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1 Introduction

We study the system of PDEs

Oru + div(u @ u) — Au + Vr = div(FF") (1a)
divu =0 (1b)
OF+u-VF = VuF (1c)

describing the unsteady motion of a viscoelastic fluid in a bounded domain
Q) C R? with sufficiently smooth boundary. The system is complemented with
the no-slip boundary condition

ulpn =0 (1d)
and the initial conditions
u(0,-) =ug, F(0, ) =To. (Le)

Our aim is to analyze the error of a suitable approximation of the problem. In
particular, we combine the lowest order Taylor-Hood finite element discretiza-
tion of the flow part (piecewise quadratic velocity and piecewise linear pressure)
with either piecewise linear finite elements or finite volumes for the deformation
tensor.

The paper is organized as follows. In section 2 we introduce space discretiza-
tions of (1). The main result on convergence rates is stated in section 3. Sections



4 and 5 are devoted to the proof of the main result. In the second part of the
proof we use a variant of the multiplicative trace inequality, which is proved in
section 6. Finally, we present results of a numerical test in section 7.

2 Approximation

Let {7 }rn>0 be a family of partitions of  into triangles and h := ||T3]|. For any
T and k = 0,1,2,... we denote by P*(T) the space of k-th order polynomials
on T. We define the spaces

Wy, := {v € Wy (4 R?); VT € Ty, : wjp € P2(T)?},

Ly :={qc LA)NCQ); VT € Ty, : qr € PY(T)},

Xy, :={G € C(Q;R*?); VT € Ty, : Gjp € PY(T)***},

Zp ={G e L* (O R¥?); VI € Ty, : Gy € PY(T)}.

Let e be an interior edge shared by elements 77 and T,. Define the unit

normal vectors n' and n? on e pointing exterior to T} and Tb, respectively. For

a function ¢, piecewise smooth on 7y,, with ¢! = ©|,. we define the average {¢}
and the jump [¢] :

1
{¢}=§(<P1+902)7 [o] = ¢'n' +¢°n® onee€g),

where £ is the set of all interior edges e. For a vector-valued function ¢,
piecewise smooth on 7T, we define the average and the jump analogously

[0} = 5@ +6), [B]=0' nl+¢" 0 oncegl,

Let 3 be a vector-valued function, continuous across e. The upwind value of a
quantity B¢ is defined as follows:

Bel  ifB-n! >0,
{plu={B¢* ifB-n'<0,
Ble} B n'=0.

We introduce the following space semi-discretizations of (1).

A. Finite element approximation. Find (uy,w,Fy) € CH([0,T]; W) x
C([0,T]; L) x C1([0,T); Xp,) such that

e for all (vp,qn,Gp) € Wy, x Ly, x X, and t € (0,7T) the following integral
identities hold:

(Orun(t),vn) — (un(t) ® un(t), Voi) + (Vui(t), Von)
— (ma(t), divog) + (Fr(t)F) (), Vor) =0, (2a)



(qn, divun(t)) = 0, (2b)

(0Fn (1), Gn) — (un(t) - VGp, Fr(t)) — %((diV un(t))Fn(t), Gn)
= (Vup(t)Fn(t),Gn) = 0;  (2¢)

e wu, and F), satisfy the initial conditions

Yo € Wy, (up(0,:),v) = (ug,v), VG e Xy, (Fr(0,:),G) = (Fo,G). (3)
B. Finite element-finite volume approximation. Find (up, 7w, Fp) €
CL([0,T); Wy) x C([0,T7]; Ly,) x CH([0,T); Z1,) such that

e for all (vp,qn,Gr) € Wy X Ly, x Zp, and t € (0,T), the integral identities
(2a), (2b) hold true and furthermore:

(OFn(t),Gn) + > ({un(&)Fa(t)}u, [Gal)e — %(div up(t)Fn(t), Gn)

ec&d

= (Vup(O)Fn(t),Gr) = 0;  (4)

e wu, and Fj, satisfy the initial conditions

Yo € Wy, (up(0,-),v) = (ug,v), VG € Z, (Fn(0,-),G) = (Fo,G). (5)

