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Navier-Stokes-Fourier system

Mass conservation

∂t%+ divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS(∇xu)

divxS(∇xu) ≡ µ∆u + λ∇xdivxu, µ > 0, λ ≥ 0

Internal energy equation

cv [∂t(%ϑ) + divx(ϑu)]− divx (κ(ϑ)∇xϑ)

= S(∇xu) : ∇xu− pϑ(%, ϑ)divxu, κ(ϑ) > 0

Initial and boundary conditions

%(0, ·) = %0 > 0, ϑ(0, ·) = ϑ0 > 0, u(0, ·) = u0, spatially periodic b.c.



Analytical approximation

Mass conservation

∂t%+ divx(%u) = ε ∆x%

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS(∇xu)

−ε ∇xu∇x%

Internal energy equation

cv [∂t(%ϑ) + divx(ϑu)]− divx (κ(ϑ)∇xϑ)

= S(∇xu) : ∇xu− pϑ(%, ϑ)divxu, κ(ϑ) > 0



Total energy balance

Pressure

p(%, ϑ) = a%γ + b%+ %ϑ, γ > 3, a, b > 0

Total energy balance

E (t) =

∫ [
1

2
%|u|2 + cv%ϑ+

a

γ − 1
%γ + b% log(%)

]
d

dt
E (t) = 0
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Numerical solution

FV framework

regular tetrahedral mesh, Qh = {v | v = piece-wise constant}

FE framework - Crouzeix - Raviart

Vh =
{
v
∣∣∣ v = piece-wise affine, ṽΓ continuous on face Γ

}
ṽΓ ≡

1

|Γ|

∫
Γ

v dSx

Upwind discretization of convective terms

〈hu;∇xϕ〉E ≈
∑

Γ

∫
Γ

h(· − ũΓ · n)ũΓ · n[[ϕ]] dSx

≡
∑

Γ

∫
Γ

Up[h,u][[ϕ]] dSx



Numerical scheme [Karlsen-Karper], I

Equation of continuity

∫
Ω

Dt%
k
hϕh dx ≡

∫
Ω

%kh − %
k−1
h

∆t
ϕh dx =

∑
Γ∈Γh

∫
Γ

Up[%kh , u
k
h ] [[ϕh]] dSx

−hα
∑
Γ∈Γh

∫
Γ

[[%kh ]][[ϕh]] dSx for all ϕh ∈ Qh



Numerical scheme [Karlsen-Karper], II

Momentum equation∫
Ω

Dt

(
%kh ûk

h

)
· ϕh dx −

∑
Γ∈Γh

∫
Γ

Up[%kh ûk
h ,u

k
h ] · [[ϕ̂h]]dSx

−
∫

Ω

p(%kh , ϑ
k
h)divxϕh dx − hα

∑
Γ∈Γh

∫
Γ

[[%kh ]][[ϕ̂h]]
{

ûk
h

}
dSx

= −
∫

Ω

(
µ∇huh : ∇hϕ+ λdivhuk

hdivhϕh

)
dx

for all ϕh ∈ Vh(Ω)



Numerical scheme [Karlsen-Karper], III

Energy equation∫
Ω

Dt

(
%khϑ

k
h

)
ϕh dx −

∑
Γ∈Γh

∫
Γ

Up[%khϑ
k
h ,u

k
h ] [[ϕh]]dSx

+
∑
Γ∈Γh

∫
Γ

1

dh
[[K (ϑkh)]] [[ϕh]]dSx

=

∫
Ω

(
µ|∇huk

h |2 + λ|divhuk
h |2
)
ϕh dx

−
∫

Ω

ϑkh∂ϑp(%kh , ϑ
k
h)divxuk

hϕh dx

for all ϕh ∈ Qh(Ω)



Frequently asked questions...

Analysis

Are there a priori
bounds for solutions?

Does the problem
admit a solution and
in which sense?

Is the solution unique
and regular?

Numerics

Is the numerical
method stable?

Is the numerical
method convergent?

Is the convergence
unconditional; what
are the error
estimates?

Convergence of bounded solutions

Suppose that the numerical solutions remain bounded for h→ 0. Do
they converge? And to what?
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Do we need analysis?

An example - variable density flow in porous media

∂t%+ divx(%u) = 0

∂t(%c(%)) + divx(%c(%)u)− divx(%D∇xc(%)) = 0

u = ∇xp − %g

Compatibility

c = log(%) ⇒ ∆p = ∆%+ |∇x log(%)|2 + divx(%g)

periodic boundary conditions ⇒ % = const !



Navier-Stokes-Fourier system (weak form)

Mass conservation

∂t%+ divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS(∇xu)

Thermal energy balance

cv∂t(%ϑ) + cvdivx(%ϑu)−∆(K (ϑ))

≥ S(∇xu) : ∇xu− pϑ(%, ϑ)ϑdivxu, %K (ϑ) = %K (ϑ)

Total energy balance∫ [
1

2
%|u|2 +

a

γ − 1
%γ + b% log(%) + cv%ϑ

]
(τ, ·) dx ≤ E0



Existence vs. convergence

Existence of weak solutions [E.F.2003]

The Navier-Stokes-Fourier system admits a global-in-time weak
solution for any finite energy initial data

Convergence of the numerical scheme [E.F., T.Karper,
A.Novotný 2014]

The numerical solutions converge, up to a subsequence, to a weak
solution of the Navier-Stokes-Fourier system



Blow-up criterion

Blow-up of smooth solutions [E.F., Y.Sun 2014]

Suppose that the initial data %0, ϑ0, and u0 are smooth (W 2,3).
Then the Navier-Stokes-Fourier system admits a strong solution
defined on a (possibly short) time interval (0,T ).
If

sup
t∈(0,T )

[‖%‖L∞ + ‖ϑ‖L∞ + ‖u‖L∞ ] <∞,

then the solution can be extended beyond T .
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Regularity criterion

Regularity for weak solutions [E.F., Y.Sun 2014]

Suppose that the initial data %0, ϑ0, and u0 are smooth (W 2,3). Let
[%, ϑ,u] be a weak solution of the Navier-Stokes-Fourier system such
that

sup
t∈(0,T )

[‖%‖L∞ + ‖ϑ‖L∞ + ‖u‖L∞ + ‖divxu‖L∞ ] <∞.

Then [%, ϑ,u] is regular.
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Synergy analysis - numerics, assumptions

Numerical solutions with regular initial data

Suppose that [%h, ϑh,uh] is a sequence of numerical solutions for
regular initial data

Boundedness

Suppose that
%kh , ϑ

k
h , uk

h , divhuk
h

are bounded independently of the order of discretization h.



Synergy analysis - numerics, conclusion

Conclusion

The numerical solutions converge to a weak solution with

sup
t∈(0,T )

[‖%‖L∞ + ‖ϑ‖L∞ + ‖u‖L∞ + ‖divxu‖L∞ ] <∞.

Consequently:

the limit solution is smooth

the limit solution is unique

the numerical scheme converges unconditionally

error estimates (?)


