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Do we need analysis?

An example - variable density flow in porous media

Oro + divy(ou) =0
0t(0c(0)) + divy(oc(o)u) — divy(eDVc(0)) =0

u=V,p—og
Compatibility

c=log(p) = Ap=2»~0p+|Vx Iog(g)|2 + divk(og)

«4Or «F)>» «=)>»

« =

o>



Navier-Stokes-Fourier system

Mass conservation
Oro + divy(ou) =0

Momentum balance

O¢(ou) + divy(ou ® u) + V,p(0, ) = div,S(Vu)
Internal energy equation

Or(0e(0,9))+divy(oe(o, ?)u)+diveq = S(Vxu) : Viu—p(o,¥)divyu

d
dt

Total energy conservation

1
[§g|u|2 + e(p, 19)] dx=0
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Constitutive relations (weak form)

Newton’s law

Fourier's law

2
0S(Vxu) = o [u (qu + V,ul — —divxu]I) + ndivxu]I]

0q = —pr(9) V0 = oV, K(V)
State equation

p(o, ) = 0" + ag¥
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Navier-Stokes-Fourier system (weak form)

Mass conservation
Oro + divy(ou) =0
Momentum balance

O¢(ou) + divy(ou ® u) + V,p(0,9) = div,S(Vu)
Thermal energy balance

d
de

cv0:(00) + cydivi(evu) — divi (V. 0) > [S(Vu) : Vi — agildiv,u
Total energy balance

1 5 a
/{§g|u| +mgv+cvgz9] d .
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Renormalization

Renormalized equation of continuity

:b(0) + divx(b(o)u) + (b’(g)g - b(g))divxu -0
Renormalized thermal energy balance
¢, 0:(0H(9)) + cydivy(oH(¥)u) — divy (H’(ﬁ)n(ﬂ)vxﬁ) >
H' (9)S(Vxu) : Viu — H'(9)k(9) |V, 9|> — aH' (9)0 odiv,cu
Entropy balance

Or(0s(0,1)) + divk(os(0, ¥)u) — divy (Iigf)vxﬁ)

> % (S(qu) tVeu+ ,€S;9)VX19|2)



Compactness of the density

Density oscillations

Orolog(p) + divy (g Iog(g)) u) + odiveu =0

O:(0log(0)) + div, (¢log(e)) u) + odiv,u =0

Effective viscous flux

0 < p(e)o — p(0) o = odiviu — odiv,u
Biting limit of the temperature

lim Ko (0.) = Ka(9), Ko /' K
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Relative entropy (modulated energy)

Relative entropy functional
¢(o0.ur0.U)

= /Q <;Q|u — U + Ho(o,9) — %;6)(0 - H@(r,@)> dx

Ballistic free energy

Ho(0,9) = o(e(e,9) — ©s(o,1))

Coercivity of the ballistic free energy

0 +— Ho(o,©) strictly convex

¥ — Ho(o, V) decreasing for ¥ < © and increasing for ¥ > ©



Dissipative solutions

Relative entropy inequality

¢ (eoiren)]

S (37 s v - AT

3 ) dx dt
g/ R(0,9,u,r,©,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions
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Remainder

| R(0,9,u,r,0,U)]

- /Q (.U +u-V.U) - (U~ u) +5(V.w) : V,U) dx
+/Q [(p(.©) ~ p(o,9))divU + 2(U — u)- V.p(r,©)] dx

- /Q (9(5(9» 9) — s(r, 9)) 0:0 + g(s(g, 9) — s(r, 6))u V.0

q(9, V)

. VX@) dx

+/ "2 (0p(r,0) + U Vup(r,0)) dx
Q r




Weak solutions - summary

Global existence in the viscous case

Global-in-time weak dissipative solutions of the
Navier-Stokes-Fourier system exist for any finite energy initial
data (under some hypotheses imposed on constitutive relations)

Compatibility

Regular weak solutions are strong solutions

Weak-strong uniqueness

Weak and strong solutions emanating from the same (regular) initial
data coincide as long as the latter exists. The strong solutions are
unique in the class of weak solutions
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Numerical method

Special choice of boundary conditions

u-nlpQ =0, curllu] xnjpg =0

Nédelec FE’s
Vih(Q) = {v ‘ v=a+tgx, ve L3 (2 R3)}

Wi(Q) = {w ( w=d+ hG(x), V4G + VLG = o}

Upwind discretization of convective terms

(divy(hu); )k ~ /8 b n)unl] 45, = /8 Uplh.ulll) @S,



Numerical scheme [Karlsen-Karper

Equation of continuity

K k—1
_ Oh — Oy k  k
nggohdx:/—gohdx: /Upg,u wn]] dSx
| Dict [t > [ Unle k] [loa)

rery

for all vn € Qu(Q2)
Momentum equation

/Q De (oli) - on dx— 3 / Uplokiit, uk] - [[Za]]dS,

rery

- / p(of, I5)divapn dx
Q

= —/ (peurl* [uf] - curl*[pp] + (A + p)diveufdivaes) dx

for all pp € V()
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Numerical scheme [Karlsen-Karper], |1

Energy equation

/QDt (ok0f) o dx = /r Uplofdh, up] [[n]]dSx

rery

3 [ IR enas,

rery,

= [ (uleurt"[uf] + (A ) v ) ¢ e
Q

— [ Dhoupleh. hivsufion d
Q

for all pp € Qu(2)



Synergy analysis - numerics

m The numerical schemes converges to a weak solution of the
problem

m Assume that the numerical schemes gives rise to a

family of solutions = the limit (weak) solution is bounded =
the limit weak solution is smooth = the limit weak solution is
unique = the numerical scheme converges unconditionally

m The limit solution being smooth, error estimates can be derived
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