In what follows we shall assume that the family {75} is regular. Conse-
quently, the discrete spaces Wy, Ly, Xy and Z;, enjoy the following properties:

o (inf-sup condition) There exists a constant C > 0 independent of h > 0
such that

di
Vg, € Ly, : sup 7@}“ v on)

> Cllqnl|2; (6)
on€Wn, vh#0  |[Vnl12

e (interpolation into W},) There exists an operator II¥ : Wol’Z(Q; R2) — W}
such that

— for all v € Wy *(;R?) N WhI(Q;R?), 1 < q < o0, k € {1,2,3},
re{0,...,k}:
v = vlly,g < CRE"[|0]l,q, (7)

where C' > 0 is independent of h > 0;
— for all v € W, *(Q;R?) and qj, € Ly:

(qn, divII;v) = (gn, divo); ()



e (interpolation into Lj) There exists an operator IIT : LZ(Q2) — L, and a
constant C' > 0 independent of A > 0, such that

17 s = slrg < CH? 7|52 (9)
for all s € L2(Q) NnW24(Q), 1 < g < oo, r € {0,1};

e (interpolation into Xj) There exists an operator II} : L?(; R?*?) — X},
and a constant C' > 0 independent of A > 0, such that

I} G — Gllrg < CR* "G 2,4, (10)
for all G € W24(Q;R?*?), 1 < ¢ < o0, r € {0,1}.

e (interpolation into Z;,) There exists an operator IIY : L?(Q;R?*?) — Z,
and a constant C' > 0 independent of A > 0, such that

ITIZG — Glly < ChIGll1q; (11)
for all G € WH9(Q; R?*?), 1 < ¢ < cc.

In the error analysis of the FE/FV scheme we will need the following variant
of multiplicative trace inequality.

Lemma 1. Let F € W22%(Q). Then there exists a constant ¢ > 0 independent
of h such that
S F =T} F|lae < ch® || Fl2,2. (12)

ecE))

The proof will be done in section 6.

The global in time existence of weak solutions to (1) is an open problem. It
is only known that (1) has a unique strong solution for small data or on a short
time interval [3, 4, 1]. For example Lin et al. [4] proved that if the initial data
satisfy

Fo=V x &, V& cWh(Q), ugc Wk3(Q), k> 2, (13)

then there exists a positive time T', which depends only on ||[Vgll2,2 and
llwol|2,2, such that the system (1) possesses a unique solution in the time in-
terval [0, 7] with

IV € L0, T; WF=2=1ab2(Q)) 0 L2(0, T; WF—2~1e1+1.2()),

. ) 14
AIVOF € L>®(0,T; Wk=2-1al2(q)), (14)

for all j and « satisfying 25 + |a| < k (see [4], Theorem 2.2).
For the approximate problems A and B we assume the existence of a unique
global in time solution that satisfies the inequality:

sup lun(7,)[13 + sup IIFh(T,')\|§+/ [Vunllz < C, (15)
7€(0,T) 7€(0,T) 0

where C' > 0 depends on the data (2, ug, Fg), but is independent of h > 0.



3 Main result

We state the main result on the error rates.

Theorem 1. Let the family {Tn}r>o be regular, the initial data (ug, V x ®g)
satisfy ug, V®g € W22(Q) and [0,T] be the mazimal time interval in which the
strong solution (u,m,F) to (1) exists. Then there exist constants hg > 0 and
C > 0 such that for all h € (0, hg) it holds:

llw = wnl|Lo<0,1522 (@) + IV (w = wn) L2072 (0))
HF = Fnllzeom;22()) < Ch, (16)

where (wp, 7h, Fr) is the solution to (2)—(3).
Similarly, there exist constants hg > 0 and C' > 0 such that for all h € (0, hp)
it holds:

llw = wn|Lo< 0,152 () + IV (w — @)l L2072 (0))
+IF = Fullz=ozz2@) < Ch*4, - (17)
where (ay,, 7, Fy) is the solution to (2a), (2b), (4) and (5).

