2 Ja t=m1 n Ja T o T
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T2 T2
-I-/ / (00iAgr +J - Vi Apr — OyrAyr) dx dt —/ / oV, V - <L> dz dt

1 Q 1 Q r

SUDERAC R
r r
2 1 L L L
—/ / [ng-vx (mm ()) ~ L9, opdiv, <> Va0 ®Vao: Vs ()} da

~n Ja l4 T 2 r T

+ /: /Q [(r —0)OP'(r)+ (L —=J) - Vo P'(r) + (p(r) — p(0))divy ({:‘)] dz dt.

Remark 5.1. The relative energy inequality (5.7) holds for any smooth “test” functions r, L, r bounded
bellow away from zero. Alternatively, we may use (5.7) as a definition of a dissipative solution in the spirit
of Lions [21] in the context of the incompressible Euler system.

5.2 Weak-strong uniqueness

Supposing that the Euler-Korteweg-Poisson sytem admits a smooth solution g > 0, J ,weset r=p0,L=17J
as test functions in the relative energy inequality (5.7) to obtain

~ t=T7o T2
~ <= 2 .
o 00)( 2 [ mt o o8
T2
1 Q
T2 J J J T2
(2w (D) (3-2) araes 7 [ (o0 oo 0 - sio)a. (1) ara
1 Q o Y 0 0 0 1 Q
25 - > Valud+ VoA (5 — dxdt//gVV()dxdt

AVAT g
_/:/Q Voo Ve (90“% (g)) _%|Vm0| div, (‘;) + V0@ V01V, ( )]
/ /[Q‘Q‘W o+~ >j V.P'(2) +P/(0)( - o)div, (@)] de dt,

where, furthermore,

| &t

(0—0)0:P'(0) + (0 — 0)

| &
| &

-V P'(8) +1/(8)(8 — o)dive < > — (56— 0)P"(5) (at@ + div$j> —0,
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and

Lo (5-1)vearie -0 - 239,00 0 —0)| ar et
//QQ VAL (Q—Q)dxdt—/QA (60— gde: //A (0 — B)div,J dz dt

~ t=T2
[T [ Se-pivaaa-gara- [ oate-p ] " [ [0t 60 aa
n JQ O Q t=71 T JQ

Consequently, after a simple manipulation, the relation (5.8) reads

t=7o

e(ea|2d)| " <5 [G-0a -0 s

t=r1 2

+/:/Qg<';—‘;) Va <‘;> : (‘;_';> dz dt+/:/Q (p(@)—p’(é)(é—a)—p(g))divx (Z) dz dt
+/T2/Q;<g—@)3-m;1(@—g> da dt

/ / ST V.Aup dx dt+/ / (00; A0 — 010A,0) dx dt
J J
/ / [ 20 Vi (gdlvw <~>> — §]ngl div, (@) + V0@ Vi0:V, (@)] dz.

The next step is formal in the sense that it requires higher regularity of ¢ but the final relation can be
justified by means of a density argument. We write

72 J 1 J J
—/ / Vaeo Vil odivy | = - 7|ng|2divx — |+ Vo ®Ve0:V, | = dz
n Ja 0 2 0 0
T2 Q"
= —/ / =J-V.A,o0 dz di,
T1 Q0
T2 Q"’
/ / =J -V, AL(0— o) dz dt
T Q0

