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Navier-Stokes-Fourier system

Mass conservation
Oro + divy(ou) =0

Momentum balance

Ot(ou) + divy(ou ® u) + Vyp(p,9) = div,S(V,u)
div,S(Vxu) = pAu + AV,diveu, >0, A >0

Internal energy equation
¢ [0:(09) 4 divy(du)] — divy (k(F) V1)
= S(Viu) : Viu — pg(e,9)diveu, x(9) >0

Initial and boundary conditions

0(0,-) = 0o > 0, ¥(0,-) = Jo > 0, u(0, ) = ug, spatially periodic b.c.
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Analytical approximation

Mass conservation

Oro + div,(ou) =
Momentum balance

Ot(ou) + divy(ou ® u) + Vyp(p, ) = div,S(V,u)

T
Internal energy equation

&, [01(09) + div(9u)] — div, (k(9)V0)

= S(Viu) : Viu — pg(o,9)diveu, () >0
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Total energy balance

Pressure
plo,9) = a¢” + bo+ ¢V, v>3, a,b>0

Total energy balance
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Numerical solution

FV framework

regular tetrahedral mesh, Q, = {v | v = piece-wise constant}

FE framework - Crouzeix - Raviart

V, = {v ‘ v = piece-wise affine, Vi continuous on face I'}
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Upwind discretization of convective terms

(i Vo)~ 3 [ W~ i - -] dS,
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Numerical scheme [Karlsen-Karper], |

Equation of continuity
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Numerical scheme [Karlsen-Karper], |1

Momentum equation

/Q D (ki) o dx— 3 / Uplokaib. ut] - [[Z4]]dS,
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Numerical scheme [Karlsen-Karper], 111

Energy equation

/QDt (ok0f) o dx — /rUp[Qﬁﬁﬁ,UE] [[pnlldS,
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Frequently asked questions...

. Numeri
Analysis umerics

m s the numerical

m Are there a priori
P method stable?

bounds for solutions?
m Is the numerical

m Does the problem
P method convergent?

admit a solution and
in which sense? m s the convergence

unconditional; what
are the error
estimates?

m |s the solution unique
and regular?

Convergence of bounded solutions

Suppose that the numerical solutions remain bounded for h — 0. Do
they converge? And to what?
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Do we need analysis?

An example - variable density flow in porous media

Oro + divy(ou) =0
0t(0c(0)) + divy(oc(o)u) — divy(eDVc(0)) =0

u=V,p—og
Compatibility

c=log(p) = Ap=2»~0p+|Vx Iog(g)|2 + divk(og)
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Navier-Stokes-Fourier system (weak form
Mass conservation

Oro + divy(ou) =0
Momentum balance

0¢(ou) + divy(ou ® u) + V,p(0, ) = div,S(Vu)
Thermal energy balance

(qu) D Vau — py(o, 9)ddivyeu, oK (9) = oK (1)
Total energy balance
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Existence vs. convergence

Existence of weak solutions [E.F.2003]

The Navier-Stokes-Fourier system admits a global-in-time weak
solution for any finite energy initial data

Convergence of the numerical scheme [E.F., T.Karper,
A.Novotny 2014]

The numerical solutions converge, up to a subsequence, to a weak
solution of the Navier-Stokes-Fourier system

«O>» «F>» «=ZH» «E)>» = Qv



Blow-up criterion

Blow-up of smooth solutions [E.F., Y.Sun 2014]

Suppose that the initial data gg, 9o, and ug are smooth (W?23).

Then the Navier-Stokes-Fourier system admits a strong solution
defined on a (possibly short) time interval (0, T).
If

sup [[lol[ree + [l + llullLoe] < o0,
te(0,T)

then the solution can be extended beyond T.

o (w1 =
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Regularity criterion

Regularity for weak solutions [E.F., Y.Sun 2014]

Suppose that the initial data o, o, and ug are smooth (W?23). Let
[0, 9, u] be a weak solution of the Navier-Stokes-Fourier system such
that

sup [llolfeee + [l + [lulloe + [[diviu]|L=] < oo.
te(0,T)

Then [g, ?, u] is regular.

o (w1 =
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Synergy analysis - numerics, assumptions

Numerical solutions with regular initial data

Suppose that [gn, U4, up] is a sequence of numerical solutions for
regular initial data

Boundedness

Suppose that
k k k : k
Q/” 19/7’ uh, lehuh

are bounded independently of the order of discretization h.



Synergy analysis - numerics, conclusion

Conclusion

The numerical solutions converge to a weak solution with

sup [[lolleee + [l + [lullLoe + [[diviu]|Lee] < o0.
te(0,T)

Consequently:
m the limit solution is smooth
m the limit solution is unique
m the numerical scheme converges unconditionally

m error estimates (?)