4 Error estimates for finite element approxima-
tion
In this section we prove the first part of Theorem 1.
Regularity of the solution to (1). In accordance with (13)—(14), the as-
sumptions of Theorem 1 imply that the exact solution (u, 7, F) satisfies:
dyu € L=(0,T; L*(Q)) N L*(0, T; WH2(Q)),
w € L(0,T; W>2(Q)) 0 L*(0,T; W>2(Q)),

OF € L>=(0,T; L*(Q)), (18)
F e L0, T; W*%()).
From (1b) and (1c) we furthermore obtain that
V7 =div(FF") — dyu — div(u @ u) + Au € L*(0, T; WH2(Q)), 19)

OF = VuF —u - VF € L>(0,T; WH?(Q)).

Equations satisfied by the errors. Multiplying (1) with v, € Wy, qn € Ly,
and Gy, € X}, respectively, and integrating over €2, we obtain for a.a. ¢t € (0,7T)
the following identities:

(Oru(t), vy) — (u(t) @ up(t), Vop) + (Vu(t), Vop,)
— (n(t),diveg) + (FO)F ' (¢), Voy) =0, (20a)



(qn, divu(t)) = 0, (20Db)
(0F(t),Gp) — (u(t) - VGp, F(t)) — (Vu(t)F(t),Gy) = 0; (20c)

Let us denote e, := u—up, e, := 71—, and ep := F—F;. Taking the difference
of (20) and (2) we obtain:
T
/ [(Breu, vi) — (€4 @ U+ up ® ey, Vop) + (Veu, Vog) — (ex, divoy)
0

+ (FF" —F,F},Vo,,)] =0, (21a)

T
/ (gn,dive,) =0, (21b)
0

T
1, ..
/ (c')teF,Gh) — (UZIF — uhiIFh,aiGh) + 5((dlvuh)IFh, Gh)
0
— (V’U,F — Vuh]Fh, Gh) = 0, (21C)

for any (vn, qn, Gp) € L?(0,T; Wy) x L?(0,T; Ly,) x L*(0,T; Xp,).

Estimates of the errors. In order to derive estimates of e,,, e,, ep in suitable
norms, we decompose

e = (u— T0w) + (I — up) = 7, + 0.
Similarly we introduce

Ne:=nm—im, dp:=IFnm—mp, np:=F-— HSIF, op = HSIF —Fp.
The properties of the interpolation operators imply the following estimates:

sup [nu(7,)lI3 < Ch* sup (7, )3 .
7€(0,T) 7€(0,T)

T T
/0 IV < CHf / TS

sup |[nr(r,)[3 < Ch* sup (7, )|,
7€(0,T) T7€(0,T)

Hence, with the help of (18) we obtain:

T
sup ([lew (7, )3 + ller (7, )[13) +/ IVeu|3 < Ch*
7€(0,T) 0

T
s (16013 + [0e(r)l8) + [ IVaE. (@2
7€(0,T) 0



The proof of Theorem 1 will be complete as soon as we estimate the J-terms in
the previous inequality by Ch?. Due to the initial conditions (3) it holds that
10..(0)]]2 = ||07(0)||2 = 0. Hence, for any 7 € (0,T) we have:

N =

(I62(r. )12 + 6(r, ) [2) + / V5.2

DN =

(18407 = 16,00, 18 + 132 1B — [870,918) + [ 176,13
— [ 102,80+ @i5r.6¢) + (75.,V6,)
= /OT [(Or€u, 00) + (Orer, 0F) + (Vey, Vi)
[ 106 + @ 06) + (Vi V8] = o+ o (23)

The last integral can be estimated using the Holder and the Young inequality
and (7)—(10):
1/2

T T 1/2 T T 1/2
J2§</ ||amu|§> (/ m%) +</ ||amp||§> (/ ||5F||§)
0 0 0 0
T 1/2 - 1/2
+</ ||Vnu|§> ([ 1waz)
0 0

<1/T||6 ||2+1/T||a ||2+1/T||6 2+1/T||6 12
=2, wl|2 2 )y 't |2 2 )y Fll2 2/, tTF |2
T ) C T )
va [ vaz+ S [ 1vn
0 @ Jo
1 4 2 2 r 2 1 4 2 2 r 2
<5 [ 1agrcn [ 1ot [ 1okl cn [ ok,
0 0 0 0