T2 B T2 J
:/ /J-VxAx(@—g) dz dt+/ /~(Q—§)'VxAx(Q—§) dz dt
1 Q 1 Q0
T ~ ~ T j R ~
:/ /3tQAz(Q_Q) dz dt+/ /J@—Q)-%AAQ—@) dz dt.
1 Q ial Qo
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t=71

and, consequently,



Thus, going back to (5.9) we obtain
o= t=T7o 1 5 5 t=7o
€ (Q,J ‘ Q,J) ’ - 2/(@— 2A; (2—0) dx‘ (5.10)
Q t=71

t=71

/ / ( - ‘;) @ (‘i) ' (Z - ‘;) dx dt+/:/ﬂ(p(§) —1'(2)(@ - o) —p(g))divx (

Ry | it

) dx dt

0
T j 3 . T J ~ 3
+/ /~(Q—Q)'vaz (06— o) d:zdt+/ /~(Q—Q)‘Vxﬁx(9—9) dz di.
T1 QQ T1 QQ

Finally, .
J 5 -
/ “(0—0) ViAi(0—0) dz =
[RY

3 -dive (0= Do - D)+ 51Vl D1~ Vulo = )0 Vulo— 8)| do ar

= [ Vale-299u(0-): V. (‘2) da—3 [ aiv, (‘;) Vale-2) dot [ (0-0)Vudiv, (‘;)-vx(e—@ d.

Thus the relation (5.10) takes its final form
t=r
’ (5.11)

e(e3|2d)| -3 [@-0ar @0 @i

s/”/ﬂg<“'—j> V. <J> - (71_‘;) dz dt+/:/Q(p(@)—p’@)(@—g)—p<g>)divx(

0o 0 0
T2 j R L
+ ~(0—0) VAL (0—0) dx dt
T1 Qo0

3 5 J 3 (.. (3 N y .
/Qva:(Q—Q)@Vx(Q—Q) Vg (@) d$+2/9d1vx (@) Ve(0—0)? dl‘+/Q(Q—Q)delvx (

Applying Gronwall’s lemma to (5.11) we deduce that
)=0, t €[0,T] as soon as & (Q,J ‘ @,j) (0,-)=0.

T1

S(Q,J ’ @,j> (t

We have shown the following weak-strong uniqueness property of the Euler-Korteweg-Poisson system
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Theorem 5.1. Let K(p) = K be a positive constant. Let o, J be a dissipative weak solution to the
Euler-Korteweg-Poisson system (1.1 - 1.3), (1.6), with in (0,T) x Q such that

o(t,z) > 0 >0 for a.a. (t,x) € (0,T) x Q.

Suppose that the problem (1.1 - 1.3), (1.6) admits a classical (strong) solution g, J in (0,T) x Q
emanating from the same initial data as o, J.

Then

Remark 5.2. Having finished this paper, we have learned that more general results of the same type were
obtained by Giesselmann, Lattanzio and Tzavaras [19].

Remark 5.3. The existence of local-in-time reqular solutions and the existence of global-in-time regqular
solutions where the initial data are taken as small perturbations of subsonic steady states to the quantum
hydrodynamics system was proved by Li and one of the authors in [20].

5.3 Concluding remarks

Summarizing the previous discussion we may infer that:

e The Euler-Korteweg-Poisson system admits infinitely many weak solutions for any sufficiently smooth
initial data. The solutions are defined on an arbitrary time interval (0,7"), where they satisfy the
energy inequality, with a possible exception of the initial time ¢t = 0.

e The dissipative weak solution satisfy the energy as well as the relative energy inequality in (0,7"). They
coincide with the strong solution emanating from the same initial data as long as the latter exists. In
other words, the strong solutions are unique in the class of weak solutions.

In the light of the above arguments, it may seem plausible to eliminate the majority of the “strange” weak
solutions obtained by the method of convex integration by stipulating the energy (relative energy) inequality.
Unfortunately, however, a nowadays straightforward modification of the method of convex integration yields
the following result that can be proved, given the oscillatory lemma 3.1, by the arguments specified in [9].
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Theorem 5.2. Let gy be given in the class specified in Theorem 2.1. Let T > 0 be an arbitrary positive
time.

Then there exists the initial distribution of the momentum

Jo € L™®(Q; R?)

such that the Euler-Korteweg-Poisson system (1.1 - 1.8) admits infinitely many dissipative weak solu-
tions o, J in (0,T) x €,

0(0,-) = 00, J(0,-) = Jo.
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