T Ch4 T
ta / Va2 + / a2, (24)
0 «@ 0

Here a > 0 is arbitrary number to be specified later. The regularity of the
solution (18), (19) implies that

1/2

1 T 1 T T Ch4
<y [Ny [ 1wl [V ort+ S e
0 0 0 o




The first integral on the r.h.s. of (23) can be substituted from (21) as follows:
Jy = / [(eu @ U+ up ® ey, Vi) + (ex,divd,) — (FFT —F,F},Vé,)
0

1
+ (UlF — uhiF;“ al(sp) + 5((d1V uh)F;“ 6F) + (VUF - vthh, 5F)]

s 6
22/533.
0 4
We shall estimate the resulting terms 77, ..., Tg subsequently.

Term 77 can be decomposed as follows:

Ty = (ny @ u, Vi) + (0, @ u, Viy) +(up @ 1y, Vi) + (up @ 6y, Vy),
D ——
=0

where the second term vanishes since divu = 0. The remaining terms can
be estimated with help of the Hélder, Sobolev and Young inequality and the
properties of the interpolation operators:

LAKm@wV%nscénmﬁﬁw%ﬁﬂmMﬁWMWNV@m

~ o T 1/2 . 1/2
Sa/IW%@+<prﬂg<amWMQ</ wm@) </|Wmﬁ>
0 &\ (0,T) (0,T) 0 0
2
T Ch4 T
ga/HV%@+<wpmuQ (/nmﬁa.
0 « 0,T) 0

/IWM@mV%HSa/HV%%
0 0

1/2 1/2
Ohd T , / T , /
+—— | sup [lunll2 | | sup [ull2,2 unllf 2 [[ull5, -
« 0,T) (0,T) 0 0

Finally, using the same inequalities we obtain:

Similarly we get:

A m%@wMV@ﬂsA|mm¥vaM“Mw¥wV%ﬁ”

2
T C( T
<a [ 190+ 5 (sup funl ) [ a3
0 & 0,T) 0
Due to (18), (19) and (15), the previous estimates altogether yield:
T T C T Ch4
[r<sa [ 19a+ 5 [ lwlalslg - S 2o
0 0 a” Jo «Q




Term T,. Thanks to (21b) and (8), we can write:

Ty = (N, divdy) + (0r, divey,) — (65, divny,)

=0 =0

Ch?
< ll2llVéull2 < TIIWHiz +al|Vau|2.

Thus

T T Ch2
| <o [ pvalz S (27)
0 0 «

Terms 75 and T can be rewritten in the following way:

TS + T6 = _(UFFTa vau) - (HgIFT];7 VCSM) + (5F7];7 vu) + (5FH5FT7 Vnu)
+ (0pdp, VITYu) — (TIFFS L, V6,).

We estimate the resulting terms as follows:

/0 (7rE T, V6,)] < / I llooll7 21| V62

T Ch*
< Oé/ IVéull3 + — (Sup |F
0 @ \(0,7)

4
|2,2> 9
/0 (IFFnF, V)| < / IIEF oo e 12150

4
T Ch*
< a/ IVéull3 + — (Sup ]F|2,2> ,
0 @ \(0,7)

T T T T
/0 \(rmE V)| < / 165 l2llne s Vulls < / 1652 [ull2 5+ C12 / P2,

/0 (PTIFT, V)| < / 18512 ITTEF o V72

2
T T
<<sup ||F||2,2> / 165 ]12 + Cn? / TN
((LT) 0 0

/0 (667, VITiu)| < C / AT

/O (MEFSE, V3,)| < / I F oo 82 2] V62

2
T C T
<af ||vau||%+<sup ||F||2,2> | ol
0 &\ (0,T) 0



In summary we have:

Ch*
"

T T T 1
[ ti<sa [1vag e o[04+ lulaa) I5rl3 + c2 +
0 0 0

(28)
Before proceeding to the remaining two terms we recall some basic identities
related to the advective term u - VF.

Lemma 2. Let v € W12(Q;R?) be such that v-mn = 0. Then
1
VG € WH(Q;R?**?) : (,G,0,G) = 5((div v)G,G); (29)
VG, H € WH2(Q;R?*?) : (0,G, 9;H) = —((divv)G, H) — (v;H,;G).  (30)
The proof is done by integrating by parts.

Terms T, and T5. We rearrange these terms as follows:

1
Ty +T5 = (umpaﬁp) + (euiﬂglﬂ alép) + (uhi(sp,aiép) + 5((div uh)IFh,ép).

(31)
Using (30) we obtain:

(winr, 0i0p) = —(uidr, inr), (32)

(ewilIF T, 0;6F) = ((divup)TIEF, 6p) — (ewidp, 115 F). (33)

Due to (29), the last two terms in (31) can be rewritten as
(unidp, 16r) + 5 (divan) By, 0) = 5 (divan)ie,6r) + 3 ((div w)Fi, 6r)
= %((divuh)HfF,ép). (34)
Equations (31)—(34) and the fact that divu = 0 yield:
Ty +T5 = —(uidp, Oinr) — g((div e I F, 0r) — (euidr, O,115 F). (35)

Decomposing e, = 1, + 6, and using similar arguments as in the previous
paragraphs we can estimate terms on the r.h.s. of (35) as follows:

—/QMR%MS/HWM%MWWM
0 0

L 2 o, L7 2
<5 [ Nulalorl3+5 [ Va3
0 0
2

2 7
S(wMWm>/%@HM«wMWm>,@®
(0,T) 0 (0,7)

10



T

3 (7, .. 3
-5 | (v e fE6e) < 5 [ (19l + 195,12) INEF ]

T T 2
c
<cnt [ ulis+a [ 1988+ sup IFla) [ 66l
0 0 &\ (0,T) 0

- / (easbp, OTILF) < / (alla + 16alla) 1612 VI F

T T 2 7
C
S0h4/ IIUII§,z+a/ |V6u||§+<sup IIF||2,2> / 16p]5.  (37)
0 0 @\ (0,T) 0

Altogether we have:

T T O T
/ Ty +Ts §2a/ "V5“||3+E/ 16kl2+CR2 + Cht.|  (38)
0 0 0

Gronwall’s inequality for the errors and the end of the proof. Col-
lecting (25), (26), (27), (28), (38) and inserting the result to (23), we obtain:

(I18u(D3 + 165 (7)]3) + (1 = Ca) /OT IVéull3

<C T ) Jwnllf ) T /1 , O,
= T [6ullz +C - Hlullsz ) lorlz +— (h* +1n%).
0 0

Choosing « sufficiently small and using the Gronwall inequality we obtain for
h e (0, ho):

| —

T
sup (18|12 + sup 167113 + / 16,112 5 < CB2.
(O,T) (O,T) 0

This in accordance with (22) completes the proof of Theorem 1.

Remark 1. The question arises, whether the derived error estimate can be
improved provided the exact solution is more regular. Essentially, the first order
with respect to h arises due to (36), where ||Vngl||2 can only be bounded by O(h)
due to the piecewise linear approximation of F. In view of this, it seems that
the result cannot be improved.

Remark 2. One can easily incorporate a forcing term f € L%(0,T; L?(£;R?))
on the right hand side of the momentum equation. This would yield the same
error estimates.

11



5 Error estimates for finite element - finite vol-
ume approximation

The essential difference in the proof of error estimates for the solution of problem
(2a), (2b), (4) and (5) is in the term ”u-VEF”. It is therefore sufficient to estimate
the error of

T
1 ..
/ (’LL - VF, (SF) - Z ({thh}ua [65‘])6 + i(dlv uplFy, §F) . (39)
0 ec&d
Proof. (Error estimate for term "u - VEF”)

Let us first denote by F one component of the tensor F, similarly by Gj one
component of G;. Then we can write:

(u-VF,Gy) = Z/dlquGhda:_Z/ F [Gy] dS

TETh TeThH

= Z {UF} Gh

ec&y) €

For the approximate solution it holds:
up N
/{thh}u [Gp] dS = /{thh}[Glz] dS—F/%[FhMGh] ds v Gy € Zy,.

Thus, we can rewrite (39) as follows:

[z
T
up N 1 .
+/0 Z /%[F*Fh][(sp] ds dt+§A /leVthhGh =
ee&d ¢

4
=> I
i=1

In what follows, we will estimate these terms separately.

{ u — uh)F}[ép] ds dt+/ {uh(F — Fh)}[ép} dS dit+
ec0V®

12



Term I;.

,[1 / { u — uh)F}[ép] dS dt = / u Uh) nF 6F dS dt =
650 e 0 TET, oT

/ /le (u —up)F )(5p de dt =
0 TeTh

:/ /divéu Fér dx dt+/ /divnu Fér dx dt+
o Ja 0o Ja
T T
+/ /§u-VF6Fda:dt+/ /nu~VF5dedt§
0o Ja o Ja

T
</ lalFllaanlir oot
0

T
+/ cslldullallVElaelldrlze + callnullaelVE(4alldrze <
0

T T
C 2
< 2 v 2
<o [CIV8IE+ o (s IF2) [ Iorl+
T 9 T
€ [ 18el + ont (sup [Faz)” [
0 (0,T) 0

Terms I, + I .

I = / > o (P = Fi) o) 5 e =
[ =

T 1 T 1
A = / 5 div updZ de dt = —/ / 5 div e JINFép dao dt — I,
0 Q 0 Q
_ _/ / 5 div nuH?LFép dx dt —/ / §div §UH2F5F dx dt — 14
0 Q 0 Q

T T
SC/HmMﬂ%M+C/IWMMWM—M
0 0

T T
C
<crva [ IVsIB+ S [ Ioel3- 1o
0 0

{uhép}[ép] ds dt+/ {Uh’I]F}[(SF] dS dt = A1 + Ay

ec) ¢ T

13



T
AQS/
0

> [ i) as a

ecgy
T
S/ > et 20r]llz.ellct*laell{IneHae
0 ecgy
2
’ C. 3 T 2
<o [ SNt ellae + S (oup 1z [ IVl i
0 cce? « 0,7 0
where the trace inequalities for nr and c. were used and c, = M Further
we have:
g [up - n| g [up - |
L= Y | =5— el dsde+ [ 37 [ =5 [r)or] dS di =
0 ecgo e 0 ccgn’e
= Bl + B27

where By can be estimated in the same way as Ay and

T
B, = / S 1264 13,0

eegy

Finally, we can conclude:

16£|12 + CR®/? + Ch? + Ch* |

T T C T
(1=a) [ 3 1et2r), < 0o [ 1915+ |

eeky

(40)
m
6 Multiplicative trace inequality

This section is devoted to the proof of Lemma 1. We first state an auxiliary
result.

Lemma 3. There exists a constant ¢ > 0 independent of h and T, such that for
T €, ve HY(T), h € (0,ho) we have

d
ol a0y < ¢ [4llvlgse olm e + Ellvlliw) : (41)

Proof of Lemma 1. Assume that (41) holds, take v = F — IIF'F', where

F e W*%(Q)
Iy F: W»2(Q) = Py, Po={p), = const.}.

14



Then it holds
2
|1F - HfFHLﬂ(aT) = HUFH%AI(BT) <a {4h3||F||%v1=6(T)|F|H1(T) + hh4||F||évlv4(T)] <
< & [W1F ey + I Fllyancr)] <
< c3h®||F|[jyz gy
This implies
|F =105 Fll ey < ch® || Fllw2.2().-

The proof of Lemma 3 is analogous as the proof of Lemma 3.1. in [2].

Proof. Let us denote by x; the center of the largest d-dimensional ball inscribed
in T =T;. W.l.o.g. put &; to the origin of the coordinate system.
We start from the relation

/ v4w~ndS:/V~(v4ac) de Ywve HYT).
aT T

Let us denote m;; the outer normal to T; on 01;; = 91; N 01}, where T is a
neighbor of T3, i.e.
j€S() = (i TyNT; #0}.
We have
- n;; = |z||n;j|cosa = |x|cosa =t;;, x € IT;;, j€ S(i),
where ¢;; is the distance of &; from 97;;. We know
tij = pr, YV j € S(i),

where pr, is the radius of the inscribed ball.

15



Now, the following holds:

4
v x-ndS = / vraxon; dS = i /
/t’)Ti Z T, NAT; ! Z 7 AT;NAT;

JES(4) ' Jjes(d)

o Y |
jes() Y OTinaT;

Further it holds

/V-(U4x)d:c:/v4V-:c—|—:B~Vv4dw:d/ U4dw+4/ v @ Vo de <
T T T; T

i i

< djvll o, +4 L W @ Vol da <

< d||v||%4(Ti) +4 sgg |a;|/T [v[3.|Vo| dee <
xT i i

(43)
From (42) and (43) we have
</ v4w~nd5:/ V- (! x) de <
aT; T
<d|lv|; 1acry + 4hr 0l 7e ([0l E (1),
which yields
HU||L4(3T) HU||L4(T) +4 HU”LG T)|U|H1 (1) <
d | 4
<c 4|\U||L6(Ti)3|U|H1(Ti) + T”UHL‘l(aTi) :
T;
O

7 Numerical experiments

We consider the flow in a rectangular domain Q = (0, 1)? driven by the boundary
condition
(4z(1—2),0)T ify=1,
u =
(0,0)7 otherwise,

with the initial conditions uwg = (0,0)", Fg = I. The calculation was run on
the time interval (0,0.2) with fixed timestep 0.01. The problem was solved on
a series of regular triangular meshes consisting of 8 to 256 elements in each
direction. We have compared 3 methods:

a) finite element method (FEM) for velocity, pressure and stress,
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ey Ve er e
h L>(L?*) EOC L*(L?) EOC L?(L?) EOC | L*=(L?) EOC
1/8 2.08e-02  2.11 | 1.77e+02  1.00 | 4.19¢e+02  0.96 | 1.37e-01  0.73
1/16 | 4.80e-03  2.02 | 8.85e+401 1.00 | 2.14e+02  0.99 | 8.21e-02 0.89
1/32 | 1.18¢-03  2.00 | 4.42e+01  0.99 | 1.07e+02  1.00 | 4.41e-02  0.94
1/64 | 2.95e-04  2.00 | 2.21e4+01  0.99 | 5.36e+01 1.00 | 2.29¢-02  0.95
1/128 | 7.37e-05 1.10e+01 2.68e+01 1.17e-02
(a) FEM
ey Ve er ep
h L>(L?) EOC L?(L?) EOC L?(L?) EOC | L>*(L?) EOC
1/8 2.07e-02  2.00 | 1.77e+02  1.00 | 4.73e+02  0.88 | 1.94e-01  0.73
1/16 | 5.16e-03  1.40 | 8.87e+01  0.98 | 2.55e+02  0.94 | 1.16e-01  0.88
1/32 | 1.94e-03  1.34 | 4.47e+01  0.98 | 1.33e+02  0.96 | 6.33e-02  0.90
1/64 | 7.67e-04  1.35 | 2.25e+01  0.98 | 6.83e+01  0.97 | 3.37e-02  0.91
1/128 | 3.00e-04 1.13e+01 3.47e+01 1.78e-02
(b) FEM/dual FVM
ey Ve, er ep
h L>(L?) EOC | L3(L?) EOC | L3(L?) EOC | L>(L?) EOC
1/16 0.0111 1.3033 | 0.2031 1.0027 | 2.62e-4 1.4997 | 4.29e-2 0.9633
1/32 0.0045 0.8264 | 0.1013 1.0338 | 9.26e-5 1.4215 | 2.20e-2 1.0086
1/64 0.0025 0.5759 | 0.0495 1.0216 | 3.46e-5 1.2854 | 1.09e-2 1.0099
1/128 0.0017 0.5159 | 0.0244 0.9968 | 1.42e-5 1.1783 5.4e-3  0.9985
1/256 0.0012 0.0122 6.3e-6 2.7e-3

(c) FDM+FVM

Table 1: Error norms and experimental order of convergence for driven cavity
problem.

b) FEM for velocity and pressure, dual finite volume method (FVM) for
stress,

¢) finite difference method (FDM) for velocity and pressure, FVM for stress.

In the case b) the stress was approximated by piecewise constants on dual
elements, that arise by connecting the barycenters of primary elements with
the edge midpoints. In the latter case the so-called staggered discretization of
velocity was used.
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